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Abstract

In this paper, we provide a novel algorithm
for solving planning and learning problems of
Markov decision processes. The proposed al-
gorithm follows a policy iteration-type update
by using a rank-one approximation of the tran-
sition probability matrix in the policy evaluation
step. This rank-one approximation is closely re-
lated to the stationary distribution of the corre-
sponding transition probability matrix, which is
approximated using the power method. We pro-
vide theoretical guarantees for the convergence of
the proposed algorithm to optimal (action-)value
function with the same rate and computational
complexity as the value iteration algorithm in the
planning problem and as the Q-learning algorithm
in the learning problem. Through our extensive
numerical simulations, however, we show that the
proposed algorithm consistently outperforms first-
order algorithms and their accelerated versions
for both planning and learning problems.

1. Introduction

Value iteration (VI) and policy iteration (PI) algorithms lie
at the heart of most if not all algorithms for optimal con-
trol of Markov decision processes (MDPs) in both cases of
the planning problem (i.e., with access to the true model
of the MDP) and the reinforcement learning problem (i.e.,
with access to samples of the MDP) (Sutton & Barto, 2018;
Bertsekas, 2023). Their widespread application stems from
their simple implementation and straightforward combina-
tion with function approximation schemes such as neural
networks. Both VI and PI are iterative algorithms that ul-
timately find the fixed-point of the Bellman (optimality)
operator T': For y-discounted, finite state-action MDPs, the
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value function vy, at iteration k is given by
Vg1 = U + Gk(T(vk) - vk)7 k=0,1,..., (1

where G, = I in the VI algorithm and G, = (I — v P;,) ™!
in the PI algorithm, I is the identity matrix and Py is the
state transition probability matrix of the MDP under the
greedy policy with respect to vg. Both algorithms are guar-
anteed to converge to the optimal value function and con-
trol policy; see, e.g., (Puterman, 2014, Thms. 6.3.3 and
6.4.2). When it comes to computational complexity, one
observes a trade-off between the two algorithms: VI has
a lower per-iteration complexity compared to PI, while PI
converges in a smaller number of iterations compared to VI.
The faster convergence of PI is partially explained by its
second-order nature which leads to a local quadratic conver-
gence rate (Puterman & Brumelle, 1979; Bertsekas, 2022;
Gargiani et al., 2022), compared to the linear convergence
rate of VI (Puterman, 2014, Thms. 6.3.3).

This trade-off between the two algorithms has motivated
much research to improve the convergence rate of VI and/or
the per-iteration complexity of PI. One of the first improve-
ments is the Relaxed VI algorithm (Kushner & Kleinman,
1971; Porteus & Totten, 1978) which allows for a greater
step size compared to the standard VI algorithm. A large
body of research in this area originates from the correspon-
dence between VI and gradient descent method and between
PI and Newton method (Grand-Clément, 2021; Kolarijani
& Mohajerin Esfahani, 2023). Here, approaches such as ac-
celerated gradient descent and quasi-Newton methods from
the optimization literature are adapted to develop modified
versions of VI and PI. For instance, the combination of the
VI algorithm with Nesterov acceleration (Nesterov, 1983)
and Anderson acceleration (Anderson, 1965) have been
explored in (Goyal & Grand-Clément, 2022) and (Zhang
et al., 2020), respectively, for solving the planning prob-
lem. More recently, Halpern’s anchoring acceleration
scheme (Halpern, 1967) has been used to introduce the
Anchored VI algorithm (Lee & Ryu, 2024) which in particu-
lar exhibits a O(1/k)-rate for large values of discount factor
and even for v = 1. In the case of the learning problem,
Speedy Q-Learning (Ghavamzadeh et al., 2011), Momentum
Q-Learning (Weng et al., 2021), and Nesterov Stochastic
Approximation (Devraj et al., 2019) are among the algo-
rithms that use the idea of momentum to achieve a better
rate of convergence compared to standard Q-learning (QL).
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The Zap Q-Learning algorithm (Devraj & Meyn, 2017) can
be thought of as a second-order learning algorithm which
was inspired by the stochastic Newton-Raphson (SNR) algo-
rithm (Ruppert, 1985). The Quasi-Policy Iteration/Learning
algorithms (Kolarijani & Mohajerin Esfahani, 2023) are,
on the other hand, an example of using the idea of quasi-
Newton methods for developing algorithms for optimal con-
trol of MDPs. Another class of modified VI algorithms is the
Generalized Second-Order VI algorithm (Kamanchi et al.,
2022) which applies the Newton method on a smoothed
version of the Bellman operator. Tools and techniques from
linear algebra have also been exploited to modify the VI
algorithm, particularly for policy evaluation. The Operator
Splitting VI algorithm (Rakhsha et al., 2022) is an exam-
ple that exploits the matrix splitting method for solving
the linear equation corresponding to policy evaluation for
a given “cheap-to-access” model of the underlying MDP.
Recently, in (Lee et al., 2024), the authors combined the
matrix splitting method with the matrix deflation techniques
for removing the dominant eigenstructure of the transition
probability matrix to speed up the policy evaluation.

Contribution. In this paper, we propose a novel algorithm
that modifies the VI algorithm by incorporating a compu-
tationally efficient PI-type update rule. To this end, we
consider the update rule (1) with a matrix gain of the form
Gy = (I — P,)™!, where Py is a rank-one approxima-
tion of Pj. To be precise, we consider the approxima-
tion P, = ldkT, where d;, = PkT dy. is the stationary distri-
bution of P}, (assuming it exists) and 1 is the all-one vector.
The proposed algorithm then uses the power method for
approximating dy, iteratively using the true matrix P in the
planning problem and its sampled version in the learning
problem. In particular,

(1) we propose the Rank-one VI (RI-VI) Algorithm 1 as
the modified VI algorithm for solving the planning
problem and prove its convergence to the optimal value
function (Theorem 3.3);

(2) we propose the Rank-one QL (RI-QL) Algorithm 2
as the modified QL algorithm for solving the learning
problem and prove its convergence to the optimal Q-
function (Theorem 4.2);

(3) we compare the proposed R1-VI and RI1-QL algo-
rithms with the state-of-the-art algorithms for solving
planning and learning problems of MDPs and show the
empirically faster convergence of the proposed algo-
rithms compared the ones with the same per-iteration
computational complexity (i.e., the first-order algo-
rithms and their accelerated versions).

Paper organization. In Section 2, we provide the neces-
sary background and the problem definition along with the

standard VI and QL algorithms for solving the planning
and learning problems of MDPs. The proposed R1-VI al-
gorithm for solving the planning problem and its analysis
are discussed in Section 3. Section 4 presents the R1-QL
algorithm for solving the learning problem and its analysis.
In Section 5, we provide the results of our extensive nu-
merical simulations and compare the proposed algorithms
with a range of existing algorithms for solving the optimal
control problem of MDPs. Finally, some limitations of the
proposed algorithms and future research directions are dis-
cussed in Section 6. All the technical proofs are provided in
Appendix A.

Notations. The set of real numbers is denoted by R. For
a vector v € R™, we use v(i) and [v](¢) to denote its i-th
element. Similarly, M (i, j) and [M](i, j) denote the ele-
ment in 3-th row and j-th column of the matrix M € R™*",
We use (v,u) = >, v(i) - u(i) to denote the the inner
product of the two vectors v, w € R™. |[v||, = > "1, [v(i)],
lv]l, = /(v,v), and ||v|, = max}_; |v(i)| denote the
1-norm, 2-norm, and oco-norm of the vector v € R", re-
spectively. We use p(M) to denote the spectral radius (i.e.,
the largest eigenvalue in absolute value) of a square matrix
M € R"*". Given a set X', A(X) denotes the set of prob-
ability distributions on X. Let x ~ P be a random variable
with distribution P € A(X). We use T ~ P to denote a
sample of the random variable x drawn from the sample
space X of x according to the distribution P. We use 1, 0,
and I to denote the all-one vector, the all-zero vector, and
the identity matrix, respectively, with their dimension being
clear from the context.

2. Optimal control of MDPs

Consider a finite MDP (S, A, P,c¢,7v). Here, § :=
{1,2,...,n}and A:= {1,2,...,m} are the state and ac-
tion spaces, respectively. The transition kernel P : Sx A —
A(S8) is the conditional probability P(s™|s, a) of the tran-
sition to state st given the current state-action pair (s, a).
The function ¢ € RISXAl = R"_ pounded from below,
represents the stage cost ¢(s, a) of taking the control ac-
tion a while the system is in state s. And, v € (0,1) is
the discount factor which can be seen as a trade-off pa-
rameter between short- and long-term costs. A control
policy m : § — A is a mapping from states to actions.
Fix policy 7. For the corresponding Markov chain under
the policy m we define: (i) the state transition probabil-
ity matrix P™ € RISIXISI = R"*" where P7(s,st) =
P(s*|s,m(s)) for s, sT € S, (ii) the state-action transition
probability matrix P € RISXAXISxA] — R(nm)x(nm)
where P" ((s,a), (s*,at)) = P(s*|s,a) if a* = 7(sT)
and = 0 otherwise for (s, a), (s*,a™) € Sx A, and (iii) the
stage cost ¢™ € RIS = R™ where ¢ (s) = ¢(s,m(s)) for
s€S.
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Under policy 7, the value function v™ € RIS| = R" is the
expected discounted cost endured by following policy =
over an infinite-horizon trajectory, that is, for each s € S,

SOZS‘|.

The action-value function q= € RIS*Al = R™™ (or the
so-called Q-function) under policy 7 is defined as follows:
for each (s,a) € S x A

’U‘“’(S) = EStJrlNPw(st’_) [Z ,thﬂ(st)
t=0

qﬂ—(37 Cl) = C(S, a) +7 I[4:(‘3Jrf\aP('|s,a) ['UW(SJF)} .

These functions can be shown to satisfy the fixed-point
equations (Puterman, 2014, Thm. 6.1.1)

v"=c" +yP™", q" =c+ +P'q". 2)
The problem of interest is to control the MDP in a manner
that the expected, discounted, infinite-horizon cost is min-

imized. To do so, one aims to find the optimal policy *
such that for any policy T,

*

v*(s) =v" (s) <v"(s), VseS,
or, equivalently,
q*(s,a) == q" (s,a) < q"(s,a), V(s,a) €S x A.

The optimal value function can be characterized as the
solution to the fixed-point equation v* = T(v*), where
T : RIS| — RISl is the so-called Bellman (optimality) oper-
ator defined as follows: for each s € S

[T<U*)](S) = ggﬂ {C(S’ a) +7 Es*wP(~|s,a) [’U*(s-‘r)] } :

3)
The operator T is a ~-contraction in the oo-norm
Ge., |T(v) - T(w)|, < v|v—w|, foral v,w €
R™) (Puterman, 2014, Prop. 6.2.4). This contraction prop-
erty is essentially the basis for the VI algorithm, introduced
in (4).

intialize v € RISI =R"

for k=0,1,... @)
vit1(s) = [T(vk)](s), Vse€S
endfor

From the Banach fixed-point theorem (see, e.g., (Puter-
man, 2014, Thm. 6.2.3)), the VI algorithm converges to v*
with a linear rate y. Correspondingly, one can derive the

fixed-point characterization g* = T(g*) of the optimal
Q-function, where

[T(q")](s,a) =c(s, a)

+ Es*wP(-\s,a) |:aI‘IFlér_,14 q*(5+7 a+):| )

for each (s,a) € S x A (Szepesvari, 2009, Fact 3). This
characterization is particularly useful when one only has
access to samples s T ~ P(:|s,a) of the next state s™ for
each state-action pair (s,a) € S x A (and not to the true
transition probability kernel of the MDP). In particular, let
us define the empirical Bellman operator T : RIS*Al x
S — RIS*Al a5 follows: for each (s,a,sT) € S x Ax S

[T(q,s1)|(s,a) = c(s,a) +~ min q(s™,a®).
ateA
A classic algorithm for the learning problem is then the (syn-
chronous) QL algorithm (Watkins & Dayan, 1992; Kearns
& Singh, 1998), given in (5).
intialize gy € RIS*Al =R
for k=0,1,...
for (s,a)eSx A
§k+ ~ P("Sv a) (5)
Or = qi(s,a) — [T(qr, 5,)](s, a)
qr+1(8,a) = qi(s,a) — Adx
endfor
endfor

Above, A\, > 0 are the step-sizes, The QL algorithm is
also guaranteed to converge to g* almost surely given that
the step-sizes satisfy the Robbins—Monro conditions (i.e.,
YreoAk = oo and Y oo (A2 < oo) (Tsitsiklis, 1994;
Jaakkola et al., 1993). In particular, with a polynomial
step-size A\, = 1/(1 + k)¥ with w € (1/2,1), QL out-
puts an e-accurate Q-function with high probability after
O(r=#w . =2/ 4 71/(1=w)) jterations of synchronous
sampling with 7 = 1 — ~ (Even-Dar & Mansour, 2003),
while with a re-scaled linear step-size A, = 1/(1+7k), QL
has been shown to require O(7° - ¢~2) iterations of syn-
chronous sampling for the same performance (Wainwright,
2019).

3. Rank-one value iteration (R1-VI)

Another well-known algorithm for solving the planning
problem in MDPs is the PI algorithm. In order to provide
this algorithm in a compact form, let us first introduce the
notion of greedy policy. Given a value function v € R", the
greedy policy with respect to v, denoted by 7% : S — A, is

7 (s) € argmin Bys L p(.js.)[c(s,a) + yv(sT)] ,Vs € S.

acA
(6)
The PI algorithm is then summarized in (7).
intialize mp:S — A
for k=0,1,...
v = vk [policy evaluation — eq. (2)] )]

Ti+1 = m0% [policy improvement — eq. (6)]
endfor
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The algorithm to be proposed in this section is based on
an alternative representation of the iterations of the PI algo-
rithm; see also (Puterman, 2014, Prop. 6.5.1).

Lemma 3.1 (Policy iteration). Each iteration of the PI
algorithm (7) equivalently reads as

V1 = v + (I — vPy) " (T(vg) — ), ®

where Py, == P™"* is the state transition probability matrix
of the MDP under the greed policy m°*.

The PI algorithm outputs the optimal policy in a finite num-
ber of iterations (Puterman, 2014, Thm. 6.4.2). Moreover,
the algorithm has a local quadratic rate of convergence
when initiated in a small enough neighborhood around the
optimal solution (Bertsekas, 2022; Gargiani et al., 2022).
The faster convergence of PI compared to VI comes how-
ever with a higher per-iteration computational complexity:
The per-iteration complexities of VI and PI are O(n?m)
and O(n?m + n?3), respectively. The extra O(n?) com-
plexity is due to the policy evaluation step, i.e., solving a
linear system of equations; see also the matrix inversion
in the characterization (8). To address this issue, we pro-
pose to use a low-rank approximation of Py instead. Such
approach allows us to approximate (I — yP;)~! with a
reduced computational cost by using the Woodbury for-
mula (Hager, 1989). To be precise, we propose the rank-one
VI (R1-VI) algorithm

Vg1 = v + (I — Vﬁk)_l(T(Uk) —vg), 9

where _

Py =1dy, (10)
is a rank-one approximation of the true transition probability
matrix P, at iteration k, with dy, = d, € A(S) being a
stationary distribution of the greedy policy 7y, = 7y, , .., a
solution of d; P, = dkT. Under certain conditions, (10) is
indeed “the best” rank-1 approximation of Py:

Lemma 3.2 (Rank-1 approximation). Assume that the tran-
sition probability matrix Py, is ergodic (i.e., irreducible and
aperiodic). Then,
1d;} = argmin p(P — P)
PeRan
st.P >0, P1=1, rank(P) = 1.

(11)

where dy, is the unique stationary distribution of Py. That
is, P, = ldz is the best rank-1 approximation of Py, in
terms of the spectral radius.

Using the Woodbury formula, we then have
(I —~Py) ™" = (I —1d))~" = T+ 2-1d],
and hence the R1-VI update (9) reads as

Vg1 = T(vg) + ﬁ<dk7 T(vg) — vk>1. (12)

Algorithm 1 Rank-One Value Iteration (R1-VI)

Input: transition kernel P : S x A — A(S); cost function ¢ €
RIS*Al: discount factor y € (0,1);
Output: optimal value function v*
1: initialize: vo € RIS, d_1 € A(S);
2: fork=0,1,2,...do
33 P, =0¢cRISXIS
4: forse Sdo
{ ar € argmin {c(s,a) +~vE,+ [vk(sﬂ} } ,
5: acA

[T(vi)](s) = min {e(s,a) + Y Et [vr(sT)] };

6 Pk(s,8+) _ P(s+‘8,ak)7 Vst e S;

7:  end for

8 f=P/di_iidi=F/|fll;

9 V41 = T(’Uk) + ﬁ<dk,T(Uk) - ’Uk>1;
0: end for

Next to be addressed is the computation of the vector dy,.
Considering the fact that dj, is a left eigenvector of Py
corresponding to the eigenvalue 1, we can use the power
method (Golub & Van Loan, 2013, Sec. 7.3) to compute it
as follows

f

f _ PTd(l), d(i‘i‘l) _ ,
Bk 1£11

i=0,1,...,]—1, (13)

with some initialization déo) € A(S)and I € {1,2,...}.
We then use d;, = d,(f) in the update rule (12). We note
that the normalization is only to avoid the accumulation of
numerical errors; to see this note that for the row stochastic
matrix Py, we have P,/ d € A(S) for any d € A(S). Un-
der the assumptions of Lemma 3.2, the preceding iteration
converges linearly to the unique stationary distribution with
a rate equal to the second largest eigenvalue modulus of Py
(Gallager, 2011, Thm. 3.4.1).

The complete description of the proposed R1-VI algorithm
is provided in Algorithm 1. We note that Algorithm 1 in-
cludes a single iteration (i.e., I = 1) of the power method
in (13) initialized by d,io) = dj_1. The reason for this
choice is that the greedy policy 7¥* and hence the corre-
sponding transition matrix P}, usually stays the same over
multiple iterations k of the algorithm in the value space.
This means that the algorithm effectively performs multiple
iterations of the power method. Despite using this approxi-
mation dj, of the stationary distribution of P}, with a single
iteration of the power method, the proposed algorithm can
be shown to converge.

Theorem 3.3 (Convergence of R1-VI). The iterates vy,
of the RI-VI Algorithm 1 converge to the optimal value
Sunction v* = T(v*) with at least the same rate as VI, i.e.,
with linear rate .

Let us also note that the per-iteration complexity of the
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proposed R1-VI Algorithm 1 is O(n?m), i.e., the same as
that of VI. We finish this section with the following remark.

Remark 3.4 (Generalization to modified policy iteration).
Recall the generic value update rule

Vk+1 :vk+Gk(T(vk)_vk)a kzoala"'a (14)

with the gain matrix Gy = I in the VI algorithm and
Gy, = (I—~Py)~ Y in the Pl algorithm. Also, note that (I —
yP,) "t =302 i P since p(I — vPy) < 1 (Puterman,
2014, Cor. C.4). Inserting the truncated sum

L
k= Z’}/P]fa
=0

with L € {0,1,...} in the update rule (14), we derive the
Modified PI (MPI) algorithm which converges linearly with
rate vy for any choice of L (Puterman, 2014, Thm. 6.5.5).
(Observe that L = 0 and L = oo correspond to the standard
VI and PI algorithms, respectively). The proposed rank-
one modification can be in general combined with the MPI
algorithm. Indeed, we have

(I ’yPk Z,yfpf Z,yfpf_'_,yLPLZ,yéPf
L—-1
=Y AP+ PLI P
£=0

Then, by using the approximation ISk = 1d;— in the ma-
trix inversion on the right-hand side of the equation above,
we derive the gain matrix of the rank-one MPI (R1-MPI)
algorithm to be

L—1
Gr=)Y VP +~+"PLI—~P,)™!
£=0
L L+1
=> 7P + - ldT

~
I

0

Observe that R1-VI is now a special case of RI1-MPI with
L=0.

4. Rank-one Q-learning (R1-QL)

In this section, we focus on the learning problem in which
we have access to a generative model that provides us with
samples of the MDP (as opposed to access to the true transi-
tion probability kernel of the MDP in the planning problem).
To start, let us provide the PI update rule for the Q-function.
The proof is similar to the proof of Lemma 3.1 and omitted.

Lemma 4.1 (Policy iteration for Q-function). Each iteration
of the PI algorithm for the Q-function is given by

Qi1 = @ + (I —vPp) " (T(qw) — ax), (15)

— — 9k
where Py, == P~ is the state-action transition probability
matrix of the MDP under the greed policy wI.

The idea is again to use the rank-one approximation P, =
ld;r of the matrix Py, in the updat(L rule (15), where dj
is now the stationary distribution of Py. This leads to the
update rule
ai+1 = T(qr) + ﬁ(me(Qk) —q)l,

at each iteration of the planning problem. Then, for the
learning problem, considering the synchronous update of
all state-action pairs (s,a) € S x A at each iteration k, we
arrive at the rank-one Q-learning (R1-QL) update rule

e~ A

A = d 7T q —dqk),

k 1_7< ks Tr(qr) — qr) (16)
Qi1 = (1= Ae)qr + M Tr(gr) + axl,

where \; > 0 are properly chosen step-sizes satisfying
the Robbins—Monro conditions (e.g., A\, = 1/(k + 1)),
and Tk is the empirical Bellman operator evaluated at it-
eratlon k, ie., [Tk(qk)]( a) = [T(qk, 5:0)](s, a) with
5.7 ~ P(|s,a) for each (5 a) €S x A-the subscrlpt k
in Tk denotes the dependence on the next-state sample S k
generated at iteration k.

What remains to be addressed is computing the estima-
tion (fk of the stationary distribution in (16) using the sam-
ples. At each iteration k, define the sparse matrix Fj, €
RISXAIX[SXA] — R(nm)x(nm) with exactly one nonzero
entry equal to 1 in each row (s,a) € S x A corresponding
to the column (s*, a™), where

st =5,"~P(|s,a),
at = a,:r = argmin qx (s
ateA

3, a®). a7

Observe that the matrix F}, is a sampled version of the state-
action transition probability matrix Pj. Using this sample,
we can form the stochastic approximation

ﬁk = (1 — /\k)ﬁk—l + A\ Fp.

for the state-action transition probability matrix. We note
that the same approximation is used in the Zap Q-learning
algorithm (Devraj & Meyn, 2017). With this approximation
in hand, we can again use the power method for finding the
stationary distribution. In particular, with a single iteration
of the power method initialized by the previous stationary
distribution Jk,l, we have

C/ik = ﬁkTC/l\k_l = (1 - )\k)ﬁ;;r_lgl\k—l + /\kaTC/l\k_l.

Now, usmg the approximation dk |~ Pk 1dk 1 (e,
assuming dk 1 is the stationary distribution of Pk 1 which
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Algorithm 2 Rank-One Q-Learning (R1-QL)

Input: samples from transition kernel P : S x A — A(S); cost
function ¢ € RIS*Al; discount factor v € (0, 1);
Output: optimal Q-function ¢*

1: initialize: go € RIS*Al d_; € A(S x A);
2: fork=0,1,2,...do

3 A=1/(k+1);
4:  f=0¢eRS*¥A,
5:  for (s,a) € S x Ado
6: SiF ~ P(]s,a);
6,; € argmin qx(3,,a™),
7: R ateA
[Tr(ar)](s,a) = c(s,a) + v min g (5", a");
ateA
8: F(s,a) = (1= Ap)dr_1(s,a) + Medy_1(sT,a®);
9:  end for
10: di = f/ £l

11: A = %Qfm’fk(qk) — qk>;

12: gr+1=(1—Ap)gr + /\ka(Qk) + arl;
13: end for

does not hold exactly since &\k_l is only an approximation
of the stationary distribution of Pj,_1), we derive,

C/l\k = (1 — )\k)c/i\k,1 + )\kF];r(/l\k,1
or, equivalently, for each (s,a) € S x A
di(s,a) = (1 = M) dy_1(s,a) + Aedy_1(s*,a*), (18)

where s and a* are given in (17). Observe that the ap-
proximation Jk,l ~ ﬁJ_lcfk,l significantly reduces the
memory and time complexity of the algorithm since we do
not need to keep track of the estimates Pj; of the state-action
transition probability matrix and perform full matrix-vector
multiplications for updating the estimates Jk of the station-
ary distribution.

The complete description of the proposed R1-QL algorithm
is provided in Algorithm 2. We again note that the vector f
and its normalization are only introduced to avoid the accu-
mulation of numerical errors. The following result discusses
the convergence of the proposed algorithm.

Theorem 4.2 (Convergence of R1-QL). The iterates qi
of the RI-QL Algorithm 2 converge to the optimal Q-
function q* = T(q*) almost surely with at least the same
rate as QL.

Finally, we note that the per-iteration time complexity of the
R1-QL Algorithm 2 is the same as that of the synchronous
QL algorithm, i.e., O(nm?).

5. Numerical simulations

In this section, we compare the performance of several plan-
ning and learning algorithms with our proposed methods.

The experiments are conducted on Garnet (Archibald et al.,
1995) and Graph MDPs (Devraj & Meyn, 2017), focusing on
the Bellman errors || T (vy) — vkl and | T(qr) — qi||
and the value errors |lvi, — v*|| and ||gx — q*|| .. Inall
of our experiments, we run policy iteration (PI) until it
converges to calculate the optimal values v* and g* for ref-
erence. Garnet and Graph MDPs are particularly compelling
for our empirical analysis as we can run PI to compute the
optimal values, enabling us to measure value errors through-
out the iterations. The Garnet MDPs have a state size of
n = 200, an action size of m = 5, and randomly generated
transition probabilities and costs with a branching factor
of 10. For our numerical experiments, we consider 25 ran-
domly generated instances of Garnet MDPs and report the
three quantiles of the errors. For the Graph MDPs, we use
the same configuration as described in (Devraj & Meyn,
2017), providing a complementary benchmark to validate
the effectiveness of our proposed method. We also note that
the supplementary material includes the Python package
implementing the algorithms and the experiments discussed
in this section. In what follows, we report the result of our
simulations for the planning and learning problems.

Planning Algorithms. We compare several value iteration
(VI) algorithms with the same per-iteration time complexity
as our proposed R1-VI Algorithm 1. We also include PI
for reference. We mainly focus on comparing R1-VI with
accelerated VI methods, namely, Nesterov-VI (Goyal &
Grand-Clément, 2022) and Anderson-VI (Geist & Scherrer,
2018). In order to keep the time complexity the same, we
use Anderson-VI with the memory parameter equal to one
leading to a rank-one approximation of the Hessian matrix.
The update rule of the accelerated VI algorithms is provided
in Appendix B.1.

In Figure 1, we report the median number of iterations re-
quired to reach a certain error threshold for each algorithm
across both MDPs for four different values of the discount
factors 7. Our results indicate that the convergence perfor-
mance of R1-VI is comparable with PI while maintaining
the same per-iteration time complexity as VI. Additionally,
R1-VI significantly outperforms the VI algorithm and its
accelerated versions, particularly when the discount factor
is close to 1. This observation can be partially explained by
the fact that the proposed R1-VI algorithm forms an approxi-
mation of the inverse of the “Hessian”, i.e., (I —vP;) "1, by
incorporating its largest eigenvalue li . A more detailed
comparison of the algorithms is provided in Appendix B.2.

Learning Algorithms. In the learning experiments, we re-
port the Bellman and value errors of the algorithms trained in
a synchronous fashion, following the methodology outlined
in (Ghavamzadeh et al., 2011), ensuring a consistent evalua-
tion. In synchronous learning, in each iteration &, a sample
ST ~ P(:|s, a) of the next state is generated for each state-
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Figure 1: Planning algorithms — the median number of iterations required for each algorithm to reach a fixed error threshold across

four discount factors - for the two MDPs.
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Figure 2: Learning algorithms — the median error values achieved by each learning algorithm over the course of 5000 iterations

across four discount factors v for the two MDPs.

action pair (s,a) € S x A and the action-value function gj,
is updated in all state-action pairs; see the update rule in QL
algorithm (5) and R1-VI Algorithm 2. All the learning algo-
rithms use the same samples generated through the training.
Besides the proposed R1-QL Algorithm 2, we report the
performance of Speedy QL (Ghavamzadeh et al., 2011),
Zap QL (Devraj & Meyn, 2017), and the standard QL (5) in
Garnet and Graph MDPs for several discount factors; see
Appendix B.1 for the update rule of Speedy QL and Zap
QL. We run each algorithm using the same step-size sched-
ule (A;)72, namely, linearly decaying A, = 1/(1 + k), to
ensure a fair comparison.

Figure 2 shows the final error values after running each
algorithm for 5000 iterations. R1-QL achieves comparable
or lower error values across both MDPs. In contrast to the
other algorithms, R1-QL consistently maintains a similar
level of error values across various discount factors, particu-
larly at higher discount factors — a characteristic attributed
to Policy Iteration (PI) algorithms. It is worth mentioning
that since both Zap QL and R1-QL estimate (I — yPy,)~!
using the samples, they behave more robustly against the in-
crease in the discount factor ; see Figure 2. Regarding per
iteration complexity, R1-QL has the same time and memory
complexity as QL and Speedy QL. In contrast, Zap QL, due
to the inherent full-rank matrix inversion, incurs higher time
and memory complexity. Albeit Zap QL can be efficiently
implemented with lower complexity, it typically exhibits

a higher computational cost in practice. A comprehensive
analysis of the error trajectories observed during training is
provided in Appendix B.2.

6. Limitations and future research directions

We finish the paper by discussing some limitations of the
proposed rank-one modification of the VI and QL algo-
rithms along with some future research directions.

Let us start by noting that the provided theoretical results
in Theorems 3.3 and 4.2 guarantee the convergence of the
proposed algorithms with the same rate as the standard VI
and QL algorithms. However, our numerical experiments
with Garnet and Graph MDPs in Section 5 show that the pro-
posed algorithms have a faster convergence rate compared to
standard VI and QL and their accelerated versions. This gap
can be explained by the fact that our proof technique does
not exploit that the vectors dj, and Jk used in the update
rule are specifically constructed to approximate the station-
ary distribution of the Markov chain induced by the greedy
policy (see Appendices A.3 and A.4 for details). That is, the
convergence of R1-VI and R1-QL algorithms is guaranteed
for any choice of dj, € A(S) and dj, € A(S x A). In fact,
when the stationary distribution concentrates on a single
state, as happens when there is an absorbing state with zero
reward, the second term in the R1VI update (Equation (12))
vanishes. Appendix B.3 provides an empirical analysis in
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Gridworld (Sutton & Barto, 2018), which includes an ab-
sorbing state and thus violates the assumption of Lemma
3.2. Moreover, the provided proof of convergence shows
that the greedy policies generated with respect to the iterates
of R1-VI and R1-QL are the same as those for the standard
VI and QL algorithms, respectively (see Lemmas A.2 and
A.4). In other words, the proposed algorithms do not affect
the speed of convergence to the optimal policy compared
to VI and QL. Nevertheless, at least in the case of R1-VI,
the faster convergence in the value spaces leads to a faster
termination of the algorithm for a given performance bound
for the greedy policy. In this regard, let us also note that the
mismatch between convergence in value space and policy
space also arises in other “accelerated” VI/QL algorithms;
see Appendix B.4.

Second, the proposed algorithms heavily depend on the
structure of the transition probability matrices P, and P},
and their rank-one approximation using the corresponding
stationary distributions. This dependence particularly hin-
ders the application of the proposed algorithms to generic
function approximation setups in solving the optimal con-
trol problem of MDPs with continuous state-action spaces.
We note that a similar issue for the Zap Q-leaning algo-
rithm (Devraj & Meyn, 2017) has been successfully ad-
dressed in (Chen et al., 2020).

Third, we note that the proposed R1-QL algorithm 2
is a synchronous algorithm that updates all state-action
pairs (s,a) € S x A of the Q-function gy, at each itera-
tion k. This algorithm can be modified in a standard fashion
for the asynchronous case. However, the provided conver-
gence analysis can not be extended for the corresponding
asynchronous algorithm in a straightforward manner. More-
over, the straightforward asynchronous implementation of
R1-QL leads to an O(nm) per-iteration complexity for up-
dating a single entry (s,a) € S x A at each iteration k,
which is higher than the O(m) per-iteration complexity of
the standard asynchronous QL algorithm. We note that the
Zap Q-leaning algorithm (Devraj & Meyn, 2017) also suf-
fers from this issue. Addressing these issues requires a more
involved analysis and modification of the proposed algo-
rithm in the asynchronous case, which we leave for future
research.

Finally, the basic idea of the proposed algorithms can also
be used for developing the rank-one modified version of
the existing algorithms for the average cost setting. For
example, consider the PI algorithm that uses the relative VI
algorithm in the policy evaluation step for unichains (Puter-
man, 2014, Sec. 8.6.1). This algorithm can be characterized
via the following update rule in the value space: For a fixed
se S,

vpi1 = v + (I = P)(IT-ege]) +1e]) 7 (T(vg)-vy),
v11(s) =0,

where e, is the s-th unit vector and T is now the undis-
counted Bellman operator. Now, observe that

Gi = (I - Po)(I-ese]) + le;r)_1

— (I=Po+(pr—es+1)e] )"
— (I —1d]] + (px —es +1)e] ),

where p, = Pg(-,s) is the s-th column of Py and we
used the approximation Py ~ 1cl;r in the last equality.
The matrix inversion can then be handled efficiently using
the Woodbury formula. However, the convergence of this
algorithm and any possible improvement in the convergence
rate when d, is approximated via the power method requires
further investigation.
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A. Technical Proofs
A.1. Proof of Lemma 3.1

We begin by providing two basic results on MDPs. First, recall that given a policy m, the value v™ of 7 solves the (Bellman
consistency) equation (Puterman, 2014, Thm. 6.1.1)

v (s) =" (s) + 7 Egrnpr(s,) [v7(sT)], VseS.
Hence, we have
v" = (I —yP™)"c™. (19)
Moreover, the definitions of the Bellman operator in (3) and of the greedy policy in (6) imlpy that
T(v)=c" +~yP™ v, YveR" (20)

Recall P, := P, Using these two results, we have at each iteration of the PI algorithm (7),

Vg1 = VR = o™k (19 I - ’yPk)ilcka 2 (I - ’yPk)il(T(’vk) — q/Pk.’Uk.)
= (I —vPy) " (T(vk) — vi + (I — vPy)vy)
= v + (I —yPy) "' (T (vg) — vp).

This concludes the proof.

A.2. Proof of Lemma 3.2

Let (p;)}_, be the eigenvalues of Py such that [p1] > |p2| > -+ > |p,|. Since Py is a row stochastic matrix, we
have p; = 1 (Gallager, 2011, Thm. 3.4.1). Moreover, the assumption that P}, is irreducible and aperiodic implies
that |p;| < 1 for all ¢ # 1 (Gallager, 2011, Thm. 3.4.1), that is, p; = 1 is the unique eigenvalue of P on the unit
circle in the complex plane and all other eigenvalues lie inside the unit disc. The unique (up to scaling) right and left
eigenvectors corresponding to p; = 1 are the all-one vector 1 and the stationary distribution dy. From these results it
follows that Py, = 1d;r is the unique solution of (11).

A.3. Proof of Theorem 3.3

For each iteration k£ > 0 of the R1-VI Algorithm 1, we have

Vi1 = T(Uk) + o1
ap = ﬁ<dk7T(vk) —vg),

2n

where dj, € A(S) is an approximation of the stationary distribution of the MDP under the greedy policy with respect to vy,.
We start with analyzing the effect of a constant shift in the argument of the Bellman operator.

Lemma A.1. Forall o € R and v € R™, we have

T(v + al) = T(v) + vyal.

Proof. Foreach s € S, we have

[T(v + a1)](s) = min {c(s, a)+ Z P(sT|s,a) [v+ al] (3+)}

acA
stes

=ya+ 2%12 {c(s, a)+y Z P(st]s, a)v(sﬂ}

stes

=y + [T(v)](s).

10
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We next use the preceding result to provide an alternative characterization of the iterates of R1-VIin (21).

Lemma A.2. For each k > 0, the iterates in (21) are equivalently given by

V1 = TE D (vg) + B
Br+1 = VB + ag, with By = 0.

Proof. (Proof by induction.) Consider k£ = 0 and observe that
v = T(vo) + A1,
with 81 = 780 + ap = . Next, for some k > 1 and S, € R, assume v, = T*) (vo) + Bk 1. Then,
vepr = T(vi) + axl = T(T® (vg) + B1) + arl = THT (vg) + 781 + i1,
where the last equality follows from Lemma A.1. Therefore,
Ve = TE (w) + (18 + o)1 = TH (wg) + Brya 1,

which concludes the proof. O

We now employ the preceding lemmas to provide an alternative characterization of the constant shifts «y, in the R1-VI
updates in (21).

Lemma A.3. For each k > 0, one has

Proof. From Lemma A.2, we have
v =T () + Bel, k=0,1,....

(Notice that for k& = 0, the preceding equation simply implies vy = v since T(?) is the identity operator and 5y = 0.) Then,
from Lemma A.1, it follows that

T(v) = T(T®™ (vg) + Br1) = TV (vg) + 7851

Thus,
T(Uk;) — VUV = T(k+1)(’l)0) — T(k)(’vo) — (1 — ’y)ﬁkl

and

(di, T(vi) — vi) = (di, T (vg) — T® (vg)) — (1 — 7)Br(dy, 1)
= (di, T*™) (vg) — T® (vg)) — (1 —7) B,

where we used di, € A(S) (i.e., (dg, 1) = 1) in the second equality above. Therefore, for a, in (21), we have
ap = ﬁ <dk, T (vg) — TW (vo)> = 7Bk

This completes the proof. O

Now, observe that plugging in o from Lemma A.3 in the update rule of Lemma A.2 leads to
Vpyr = TED () + ﬁ(dk, TE (v) — TH (w))1, k=0,1,.... (22)

11
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Then, using the fact that v* = T'(v*) and the Bellman operator is a y-contraction in the co-norm, we have

a1 — v* | = || TFHD (w0) = T(v*) + ———(dge, TV (wg) — T® (v9))1
L=~

< [T (wo) - T

2 (e T ) = T o))

o] 1—’}/

<A lvo — 0¥

+ ﬁ HT(kH)(Uo) -T® (’UO)H

o
k+1
el

oo 1_

<A lvg — v*|| [T (vo) — vollo

N 1
< »yk-‘rl( ||’UO - v ||oo + ﬁ ||T(’U0) — UO”OQ )

That is, v — v* as k — oo linearly with rate .

A.4. Proof of Theorem 4.2

Let us begin with recalling the definition of the empirical Bellman operator
[Ti(a)] (5, ) = e(s,a) + min q(5;",a"), (23)

where 5,7 ~ P(-|s, a), that is to say $ * is sampled according to the law P(-|s, a) at iteration k. From this definition, it
immediately follows that

Ti(q+al) =Ti(q) + 701, VacR, qgeRS*AL (24)
Also, recall that each iteration £ > 0 of the R1-QL Algorithm 2 reads as

Q1 = (1= M) qr + M Trlgr) + ol
ap = )\k<1 i )<C/l\k;'i‘k(q1€) —qx),

(25)

where c/l\k € A(S x A) is an estimation of the stationary distribution of the state-action transition probability matrix of the
MDP under the greedy policy with respect to g. Let us also consider the standard QL iterates

gl = (- g + MNeTr(@?), k=0,1,...,

with the same initialization qu = qo and empirical Bellman operator ’/I\‘k (+) for all k as the R1-QL algorithm (25).
The first result concerns an alternative characterization of the iterates in (25).

Lemma A.4. For each k > 0, the iterates of RI-QL algorithm (25) equivalently read as

(26)

Qi1 = Qo) + Bl
Br+1 = (1 = X)) Br + v A Br + ar,  with By = 0.

Proof. (Proof by induction) For k£ = 0, since qu = qp, We can write

a1 = (1= Xo)qo + 2 Tr(qo) + aol
=(1—-Xo)gg" + )\o'i‘k(qu) +agl
= Q?L+511,

12
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where 51 = ag. Assume next q; = qu + Bk 1 for some k& > 0. Then, it follows that

@1 = (1= M)agr + MTrlgr) + axl
= (1= )(qg Ay 1)+ )\krj:\‘k( A 4 51) + gl
- M@+ BeD) + M (Tr(g) +761) + ard
= (1—M)gl™ + )‘ka(Qk )+ (1= X)Br + Y Br + ag)1
= qSil + Br411.

This concludes the proof. O

We next provide a useful characterization of the constant shifts «y, in the R1-QL update rule (25).
Lemma A.5. For each k > 0, one has

a = /\k<1 j}y)<&\ka’i‘k(qu) —q") — Y\iBr-

Proof. From Lemma A.4 and since gy = qu and By = 0, we have
qk:qSL+ﬁk17 k20717
Hence, we can use (24) to write

Ti(gr) = Ti(@® + Brl) = Tr(qd) + 161

As a result,
Tr(ar) — ax = Trlqd) + 78kl — g — Bl
= Tr(g") — a" — (1 =781,
and
<Jk7Tk(Qk) —qp) = <dk7Tk ) —qd) - (1-v)8 w(dk, 1)
= (dy., Ti(qd) — q2) — (1 =),

where we use the identity (c/l\k, 1) = 1 in the second line since &\k € A(S x A). Recalling the definition of oy, in (25), one
thus have

ag = )\k( 1 )<Jk, Ty(qd") — ) — YAuBr.

L—vy
O
Plugging the expression for o, from Lemma A.5 into the update rule of Lemma A.4, we derive the iteration
Brsr = (1= A)Be + Ak(l . 7) (@ Te(q®) — q®), k=0,1,..., @7)
initialized by 5y = 0. Next, using the convergence of QL, we can show the convergence of [3y:
Lemma A.6. The iterates By, in (27) converge to zero almost surely.
Proof. Define 1) = 2,0 = 0 and consider the iterations
Bre+1 = (1= Ag)Brr + )\k( j 7) <C?k, T(gd) — T(q)), (28)
Baukr = (= M)+ k(7 ) (e Tla™) — af). (29)

13
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fork=0,1,...,s0 thai Br = P1,k+ P2,k forall k > 0. In what follows, we use the fact that the QL iterates qu are bounded
and converge to ¢* = T'(g*) almost surely (Tsitsiklis, 1994, Thm. 4). First, observe that the iteration (28) converges to zero
almost surely using (Tsitsiklis, 1994, Lem. 1) and the fact that (see also (Tsitsiklis, 1994, Sec. 7))

By [ (e Ta(al) - Taf")| = (4 Bgy | Tu(af) - T(a)] ) =0,

E,. [@,Tk(qgw —T(qu)f] <Eg [ka(q,?L) ~ T(q) H } < Hq H

The iteration (29) also converges to zero almost surely since

ﬂ27k+1 = (%) Z c?k(s a { zk: QL QL](s,&))},

v (s,a)eSx.A

is a scaled, weighted average of Cesaro means of the sequences [Tk (q ,? ) — qk ](s7 a) that converge to zero almost surely
for each (s,a) € S x A (recall that A, = 1/(k 4 1) and g2 — ¢* = T(q*) almost surely). O

Finally, recall the characterization g = qu + B 1 in Lemma A.4 and observe that qu — @q* and ), — 0 almost surely.
Therefore, q;, — g* almost surely.

B. On numerical experiments

B.1. Algorithms

Below, we provide the update rules of the algorithms we employed in our numerical experiments. We adapt the update rules
provided by (Kolarijani & Mohajerin Esfahani, 2023) in our implementations for the planning algorithms.

¢ Nesterov VI algorithm (Goyal & Grand-Clément, 2022):

1—/1-72
ZL = Uy + S Vit (v — Vi—1),
0
- (T(zx) — 2)
Vir1 = 25 + T(z ZK).
k+1 R 5 k k

* Anderson VI algorithm (Geist & Scherrer, 2018): (The following update rule is for Anderson acceleration with
memory equal to 1 which corresponds to a rank-one approximation of the Hessian.)

2L = Uk — Vg—1,
z;, = T(vy) — T(vk-1),
0, 2] (zp — 2}) =0,
ok = z) (vk—T(vk))
z) (z—z2})

Vi1 = (1 — 0)T(vg) + I T(vk—1).

, otherwise,

* Speedy QL algorithm (Ghavamzadeh et al., 2011): (The following update rule is the synchronous implementation of
Speedy QL.)

14
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for (s,a) e Sx A
st~ P(ls,a),
zi(s,a) = c(s,a) +~v min qr(5F,a™"),
ateA
z,.(s,a) = c(s,a) +v min gqx_1(5 T, a™),
ateA

endfor

dk+1 = qr + (qu—%)‘*‘i(zk—zi@)-

1+k

e Zap QL algorithm (Devraj & Meyn, 2017): (The following update rule is also the synchronous implementation
of Zap QL without eligibility trace. The matrix F}, € RIS*AXISXAl pelow denotes the sampled transition matrix at
iteration k.)

F,=0¢ IR|$><A|><\$><.A\7
for (s,a)eSxA
3+ ~ P(]s,0),

at =argming;(s",at),
ateA

[T4(ai)] (s.0) = e(s,0) 7 min k(5 a™) — qu(s, )
Fi((s,0),G+,a %) =1,

endfor

~ 5 1 ~
P, =P,_ —(F, — P,_
k k1+2+k(k e—1),

1 . .
_ T—~B) " (Tr(ar) — qx).
Qi1 = Qi + 1+k( vP,) " (Tk(ar) — qr)

B.2. Extended numerical analysis

In this appendix, we provide the Bellman and value errors observed throughout the iterations of planning and learning
algorithms. We run each planning algorithm until the error thresholds in Table 1 are achieved.

Table 1: Error thresholds for planning algorithms.

MDP  Error vy=09 ~v=09 =09 ~=09

Garnet  value 10-5 10~4 10~4 10~2
Bellman  107° 107° 107° 1074
Graph  value 1075 107 1073 1072

Bellman  107° 10-° 10-° 10~4

We consider four different values for discount factor y across 25 realizations of the Garnet MDP. Note that the planning
algorithms are deterministic in nature, hence, the only source of variation in the errors is due to the random realization of the
Garnet MDPs. Figure 3 shows the range of error values observed within the span of the iterations of the planning algorithms.
The solid curve represents the median error values, while the shaded region around the curve indicates the errors between
the first and the third quantiles. We follow the same style of presentation in the other figures in this section.

We observe in Figure 3 that Anderson VI has the highest error variance. Furthermore, the error curves for both Anderson VI
and Nesterov VI are not monotonically decreasing, which is particularly visible for Anderson VI. This is because the
iterations in these algorithms are not necessarily a contraction with a guaranteed reduction in the Bellman/value error.
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Figure 3: Comparison of the planning algorithms in Garnet MDP with various -y values.
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Figure 4: Comparison of the planning algorithms in Graph MDP with various -y values.

Nevertheless, in our numerical experiments, both algorithms seem to be convergent. Figure 4 shows the error curves of
planning algorithms for the Graph MDP. Here, the non-monotonic behavior of Anderson VI is more apparent as the error
values initially increase with an oscillating behavior. Similar to Garnet MDPs, R1-V1 consistently provides lower errors
throughout the iterations.

Figure 5 and 6 show the error curves for the learning algorithms in Garnet and Graph MDPs, respectively. In these
experiments, we run each learning algorithm with 5 different seeds to marginalize the randomness in the sampling process.
We observe that the difference between Zap QL, Speedy QL, and R1-QL is not noticeable at lower values of the discount
factors (i.e., v < 0.95). However, as the discount factor increases, particularly at v = 0.999, the gap between the error
values increases. At higher values of the discount factors, R1-QL consistently yields lower error values, while QL struggles
to minimize the errors due to the linearly decaying step-size \i. Furthermore, we observe that Zap QL displays higher error
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Figure 5: Comparison of the learning algorithms in Garnet MDP with various v values.
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Figure 6: Comparison of the learning algorithms in Graph MDP with various -y values.

variance, which may be due to the inversion of the estimated “Hessain” (I — 713) In contrast, R1-QL exhibits considerably
lower variance, despite implicitly performing a similar inversion. We argue that the lower error variance observed with
R1-QL is due to the low-rank approximation of the transition probability matrix via estimation of the corresponding

stationary distribution.

B.3. Reducible MDPs

To illustrate R1-VI’s behavior in a reducible MDP, we replicate the comparison from Section 5 within the Gridworld
environment of (Sutton & Barto, 2018), which inherently contains an absorbing state. We consider two Gridworld variants:

1. Absorbing Gridworld, in which the absorbing state yields positive reward.
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2. Terminal Gridworld, in which the absorbing state grants a zero reward.

Here, “reducibility” refers to the Markov chain induced by the optimal policy. Note, however, that even in the absence of an

absorbing state, where all actions from a state lead back to itself, a non-optimal policy may still produce a reducible chain in
Gridworld.

PI R1-VI -+- Anderson-VI -#-Nesterov-VI -e-VI

Absorbing GridWorld Absorbing GridWorld Terminal GridWorld Terminal GridWorld
Value error < 0.01 Bellman error < 0.01 Value error < 0.01 Bellman error < 0.01
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Figure 7: Comparison of planning algorithms on two reducible Gridworld MDP instances, one with a zero-reward absorbing state
and one with a positive-reward absorbing state, across various ~y values.

In Absorbing-Gridworld (left side of Figure 7), R1-VI yields the lowest value and Bellman error, apart from PI, across
all v values. However, in Terminal Gridworld (right side of Figure 7), R1-VI performs slightly worse than the other
accelerated algorithms. This is explained by the fact that under the optimal policy, the stationary distribution concentrates
on the absorbing state, which provides zero reward and hence zero Bellman error when the values are initialized to zero.
Consequently, the second term in the R1-VI update (Equation (9)) vanishes. In contrast, in Absorbing Gridworld, the
Bellman error at the absorbing state is not immediately zero, hence the second term in R1-VI contributes to improve
convergence.

B.4. Policy performance

Throughout Section 5, we compared both the planning and learning algorithms, including our proposed R1VI and R1QL
methods, using the value and Bellman error metrics. However, rapid convergence in value does not necessarily translate into
equally rapid convergence in policy space, which is the ultimate criterion of policy optimization. In this section, we present
a comparative analysis based on the policy evaluation metric in the Graph and Garnet MDPs.

Figure 8 shows that the planning algorithms yield exactly the same policy evaluation, except for PI and Anderson-VI.
Anderson-VI initially struggles to find the optimal policy due to instabilities in the value space (shown in Figures 3 and 4),
but eventually converges to the optimal policy. In both MDPs, policy convergence occurs in fewer than five steps, except for
Anderson-VI, whereas convergence in the value space requires several orders of magnitude more steps.

The convergence of policies among the learning algorithms is more varied than that of the planning algorithms. Figure 9
shows that, for the Graph MDP, all algorithms except Zap-QL achieve almost identical performance, converging within
five steps for every value of ~. In the Garnet MDP, convergence requires more steps, and improvements over iterations are
slower.

In both Figures 9 and 8, the proposed R1VI and R1QL algorithms match the policy performance of VI and QL, respectively,
across all iterations. Moreover, VI in the planning setting and QL in the learning setting produce among the highest policy
performance observed across both MDPs, despite exhibiting the slowest convergence in the value space.
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Figure 8: Comparison of the value of the greedy policy produced by various planning algorithms (R1-VI, VI, PI, Anderson-VI, and
Nesterov-VI) on Garnet and Graph MDPs over a range of discount factors . Note that R1-VI, VI, and Nesterov-VI yield essentially
overlapping results.
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Figure 9: Comparison of the value of the greedy policy produced by the R1-QL and QL learning algorithms on Garnet and Graph
MBDPs as a function of the discount factor . Results for R1-QL and QL coincide. The y-axis shows the median policy-evaluation
score of the corresponding greedy policies across 5 different seeds.
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