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Abstract

Reinforcement learning with verifiable rewards
(RLVR) trains a policy by verifying sampled com-
pletions and reinforcing higher-scoring outputs,
but practical verifiers (e.g., incomplete unit tests
or noisy judges) are prone to false positives and
false negatives. We ask when such noise merely
slows learning and when it reverses it. Model-
ing GRPO-style RLVR as a bandit over recurring
reasoning modes, we derive mean-field replicator-
style (natural-selection) flow on the probability
simplex. The dynamics decouples into within-
correct-mode competition and a one-dimensional
evolution for the mass on incorrect modes, whose
drift is determined solely by Youden’s index
J = TPR — FPR. This yields a sharp phase tran-
sition: when J > 0, the incorrect mass is driven
toward extinction (learning); when J = 0, the pro-
cess is neutral; and when J < 0, incorrect modes
amplify until they dominate (anti-learning and
collapse). In the learning regime J > 0, noise pri-
marily rescales convergence time (‘“rate, not fate”).
Experiments on verifiable programming tasks un-
der synthetic noise reproduce the predicted J = 0
boundary. Beyond noise, the framework offers a
general lens for analyzing RLVR stability, conver-
gence, and algorithmic interventions.

1. Introduction

Reinforcement learning (RL) is increasingly used to steer
large language models (LLMs). In domains where correct-
ness is programmatically checkable—e.g., unit tests for code
or exact answers for some math problems—reinforcement
learning with verifiable rewards (RLVR) offers a com-
pelling alternative to learning a reward model. Recent group-
normalized policy-gradient variants, such as Group Relative
Policy Optimization (GRPO), can be sample-efficient and
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avoid training an explicit critic (Shao et al., 2024; Ahmadian
et al., 2024; Wen et al., 2025; Su et al., 2025).

In practice, however, “verifiable” rewards are often sloppy.
Test suites are incomplete, checkers can be flaky, and LLM-
as-a-judge signals can be biased. Because policy-gradient
methods repeatedly amplify the feedback they receive, even
mild verification bias can compound across updates, lead-
ing to mode collapse, reward hacking, or systematic perfor-
mance degradation (Chen et al., 2025; Cai et al., 2025). This
paper asks: When does noisy verification in RLVR merely
slow training, and when does it flip the learning direction?

A single scalar threshold. We identify a simple verifier-
quality statistic that governs the direction of learning un-
der GRPO-style group normalization. Under a binary
noisy-verifier model with false positives and false nega-
tives, the update direction is controlled by Youden’s index
J = TPR — FPR (Youden, 1950). Intuitively, J measures
whether the verifier is positively correlated with true cor-
rectness (J > 0), uninformative (J = 0), or perversely
anti-correlated (J < 0).

Contributions. The contributions of this study are sum-
marized as follows:

* Noisy-verifier formalization. We formalize RLV®R:
RLVR with verifiable but noisy binary rewards, parame-
terized by (TPR, FPR) and summarized by J = TPR —
FPR; cf. Section 3.

* Mean-field dynamics and phase line. Viewing each
prompt as a small bandit over reasoning modes, we de-
rive mean-field ODEs (cf. Proposition 5.1), for correct
(“good”) and incorrect (“bad”) probability masses. In
the simplest, binary, case of one ultimate good and one
ultimate bad solution, the incorrect (“bad”) probability
masses, p(t), obey the ODE

p=—Jp’(1—p)*¢(p)

where 1 : [0, 1] — R is strictly positive on (0, 1). This
establishes a phase transition at J = 0: J > 0 yields
learning, J = 0 neutral drift, and J < 0 anti-learning
(see Theorem 4.2) as well as the dependence of the rate
of change of bad arm probability on J.
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* Geometry and extensions. We connect GRPO to
replicator/natural-gradient flow on the probability simplex
(see Section 5), obtain multi-mode decoupling dynamics,
and analyze how convergence rates, learnability, and KL
regularization depend on verifier noise (see Section 5.3).

* Empirical validation. On Python code generation with
synthetic verifier noise, we reproduce the J = 0 boundary
(see Figure 1) and show that, for J > 0, noise primarily
affects rate, not fate.

Roadmap. After reviewing relevant literature in Section 2,
we set up the bandit/mode abstraction of LLMs and the
noisy-verifier model in Section 3. We present our mean-field
model, and its dynamical consequences, including phase
transition, first in the binary case in Section 4, and then more
generally in Section 5. Extensions of these results appear
in Subsection 5.3. Finally, Section 6 evaluates our results
empirically.

2. Background & Related Work

RLVR and group-normalized policy gradients. Recent
breakthroughs in the reasoning capabilities of large lan-
guage models (LLMs) through Reinforcement Learning
(RL)—particularly Reinforcement Learning with Verifiable
Rewards (RLVR) and group-normalized algorithms such as
Group Relative Policy Optimization (GRPO) (Wen et al.,
2025; Su et al., 2025)-have greatly expanded the frontier of
model intelligence (Shao et al., 2024). Group-normalized
approaches in RL, like GRPO, eliminate the need for an
explicit reward model (a critic or a PRM, (Schulman et al.,
2017; Lightman et al., 2023)) in verifiable domains such
as mathematics and code generation, and demonstrate that
even a few rollouts per prompt are often sufficient to approx-
imate the advantage of each generated sequence (Wen et al.,
2025; Su et al., 2025).

LLM as a Multi-Armed Bandit. When the reward is evalu-
ated at the completion level rather than per token, it is often
more appropriate to treat the entire output sequence as a
single decision made by the policy. This viewpoint naturally
suggests a bandit-style abstraction, where each sequence
corresponds to one action (or “arm”) and the learning signal
is attached to that action as a whole (Kreutzer et al., 2017;
Nguyen et al., 2017; Dang et al., 2025). Earlier sequence-
level policy gradient methods—such as RLOO and related
REINFORCE variants (Ahmadian et al., 2024)-implicitly
operated in this regime, while contemporary approaches
like GRPO (Shao et al., 2024) make this perspective ex-
plicit by defining advantages and updates directly over full
generations.

Noisy feedback, judges, and reward misspecification.
The effects of noisy or biased supervision are classical in
learning theory and RL. In LLM alignment, imperfect ver-

ifiers and judge models can induce reward hacking or col-
lapse, motivating both empirical and theoretical analyses of
noisy-verifier regimes (Chen et al., 2025; Cai et al., 2025).
Our focus is on isolating a directional condition (a “phase
line””) for GRPO under binary noisy verification.

Noisy Reward for Coding Tasks. Noisy verification is
especially acute in RLVR for coding, where unit tests are in-
herently incomplete and many distinct implementations can
be semantically correct, unlike short-answer math problems
(e.g., AIME) or fixed-answer benchmarks (e.g., MMLU;
(Hendrycks et al., 2021)). As models are pushed to harder
programming tasks, test coverage and fidelity inevitably
degrade, and pass/fail signals can become weakly correlated
with true functional correctness, sometimes approaching
chance-level reliability. We therefore focus our experiments
on Python programming tasks, where imperfect verification
is the norm and the induced noise regime is both realistic
and practically important.

Replicator dynamics and natural gradients. Our mean-
field GRPO dynamics recover a replicator skeleton with a
drift term controlled by the verifier alignment. Replicator
dynamics appear in evolutionary game theory as “natural
selection” flows (Cressman, 2003). On the probability sim-
plex, they coincide with natural-gradient flows under the
Shahshahani/Fisher geometry (Shahshahani, 1979; Amari
etal., 2019).

3. Problem Setup

We study per-prompt RLVR updates with binary rewards
and model the effect of verification noise.

From sequences to modes (bandit abstraction). Fix a
prompt . Repeated sampling from an LLM at non-zero
temperature yields many sequences that often cluster into a
small number of recurring reasoning modes (solution tem-
plates). We model these modes as arms of a categorical
policy mg (- | ) with logits § (Appendix B gives details).
Let H = H+TUH ™ denote good (correct) and bad (incorrect)
mode sets with |H"|:= K and |[H™| := M.

Probability simplex. We shall treat a d-dimensional prob-
ability vector as a point of the simplex

Al = {X € R‘é‘gl 1Tx = 1}.
Therefore, the mode-probability vector can be written as
(pt,p7) € ARTM=1 where p* € RE, (good) and p~ €

RY, (bad). Define the total good mass s := 1Tp™ and

total bad mass p := 1Tp~ = 1 — s, and the within-class
compositions (when s, p > 0)

y = pT/se ARl 2 .= p/pec AM!
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Figure 1. Phase transition under a sloppy verifier. Validation pass@1 during GRPO training under synthetic reward noise, parameterized
by J = TPR — FPR. The transition at J = 0 matches the theory: J > 0 improves, J ~ 0 stagnates, and J < 0 degrades.

To summarize, the scalar p captures “how often we are
wrong” while vectors y, z model inner good/bad dynamics.

Noisy verifier. Let z € {0, 1} denote the true correctness
and let 7 € {0,1} be the observed reward produced by a
noisy verifier with

TPR := Pr(r=1|z=1),
J:= TPR - FPR € [-1, 1].

FPR:= Pr(r=1|2z=0);

Equivalently, with false-negative/positive rates dpn := 1 —
TPR and 5Fp = FPR, hence J =1 — 6FN - 5Fp.

GRPO-style group normalization. For each prompt,
GRPO samples G rollouts y, ~ mg(- | x), assigns rewards
rq = r(z,y,), and forms normalized advantages

Tg—T G ¢
A, = L — F=4L r *i T4—T)
g o+ GE:ga GE:Q

g=1 g=1

A basic policy-gradient step (abstracting away PPO clip-
ping (Schulman et al., 2017) and KL penalties, which are
analyzed in Appendix G and Appendix H) is REINFORCE-
based (Williams, 1992)

G
1 ~
A = naZAgVHIOgﬂ-H(yg | ) €]
g=1

where 7 is the learning rate. (We reiterate that in our bandit
model 8 should not be thought of as the language model’s pa-
rameters, but as logits assigned to various arms (solutions);
cf. Appendix B.)

Mean-field approximation. A key insight is to study the
update induced by Equation (1) under a mean-field approx-
imation that treats each prompt independently and tracks
how probability mass shifts between modes. We start with
the simple case of binary reward in the next section.

4. The case of binary arms

It is easiest to first state our results in the case of binary
arms: one good meta-mode vs. one bad meta-mode. Let
f(good) :=E[A | good], f(bad) :=E[A | bad],
denote conditional mean normalized advantages (“fitness”).
In this setup, p becomes the probability of generating the
bad solution; and the parameter is a logit z where p =

o(z) =1/(1 + e *) = n(Bad).

4.1. Replicator skeleton for group-normalized updates

Differentiating the logistic function o yields

V.logm(bad) =1—p, V,.lognw(good)=—
Therefore, Az = nE[A V., log(a)] simplifies as p(1 —
p)(f(bad) — f(good)). Passing to continuous time, given
D= dp Z2 = p(1 — p) 2, we arrive at the replicator skeleton
for the bad mass:
p = —n[p(—p)*(f(good) — f(bad)). (@)
This is a special case of the replicator dynamics (8), which

also appears in Section 5 where we generalize the results of
this section to the multi-mode/arm setting.
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4.2. Youden’s index appears

Youden’s index, J, controls the “fitness gap” in (2). To
elaborate, let ¢(p) = E[r] denote the probability that the
noisy verifier outputs 1 given current bad mass p. Under the
noise model,

q(p) = (1 —dpn) — J p. 3)

In the mean-field approximation, group normalization di-
vides by o(p) = \/q(p)(1 — q(p)) (Appendix C).

Proposition 4.1 (Youden-controlled fitness gap). In the
binary good/bad setting with Bernoulli reward r ~
Bernoulli(q(p)), the fitmess gap satisfies

f(good) — f(bad) = % 4

Combining Equations (2) and (4) yields
- p(1)]*. (5)

4.3. Phase transition at J = 0

Because o(p) > 0 for interior states p € (0, 1) (other than
the extreme case of {Jpn, dpp} = {0, 1}), the right-hand
side of Equation (5) can be written as —J p?(1 — p)2 ¢ (p)
where 1) is a function strictly positive on (0, 1). This implies
the drift has sign —J everywhere away from the boundaries:

Theorem 4.2 (Sign-of-.J phase transition). Assume p(0) €
(0,1) and consider the mean-field GRPO dynamics Equa-
tion (5).

o If J > 0, then p(t) decreases monotonically and con-
verges to O (learning succeeds).

o If J =0, then p(t) = 0 1o first order and p(t) exhibits
neutral drift (no directional learning signal).

o If J <0, then p(t) increases monotonically and converges
to 1 (anti-learning).

Moreover, p = 0 and p = 1 are absorbing: if the base policy
assigns zero mass to good modes for a prompt (p(0) = 1),
RLVR cannot bootstrap learning on that prompt.

Next, we have the following corollary on the rate of conver-
gence for which we refer the reader to Appendix A.

Corollary 4.3 (Polynomial convergence rates (binary mean—
field)). Under Equation (5) with J > 0 and dpp < 1, the
bad mass decays polynomially. If dpn > 0 (nondegenerate
verifier noise), then p(t) = O(t~1). If Spx = 0 (variance-
degenerate at the good vertex), then p(t) = O(t~2).

4.4. Rate, not fate

Theorem 4.2 determines the direction of learning via
sign(J). For J > 0, the speed depends on the factor
|7|/o(p): smaller |.J| slows updates, but trajectories re-
main in the same basin (p — 0). A convenient way to
separate “rate” from “fate” is to change time: let 7 satisfy
dr =n|J|dt/o(p(t)). Then Equation (5) becomes

dp

- = —sien(J) [p(1 - p)I%, (©)

making explicit that verifier noise primarily rescales the
clock. Figure 3 visualizes the mean-field solution by
plotting accuracy = 1 — p(t) over time for a sweep of
J = TPR — FPR and three representative initial condi-
tions p(0). Consistent with Theorem 4.2, the boundary at
J = 0 separates improvement from degradation, while the
transient timescale grows as J — 0F.

5. Beyond binary: dynamics on the simplex

In practice, real-world prompts have multiple good and bad
modes. Going beyond the binary arm/mode setup, here we
present generalizations of results from the previous section.
As described in Section 3, we treat the probability vector
coming from our multi-arm bandit as a point of a simplex.

5.1. GRPO dynamics modeled by a system of ODEs

The following system generalizes ODE (5), and exhibits a
compact mean-field description of the GRPO dynamics.

Proposition 5.1 (Decoupled multi-mode mean-field ODEs).
Letp = ((1 — p)y, pz) withy € AKX~ andz ¢ AM—1,
Ignoring O(n?) terms, the mean-field GRPO flow decom-
poses as

y=+rp)y o (y—Ilyl31). (7a)

2=—r(p)z20 (z—lz[31), (7b)

. J

p= —U@[P(l =) (Iyll3 +1lz]3), (7o)
where k(p) = nﬁp(l — p), and © denotes the

Hadamard product (elementwise product).

Notice that Youden’s index, J, is still present, hence phase
transition at J = 0 as in the binary case. Moreover, going
beyond the REINFORCE estimator (1), we point out that
the result above (stated as the first order in 7)), is valid in
the presence of importance sampling and PPO clipping. See
Appendix D for a full derivation of the system above in the
case of REINFORCE, and Appendix G for modifications
coming from PPO sampling and clipping.

Before ending the section, we point out that, as in Section 4,
there is a natural time rescaling % := k(p) that completely
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separates (7a) and (7b), turning them into independent sys-
tems on A¥~1 and AM~1 respectively.

Remark 5.2. A diligent reader may notice that the last line
of system (7) does not reduce to equation (5) when n = 2:
In the binary case, probability vectors y and z become one-
dimensional, hence ||y||3+||z||3 = 2. This is due to the fact
that we modeled the bandit probabilities in the binary (good,
bad) case by the logistic function p = 1/(1 + e¢~#) which is
slightly different from what the softmax parametrization—on
which (7) is based—yields; the bad mass probability based

hence the logit z will

()
on softmax becomes p = egfw

correspond to 05 — 6.

5.2. Replicator-style flow: GRPO as natural selection

The system (7) is an example of the replicator dynamics
pilt) = pi®) (£:(P@) =T (P®) ). F(P) =D ps fi(P).
J
(®)

Here, f is a fitness function, p = (p;); a probability vector,
and each type (or strategy) ¢ is rewarded/penalized according
to how its fitness compares with the population average
(Cressman, 2003).

Geometrically, modeled by (7), GRPO induces a replicator-
style flow on the probability simplex. Indeed, when J > 0,
the mass equation Equation (7c) drives p — 0 (learning),
but the shape equations show additional structure: (i) Equa-
tion (7a) tends to concentrate y (diversity collapse among
good modes), while (ii) Equation (7b) tends to spread z
toward uniformity on bad modes. The geometry factor
lylI3 + ||zl|3 € [+ + 47, 2] therefore modulates speed, but
cannot change the sign-of-J phase line.

Finally, we point out that the geometry of optimization on
the simplex is governed by the softmax Jacobian, J(p) =
Diag(p)—pp ', which projects updates to the tangent space
and corresponds to the inverse Shahshahani/Fisher metric
(Shahshahani, 1979; Amari et al., 2019); cf Figure 4. GRPO
updates for good arms become natural-gradient ascent un-
der this metric scaled by x(p): (7a) may be written as

y = ’f(p) gradShah(I)(y)7

i=1

See Appendix I for the details.

5.3. Extensions: Learnability, Variance, and KL
Regularization

This section collects additional consequences of the mean-
field ODE view that help explaining empirically observed
training behaviors.

Learnability peaks at intermediate difficulty. A natural
notion of per-prompt learnability is the instantaneous drift

e(y) = 5lyls =35>

magnitude in the bad-mass ODE:

L(p) = —— (=) (Y13 + l12I13)-

o(p)

In the noiseless regime (J = 1, o(p) = 1/p(1 — p)), this
scales as £(p) o [p(1—p)]*/? and is maximized at p = 1/2.
Thus, GRPO steps are most effective on medium-difficulty
prompts where the model is roughly 50-50 between good
and bad modes. Under asymmetric noise, the maximizer
shifts to an interior p! € (0, 1), but it remains intermediate
(Appendix E). This aligns with empirical observations that
intermediate-difficulty questions are most learnable (Bae
et al., 2025; Foster et al., 2025).

'RE"

Reward variance and asymmetric noise. The normaliza-
tion o(p) = v/q(p)(1 — q(p)) plays two roles: it stabilizes
group advantages, but it also controls convergence rates. If
the reward variance is nonzero at the attracting vertex (e.g.,
dopn > 0 when J > 0), the bad mass decays as =1 if
the variance vanishes (the clean case dpx = 0), the decay
accelerates to ¢t 2 (Corollary 4.3). Moreover, o (p) depends
differently on false positives and false negatives, which can
make high-FPR regimes practically more damaging at fixed
J (cf. Table 1).

KL regularization smooths the phase transition. More
recent works on GRPO do not include a KL penalty term,
arguing that such a term is more suitable for RLHF appli-
cations rather than RLVR (Yu et al., 2025; Liu et al., 2025).
Nevertheless, earlier works on GRPO (Shao et al., 2024,
Mroueh, 2025) contain a KL penalty term. Here, for the sake
of completion, we present a generalization of our results to
the case of GRPO dynamics with KL penalty. We base our
treatment here on the replicator dynamics which is closely
connected to natural gradient on the probability simplex; see
Appendix I. In the binary reduction, a forward-KL penalty
toward reference bad mass py..¢ introduces a restoring drift

Plyer, = ~Bp(1 = p) (Togit(p) ~ logit(prer) ),

which yields the regularized ODE:

S A
p= =00 [p(1 —p)]° C(y,2) ©

—nBp(1 — p)(logit(p) — logit(prer))-

where C(y, z) = |ly|3 + ||z} € [+ + =7,2]. For any
B > 0, the dynamics admit a unique stable interior fixed
point p* € (0,1): for J > 0 it satisfies p* < pyef, for
J = 0 it satisfies p* = prof, and for J < 0 it satisfies
p* > pret. Thus, KL anchoring converts boundary collapse
into a controlled interior equilibrium. We refer the reader to
Appendix H for more details.
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Figure 2. Within-good competition (illustration). A three-mode mean-field example (two good, one bad). When J > 0, bad mass
shrinks, but probability within the good set can still concentrate on a single dominant good mode.

6. Experiments

We test whether practical GRPO training exhibits the pre-
dicted J = 0 phase transition and whether J > 0 noise
mainly slows convergence.

6.1. Setup

Task. We use Python code generation with programmatic
verification via unit tests. The dataset is a filtered subset
of OpenR1 (Hugging Face, 2025) with N¢paim = 10,239
prompts and Ny, = 594 prompts.

Model and training. We fine-tune Qwen2.5-3B using
GRPO implemented in VeRL (Sheng et al., 2024). Un-
less stated otherwise, we use group size G = 8, train for
two epochs (1,410 gradient steps), and set the KL. penalty
coefficient to 8 = 0 to isolate reward-driven behavior. We
report E[pass@1] on the validation set over five random
seeds using the noise-free unit tests for evaluation. Full
hyperparameters are in Appendix M.

Synthetic verifier noise. Training rewards are obtained by
first computing oracle correctness z € {0, 1} from the unit
tests and then flipping it with a noisy checker:

if z=1,
if z =0,

J =TPR — FPR.

1 w.p. TPR
1 w.p. FPR

We sweep J € [—0.1, 1] using several (TPR, FPR) factor-
izations at fixed J.

6.2. Results

Phase transition at J = 0. Figure 1 shows a clear bound-
ary at J = 0: runs with J > 0 improve pass@1, J ~ 0

exhibits near-neutral behavior, and J < 0 degrades, consis-
tent with Theorem 4.2.

Rate, not fate in practice. Among J > 0 settings, larger
J yields faster improvement over the same training horizon,
consistent with the “rate” effect in Equations (5) and (6).
At fixed J = 0.3, high-FPR configurations are more dam-
aging than high-dpN configurations (Table 1), qualitatively
matching the asymmetric-variance behavior in Figure 7.

Beyond GRPO and code generation. To check that the
transition is not an artifact of the per-completion GRPO ab-
straction or of programming tasks, we also ran PPO on the
math-reasoning benchmark GSM8K using DeepSeek-LLM-
7B-chat; see Figure 6. This setting includes token-level
credit assignment, unlike critic-free GRPO, yet it exhibits
the same qualitative sign-of-J behavior. The positive-J
regimes rise from roughly 24% at initialization to about
63-64% after two epochs, the near-neutral regime remains
nearly flat around 21-22%, and the negative-.J regime col-
lapses to about 1-3%. Thus, positive verifier alignment
leads to learning, near-zero alignment leads to stagnation,
and anti-aligned verification leads to anti-learning even
when explicit token-level credit assignment is present.

7. Limitations and Concluding Remarks

Under GRPO-style group normalization, noisy verifiers in-
duce a sharp and actionable threshold: learning is direction-
ally correct if and only if J = TPR — FPR > 0. When
J > 0, noise mainly slows convergence; when J < 0,
RLVR becomes anti-learning and systematically pushes
probability mass toward incorrect modes. We hope this
“rate or fate” lens helps practitioners diagnose verifier qual-
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Figure 3. Rate, not fate (mean-field prediction). After an appropriate time change, trajectories collapse: when J > 0, all dynamics
converge to p — 0; when J < 0, to p — 1. Noise primarily controls the clock.

Table 1. Validation after two epochs. Pass@1 (higher is better)
for representative noise regimes. “A” is improvement over the
initial base model.

J (FPR,drn) Pass@1 A

—0.1  (0.60, 0.50) 0.16% —12.6%
0.0 (0.50, 0.50) 13.4% +0.6%
0.3 (0.00, 0.70) 16.0% +3.2%
0.3 (0.70, 0.00) 14.6% +1.8%
0.7 (0.20, 0.10) 18.6% +5.8%
1.0 (0.00, 0.00) 20.8% +8.0%

ity early (e.g., by estimating TPR and FPR on held-out
data) and guides the design of more robust RLVR pipelines.

Our work comes with its own limitations that naturally sug-
gest future research directions.

Limitations. Our analysis is intentionally minimal and fo-
cuses on a per-prompt mean-field view. (i) The bandit/mode
abstraction coarse-grains the sequence space; although it
captures how group normalization redistributes probabil-
ity mass, it ignores parameter sharing across prompts and
modes. (ii) We focus on binary rewards and characterize
noise via (TPR, FPR); richer graders (multi-level rewards,
preference judges) may introduce additional failure modes.
(iii) Mean-field dynamics approximate the large-group (G)
limit; finite-group sampling adds stochasticity that can inter-

act with mode collapse and regularization. (iv) Our experi-
ments inject synthetic noise and train for a limited horizon;
longer training and other domains (e.g., math or judge-based
rewards) remain important to test.

Future directions. The framework developed here serves
two complementary purposes. First, it makes the role of ver-
ifier noise explicit, enabling principled choices of training
schedules and stopping criteria based on how noise reshapes
the mean-field learning dynamics. A natural next step is
noise-aware RLVR: adaptive data collection, test selection,
and active-learning style verification policies that allocate
effort where additional signal most improves learnability.

Second, the geometric view of RLVR methods like GRPO as
a controlled flow on the probability simplex suggests a path
from diagnosis to design. Rather than tuning heuristics, we
can engineer update rules by targeting desired vector-field
properties. An immediate objective is to prevent diversity
collapse by constructing advantage-shaping or regulariza-
tion schemes that induce anti-collision dynamics among cor-
rect modes while preserving bad-mass decay. More broadly,
the framework enables reverse engineering: predicting the
qualitative behavior of a proposed algorithm from its in-
duced flow before running large-scale experiments.
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Figure 5. KL regularization yields an interior equilibrium. Any
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whose location depends on the sign of J.

Impact Statement

This work studies when reinforcement learning with verifi-
able rewards remains reliable under imperfect verification
(e.g., incomplete unit tests or noisy judges), and when it
can systematically fail by reinforcing incorrect behavior. A
clearer understanding of these failure modes can help prac-
titioners design verifiers and training procedures that avoid
harmful degradation, improving the robustness and reliabil-
ity of deployed models. At the same time, more reliable
RLVR can also accelerate capability gains in domains like
code generation; as with other progress in model training,
the techniques and insights here could be misused to build
more capable systems without commensurate safeguards.
We encourage using these results as a diagnostic tool to
detect misleading reward signals early and to prioritize veri-
fier improvements and monitoring when applying RLVR in
safety-critical settings.
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A. Binary bad-mass ODE: convergence rates

This appendix provides a short derivation of Corollary 4.3
for the binary mean-field ODE

J
p(t) = () [p(t)(1

a(p) a(p)(1 —q(p)),
q(p) = (1 —dpn) — Jp.

-7 —p(1))]%,

Assume J > 0 and consider the late-time regime where
p(t) — 0.

Case 1: opy > 0. Then ¢(0) = 1 — dpn € (0,1) and
hence o(p) = o(0) = /(1 — épn)drn > 0. For small p,

we have (1 — p)? ~ 1 and thus

: J 2
t) ~ —n——=p(t)".
p(t) " 50) p(t)
Solving p = —cp? gives p(t) = O(t71).

Case2: opy = 0. Theng(p) = 1—Jpand 1—q(p) = Jp,
soo(p) =+/(1—Jp)Jp = +/Jpasp— 0. Again using

(1-p)2?=~1,
J
VJIp(t)

Solving p = —cp?/? yields p(t) = O(t2).

p(t)? = —nVJp(t)*2

p(t) =~ —n

Remark. The same local analysis around p — 1 gives
analogous polynomial rates for J < 0 (anti-learning), with
1 — p(t) decaying as t—* or ¢t 2 depending on the boundary
variance behavior.

B. LLM as Multi-arm Bandit
B.1. Multi-armed bandits.

The multi-armed bandit (MAB) problem is a model in
optimization and probability that focuses on the explo-
ration—exploitation trade-off. In this problem setup, a deci-
sion maker repeatedly selects one of K actions (“arms”);
upon pulling arm a; € [K] at round ¢, a stochastic reward
R;(ay) is observed, drawn from an unknown distribution
with mean p,,. The goal is to maximize cumulative reward
or equivalently minimize regret, despite this uncertainty:

= Max [lg.

T
Rr = Tp. — Zﬂam o
et a€[K]

This setting captures a wide range of real systems where
feedback is noisy, delayed, or partial: online recommen-
dation, A/B testing, adaptive science experiments, and (as

11

emphasized in this work) coarse-grained evaluation of gen-
erative models. Classical algorithms balance information
gathering with reward maximization (e.g., optimism/UCB,
posterior sampling, or gradient-based updates), and their
guarantees hinge on the number of arms, reward signal
quality, and the horizon 7. In our context, the bandit ab-
straction serves as a tractable surrogate for complex, high-
dimensional decision spaces while preserving the essential
statistical structure of learning under uncertainty (Lattimore
& Szepesvari, 2020).

B.2. Bandit Abstraction for LLMs

In the context of generative Al, specifically large language
models, a given problem (such as a request or prompt) can
yield multiple potential solutions, particularly when these
models operate with a non-zero temperature setting. Recall
that the temperature parameter influences output of the final
layer of the model, where it directly affects the selection of
subsequent tokens from the logit vectors using the softmax
mechanism adjusted by the specified temperature. This se-
lection process at the token level results in the generation of
various sequences, some of which are correct (if the domain
is verifiable), while others may be incorrect. Although the
space of possible sequences that an LLM can generate is
theoretically infinite akin to the hypothetical scenario of a
monkey randomly typing and eventually producing a proof
of the Goldbach conjecture, the total number of answers is
finite due to the maximum response length that is feasible
for the model to generate these answers.

For a fixed prompt x, an LLM samples a completion y
from 7, (y | ). With nonzero temperature, the raw support
over all token sequences can be very large (in principle, un-
bounded). In practice, inference and training impose a max-
imum generation length Ly, (e.g., max_new_tokens)
and an end-of-sequence token (eos). Let V denote the finite
vocabulary. The admissible completions are then drawn
from the truncated set

LIIlaX
ySLmax = U VZ,
(=1
LIIlaX
Verma| < D VI
(=1
|V|Lmax+1 _ |V|
- V-1

so the effective support is finite. (Stop-sequences and (eos)
further reduce this set in practice.) Given a fixed prompt x, a
large language model (LLM) samples an output sequence y
from its conditional policy 7, (y | ) (with base parameters
w). In case of truncation, we can write the truncated policy
as

(Y| 2) o« 1oy | 2) 1{y € V<rna}
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B.3. Coarse-graining into Modes

For a nonzero sampling temperature, the model typically
admits many distinct answers to the same prompt, often
spanning a very large (potentially infinite) support. How-
ever, in the practice, due to the limitation on the output
length (controlled by max tokens), the space of possible
solution is practically coarsen into a finite collection of
representatives reasoning modes (or solution prototypes).
By clustering the reasoning-equivalent response together
as a one reasoning mode/arm, we can map outputs via a
surjective map

(b: ySLmax —>H = {h17"'?hK+M}7

where each mode h € H represents a literal or seman-
tic/evaluative equivalence class (e.g., logically equivalent
answers, rubric-equivalent or string matching equivalency).

In the next step, we can partition the modes into good (cor-
rect) and bad (incorrect) solutions,

H=H""UH, |HY| =K, |H | =M.
Without loss of generality, we index good modes by 7 €
{1,...,K} and bad modes by i € {K +1,..., K + M}.
Sampling a response is now equivalent to pulling one
arm from a (K + M )-armed bandit with pull probabilities
mg(h; | ). We then work with the induced categorical pol-
icy over modes,

exp(6;)
mo(hilz) = —ger ———— = softmax(f);,
Zj:t exp(0;)
where 6 = (61, ...,0k 1) are effective logits that summa-

rize, for the fixed prompt x, the aggregate probability mass
the base model places on each mode. These logits are not
a one-to-one reparameterization of w; rather, they are low-
dimensional coordinates (unique up to an additive constant)
on the probability simplex over H induced by 7, (- | z).

In this work, since we are interested mostly in the to-
tal probability of bad arms, as we discussed in the Sec-
tion 3, we define the bad arms mass probability by par-
titioning modes into good (correct) and bad (incorrect),
H =HNUH, |[HT| = K, |[H™| = M, such that
P = Yhen-mo(h|z)

12

C. Noisy Rewards and Youden’s .J Index
Recall the definition of noise that we had in:

opn = Pr(r = 0| good), dpp = Pr(r =1 bad),

and the Youden’s Index, as

J:=1—90pn —6rp = TPR —-FPR € [—171].

where p Pr(bad) denote the current bad mass (so
Pr(good) = 1 — p). With this setup, the expected reward of
a single pull is

q(p) == E[r]
= E[r | good] (1 — p) + E[r | bad] p

= (1-=p)(1 —drn) +pdrp (10
= (1 -9pn) — Jp.
Since r is Bernoulli with mean ¢, its variance is
o*(p) = Var(r) = q(p) (1 —q(p)). (D)
we can also directly verify this property:
Var(r) = (1 —p)(1 — dpn) drn
+ popp(1l = épp) + p(1 —p) J? (12)

(1 = épn) — Jp) (Opx + Jp)
q(1—q).

Notice that ¢, o(p) = ¢, o (éen, 0 p, p), but for brevity, we
denote it as o(p) and q(p).

It is good to notice that since ¢(p) € [dpp,1 — dpn], the

variance term o(p)

q(p)(1 — q(p)) is maximized at
q(p) = % provided % lies inside this interval. Solving

q(p) = % for p yields

1
5 — OFN

p* = Chp( ,0, 1)

such that the value of p that maximizes o(p), assuming J =
1 — dpx — dpp > 0. In the edge case where § ¢ [0pp, 1 —
drn] (i.e., for extremely noisy graders), the maximum of
o(p) occurs at the boundary: ¢ = dpp or ¢ = 1 — dpn,
whichever is closer to % Equivalently, p* clips to 0 or 1 in
this regime (see Fig. 7).

Group-based policy typically updates normalized rewards
within a prompt-specific group of G rollouts. While alterna-
tives exist (e.g., leave-one-out baselines (Kool et al., 2019)
or centered-but-unstandardized variants (Liu et al., 2025)),
we adopt a simple z-score normalization (as in GRPO (Shao
et al., 2024)):

_r—q(p)

13
o) (13
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Figure 7. Reward-variance geometry under noisy Bernoulli rewards. (Left) Reward variance Var(r) = q(p) (1 — ¢(p)) as a function

of bad mass p for representative noise settings; markers indicate p* = arg max,co,1] Var(r) (equivalently g(p) = % when attainable,
otherwise the boundary p € {0,1}). (Middle) Heatmap of p*(drn, drp) in the informative region J > 0, with the dashed diagonal
marking the phase boundary J = 1 — drx — drp = 0 and contours showing level sets of p*. (Right) Maximum achievable reward standard

deviation omax (dFN, Orp) = maxpejo,1] v/ ¢(p) (1 — g(p)) with contours. Throughout, g(p) = (1 —drn) —Jpand J = 1 —dpn — Orp.

Conditioning on the latent correctness, this yields

1—
d w.p. 1-— 5FN,
7 | good = o
—q
—, w.p. OFN,
o
1—gq
~ , W.p. 5Fp,
7| bad = _g
—_—, w.p. 1-— 5Fp.
o

Taking expectations gives the block-symmetric conditional
means
J(1-—
B |bad) — — 20=P)
a(p)
(14)

E[7 | good] = %,

and global centering holds automatically:

E[7] = (1 — p)E[F | good] + pE[F | bad] =0, (15)

which is desirable for stable, scale-invariant updates. These
expressions demonstrate that Youden’s index J governs the
sign and magnitude of the expected normalized reward for
good versus bad arms.

Remark C.1. If one omits division by o (p) (the “centered-
only” modification of GRPO (Liu et al., 2025)), then

E[F | good] = J p,
E[7 | bad] = —J (1 —p),
E[7] = 0.

(16)

Remark C.2. Some works use a {+1}-valued reward S :=
2r — 1. Then E[S] = 2¢ — 1 and Var(S) = 4¢(1 — q).

13

Equations (13)—(14) map to this reward by the linear rescal-
ing S = 2r — 1; the resulting normalization differs only by
a constant factor of 2.

Remark C.3. For noise-free case, J = 1, the expectation
values take a simpler form

P

E[7 | good] =

)

—
3

E[F | bad] =

E[r | good] — E[7 | bad] =

3 =
GH'@‘|
| =
3 -
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D. Mean Field Dynamics.

In this section, we analyze the evolution of good and bad
arms using a mean-field approximation of the multi-armed
bandit (MAB) system (see Appendix B). Our derivation
accounts for a general noisy environment where J € [—1, 1].
The noise-free scenario is treated as a specialization of this
framework; specifically, by setting J = 1, we recover the
standard clean-reward dynamics without requiring further
modification.

D.1. Dynamics of the Bad Arms

Consider a (K+M )-arm bandit comprising K good arms
and M bad arms {by,...,bpr}. Let the policy be defined

as p = softmax(0) € AKTM~=1 where:
pP= (pla”'apKv pb17"'7pr)7
M
pi= Y m, €[0,1]
m=1
a:=1—p

and we define the normalized within-block coordinates:

pj = ayj, J< K,
y= (y1,...,yx) € AKL,
Db,, = D Zm; m < M,
z= (z1,...,2y) € AM7L

Equivalently, the probability vector factors as follows:

ay
p= )
Pz
K
IylI3= > vie|% 1|,
J
j=1
M
l2li3 = 3" 22 € [ 1]
m=1

Let the conditional expected advantage reward be de-
noted by A; E[# | I i], with A
QA1,.~-,AK,Ab1,.--7AbM) and the mean advantage
A = (p,A) = > ,piA;. We assume block symmetry
within both blocks, a condition that arises naturally in the
binary-reward scenario analyzed in Appendix C (refer to

(14)):

A=
Abm = 3
Ar(p) == an(p) —

Clg(p), J<K
an(p) m < M,
ag(p).

It follows that A = «ay(p) + pan(p), which implies
ag(p) — A= —pAr(p) and ap(p) — A = a Ar(p).

a7
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Proposition D.1 (Expected directions in 8 and p space).
Given p = softmax(0) and the softmax Jacobian J(p) =

Diag(p) — pp |, for a step size n and group size G
E[A6 | p] = nJ3(p) A,
E[Ap | p] ~ J(p)E[A6 | p]
= n3(p)* A.

to the first order in AG.

Proof Sketch. Let e; denote the i-th standard basis vector.
Define g (i) = p; = exp(6;)/ >~ exp(f) as the softmax
policy. For a realized arm I, the gradient is:

Vg logﬂ'g(I) =e5y —Pp.

The REINFORCE estimator (Williams, 1992)) for VoE|[r]

is g =7 (e; — p). Taking the conditional expectation given
p yields:
Elg|pl= Y _piE[|I=i](ci—p)
i
= (Diag(p) —pp') A
= J(p) A.

This confirms the stated form and the first identity in Propo-
sition D.1. For the second part, refer to Lemma I.1.
Remark D.2 (The Importance of Coupling Terms). Retain-
ing the full Jacobian, including the rank-one term pp',is
essential because it couples all arms through collision terms.
Specifically, the total bad-mass drift depends on the colli-
sions within both the good and bad blocks via ||y||3 and
||lz||3 (see (24)). Omitting the pp " term would spuriously
decouple the blocks and result in incomplete mean-field
dynamics.

Corollary D.3 (First-order softmax pushforward). For a
small logit increment AG:
Ap = J(p) A6
= Diag(p) A6 — py,

pi= (p,A8) Zpk Ab.
= p; (AG; — ).

Applying Proposition D.1 and the relation for A, we ob-
tain the following expectations (where conditioning on p is
suppressed for brevity):

which implies Ap;

E[A0;] = —np(1 —p)Ar(p)y;,  j=1,...,K,
(18)

E[Aby,,] =np(1 —p) Ar(p) 2,  m=1,..., M.
(19)
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The expected step therefore follows the block-form direc-
tion:

E[A6] (20)

np(l —p)Ar(p) [_Zy} :

Since J(p)1 = 0, the update is centered:

> _E[A6] =11T3(p)A =0. 1)
Moreover, within each block the logit increment is collinear
with the current within-block distribution:

K M

E[A0;]-y; Y E[A0] = 0,E[A0,, | —2m > E[AB,] = 0.

k=1 =1
In other words, there is no arm-specific drift within a block
in logit space; arms move in lockstep proportional to y

(good block) and z (bad block).

Following (14), the expected advantages relative to the noise
level J = TPR — FPR are expressed as:

_Jp
ag(p) o_(p)7
__J(@-p)
ab(p) - O'(p) ) (22)
J
A= 50

Total Bad-Mass Drift By Corollary D.3, the softmax-
centering scalar p becomes:

= np(1 —p) Ar(p) (p |23 — (1 —p) HYI@)- (23)

Summing the bad components provides the total bad-mass
drift:

E[Ap] = 0~ p(1 =) (Iv3 + 112113).  24)
[Ap] p [p(1=p)I” (Iyll2 + [lzl12

In the case where M = 1, then z = (1) and ||z||3 = 1,
which recovers the (K1) formula.

Within-Bad Dynamics in Normalized Coordinates Us-

ing the identity Az, = %(Apbm — 2zm Ap) and substituting
the first-order drift, we find:

— J 2
B8] = = oS0 =p)am(am = 2l).
m=1,..., M.

In vector form, this is expressed as
E[Az) = np(1 — p) Ar(p) (202~ |12]32).

Consequently, for an informative grader (J > 0), the bad-
block dynamics exhibit the opposite sign of the good-block
collision field, tending to spread bad mass toward a uniform
distribution on AM—1,

15

D.2. Dynamics of the Good Arms

Regarding the good arms, the combination of Corollary D.3
with (18) and (23) provides the probability increments for
the good block:

E[Apgooa) = —np(1 —p)* Ar(p)
< (yoy+[plzl3 - 1 -p) IyI3]y).
(26)
In componentwise form, substituting p; = (1 — p)y;, we

obtain:
E[Ap;] = (1-p)y; (EIA6] - p)

—np(t—p)? Ar(p) y; (v; +pll2ll3 — (1 —p) 113).
27

j=1,....K.

Summing (27) over all j and applying the constraint
2. y; = lyields:

K

> E[Ap)]

Jj=1

=n[p(1 =p)* Ar(p) (Iy 3 + ll=3)

—E[Ap].

Consequently, the drift for the total good mass o :=1 —p
is given by:

ElAa] = ~E[Ap] = —nlp(1-p)]* Ar(p) (Iyll3+]2]3)-

(28)
By utilizing the relationship y; = p;/«, we can apply the
exact identity:
1
Ay; =~ (Apj —y Aa). (29)

Substituting (27) through (28) into (29) and simplifying
leads to the within-good drift:

E[Ay;] = —npalAr(p) y; (yj - HYIlg),j =1,..., K.
(30
In vector form, this is expressed as:

E[Ay]

—np(1—p)Ar(p) (y oy —|lyl3 y)- (31)

Notably, 3 ; E[Ay;] = 0, which confirms that the simplex
remains invariant as expected. The fixed points of (31) are
located at the barycenter and the vertices. When Ar(p) < 0,
a condition signifying an informative grader that favors good
arms over bad arms, the uniform point becomes unstable
and the vertices act as attractors.
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Substituting Ar(p) = —J/o(p) from (22) into (30) results
in:

J

E[Ay;] = ")

p(1 = p) 5 (35— I¥113)-

For J > 0, arms where y; > [|y||3 will grow while those
where y; < ||y||3 shrink, representing a deterministic sharp-
ening within the good block.

D.3. From Expectation-Based Updates to ODEs: The
Small-Step Bridge

Consider an expectation-level logit update:

gt+1)

=09 + ngp?), A6 = ng(p),

where g represents the per-step expected gradient. Through
the softmax mapping p = softmax(@), a small logit up-
date is defined as Ap J(p) Af, with J(p)
Diag(p) — pp'. Substituting A9 = ng(p) yields the
expected increment for the policy:

Ap = 5 (Diag(p) —pp ') g(P) + O(F°).

Option 1: Unit Time per Iteration We may treat the
iteration index itself as continuous time. Let ¢ € R denote a
continuous extension of the discrete counter, where a single
algorithmic update corresponds to a unit time step At = 1.
By defining p(t) ~ p*, the relationship is:

ptth — p®)
At

.
Tt

(t) = p(t).
Aligning this with the discrete update p(tt1) — p(*) =
Ap results in the following ordinary differential equation
(ODE):

p(t) = 7 (Diag(p(t)) —pH)p()") 9(p(1).  (32)
The expectation-level GRPO update thus serves as a

forward-Euler discretization of the continuous-time dynam-
ics in (32) with a unit step size.

This ODE provides an accurate proxy within the small-
learning-rate regime. The local truncation error of the Eu-
ler step satisfies |[pt — p — p|| = O(n?), and given that
max, 7 |gq(P)| < 1, no coordinate of p shifts excessively
in a single iteration. Geometrically, (32) remains a natural-
gradient (Shahshahani) flow:

p = nG(p) VL, G(p) = Diag(p)—pp ',

where G(p) represents the Fisher metric tensor on the sim-
plex. The factor n scales the velocity along this geometric
flow. By approximating discrete differences with derivatives,
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(31) and (32) transform into the coupled ODE:s:

v=r() (yoy-|yliy).
2= —n(p) (202 |l2l2),

Lo~ p) (12 + l22)

P= 1)

where we define the proportionality factor x(p)
15501 = p).

Option 2: Alternative Time Rescaling An alternative
approach involves absorbing the learning rate directly into
the time variable. By defining a rescaled time t = nt, each
discrete update advances t by At = 7. Using the chain rule
for p(t) := p(¢), we find:

dp _
dt

%%) = (Diag(p) —pp") 9(p),

which simplifies (32) to:

dp
dt

(34)

(Diag(p(t)) — p(t)p(t) ") g(p(1)).

This represents the standard gradient-flow limit.

Remark D.4. While the trajectories in policy space remain
identical across both time parametrizations, this work uti-
lizes the unit time per iteration notation to maintain the
visibility of mean-field correction terms as they relate to 7.

E. Maximal Learnability

We quantify a prompt’s learnability by the instantaneous
rate at which GRPO reduces its latent bad-mode mass
p = Pr(bad | z). Under the block-symmetric mean-field
approximation derived in Appendix D (see (24), the (unreg-
ularized) one-step drift of p takes the form)

|Ap| o A(p) [p(1-p)]*, A(p) := E[F | good]~E[F | bad],

(35
up to an overall positive step-size constant and smooth fac-
tors that vary slowly with p. Here 7 denotes the group-
normalized reward.

Normalized separation under noisy rewards. With z-
score normalization (13), the conditional means (14) imply
a simple closed form for the separation in normalized units:

J
A(p) = @7
J=1-6px — Opp, G6)
a(p) = \/alp)(1 —a(p)),
q(p) = (1 —drxn) — Jp.
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Figure 8. Learnability-maximizing bad mass p’ under group z-scored rewards. We plot the instantaneous learnability speed
Lp) = ﬁ [p(1 — p)]?, which controls the magnitude of the one-step bad-mass drift | Ap| oc £(p) (up to a positive constant), where
o(p) = v/q(p)(1 —q(p)), g(p) = (1 — dpn) — Jp, and J = 1 — dpn — drp. (A) Curves of L(p) versus p for representative noise
settings; markers indicate p’ = arg max,e(o,1] £(p). (B) Heatmap of p!(drN, Op) in the informative region J > 0 (masked for J < 0);
the dashed diagonal marks J = 0 and contours indicate level sets of p'. (C) Heatmap of the maximum instantaneous learnability

max, L£(p), showing how noise reduces the peak achievable drift. Symmetric noise (dpn = drp) preserves the midpoint optimum
pl = %, while asymmetric noise shifts the maximizer away from % by reweighting the signal through o (p)~*.

Consequently, the learnability speed (i.e., the p-dependent Noisy grading: what changes. With noise, the learnabil-
component of the drift) is ity speed becomes

J L (p; ¥, orp) = [p(1—p))?,
L(p; 0N, Opp) = o) [p(1 - p))?, a(p)(1 —q(p)) (39)
7w G q(p) = (1 —dpn) — JIp.

|Ap| o L(p;rn, Orp).

This expression highlights two distinct effects:

Throughout this section we focus on the informative regime
J > 0 (the grader is better than random). When J = 0 the
signal vanishes, and when J < 0 it is anti-informative and
must be corrected (Remark E.1).

1. Global shrinkage via J. Increasing noise decreases
J = 1 — dpn — Opp, uniformly reducing learnabil-
ity. In the limit §pN + dpp — 1, the grader becomes
uninformative and £ — 0 for all p.

2. Reweighting via o(p) ~!. Group z-scoring divides by

Noiseless case (J = 1). When dpx = dpp = 0, we have the reward standard deviation o(p), so the effective
q(p) =1 —pand o(p) = \/p(1 — p), hence learning signal is amplified when the reward distribu-

tion is highly concentrated (small o) and attenuated

when it is maximally noisy (large o). Equivalently, the
L(p:0,0) = 1 p(1—p)2 = [p(1 - p)*2 normalized separation is A(p) = J/o(p).
p(1—p)

o o . L ) (38) Symmetric noise. If épny = dpp = 0, then J = 1 — 26 and
This is maximized at p* = 5. Thus, the largest single- q(1—p) = 1—q(p), implying o(1—p) = o (p). Since p(1—
step reduction in bad mass occurs on “medium-difficulty” p) is also symmetric, £(1 — p) = L(p), and the maximizer
prompts wher§ the model is roughly 50-50 between good remains at the symmetry point p* = % . Moreover, ¢( % ) = %
and bad solutions. At the extremes p — 0 (almost al- 4 o % ) = % , yielding the explicit peak value
ways good) or p — 1 (almost always bad), the factor

p(1 — p) vanishes and learning slows down sharply: ad- r 5.8) = £(L6.8) = J [1\2 1 26
ditional GRPO steps make only marginal progress on highly max(0,0) = (5’ ’ ) o 172 <Z) 8
saturated prompts. (40)

17
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Hence symmetric noise does not shift the most-learnable
difficulty, but it reduces the maximal attainable learning
speed, collapsing to zero as § — %

Asymmetric noise. When dpN # Opp, the symmetry p <>
1 — p is broken and the maximizer shifts to an interior point
p' € (0,1) that balances the mixture factor [p(1 — p)]?
against the normalization term o (p). Differentiating log £
yields the stationary condition

J

Fsolves 1-2p 1-29(p) _
P ol 21)(1 -p) 2 q(p)(1—qlp)) N
q(p) = (1 —dpn) — Jp.

(41)

with boundary clipping if no interior maximizer exists. In-
tuitively, the term [p(1 — p)]? favors intermediate difficulty,
while the factor 1/0(p) reweights the signal in a way that
can skew the optimum when false negatives and false pos-
itives are imbalanced. Equation (41) admits an explicit
solution but not a simple elementary one in general: after
substituting ¢(p) = (1 — drn) — Jp and clearing denom-
inators, the condition reduces to a cubic polynomial in p.
Thus p' can be written in closed form via Cardano’s for-
mula, although the expression is cumbersome; in practice,
we select the real root in p € (0, 1) (or clip to {0, 1} if the
maximizer lies on the boundary). A notable simplification
occurs under symmetric noise dpN = dpp, Where the invari-
ance £(1 — p) = L(p) forces p' = 1. Fig. 8 shows pt for
the full range of noises in the learning phase.

Remark E.1 (Uninformative or adversarial graders). If J =
0 (i.e., pn + dpp = 1), then A(p) = J/o(p) = 0 and the
mean update provides no systematic signal to reduce bad
mass. If J < 0, the grader is worse than random and A(p)
flips sign; equivalently, swapping labels r — 1 — r restores
an effective J’ > 0 and recovers the analysis above.
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F. Lyapunov analysis and the role of .J

We consider a bandit configuration comprising K good arms
and M bad arms, as discussed in Appendix D, defined by
the probability vector:

K+M-1
e AKT ,

P = (plv“' 1pr)

K M
ij + Zpbm = 1
7j=1 m=1

yPK, Pbyy---

We define the total mass of the good and bad blocks respec-
tively as:

K
s(p):= Y _p; €[0,1],
j=1
M
Piaa(p) == Z Db, = 1 —5(p),

m=1

J(p) = Diag(p) —pp'.

Let 1 € RE+M denote the all-ones vector and let

1,...,1,0,...,0) € RETM
TH/_/

1q:
M

serve as the indicator vector for the good block.

For s(p) € (0,1), it is convenient to introduce within-block
normalized coordinates:

P . _
s(p) U< K),  Phaa(p)

In this representation, € AX~! and € AM~1, such that

p=(s. (1-5)).

by,

Zm (m < M).

yj =

Block symmetry and GRPO parametrization. We as-
sume a structure of block symmetry and state dependence

defined by:
Aj(p) = ag(s(p)), J<K,

m < M.

The resulting gap between good and bad arms is denoted as:
A(s) == ag(s) — ap(s).

Under the GRPO specialization examined in this work, we

set:

Js J(1—s)

ag(s) = o) ap(s) = — o) o(s) > 0.
This formulation implies that:
J
(s) = o(s)’ (42)

The advantage vector can then be expressed as:

A(p) = a(s(p)) 1+ A(s(p)) 16-
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GRPO mean-field flow. Our analysis focuses on the
GRPO mean-field ordinary differential equation (ODE):

p =n3P*AP), n>0 (43)
Theorem F.1 (Dichotomy by the sign of J; exchange of
stability at J = 0). Assume the block-symmetric structure
defined above, with A given by (42). Define a scalar poten-

tial F : AK+M=1 s R sych that:

F(p) = F(s(p)),

Given that s(p) € [0,1] and A is integrable on [0,1], F
remains bounded on AKTM =1 For any constant C satis-
fying C' > sup,, F(p), we define the standard decreasing
Lyapunov function:

F'(s) = A(s).  (44)

V(p) := C—-F(p) > 0. (45)

Along any trajectory p(t) of (43) originating at s(0) €
(0,1), the following properties hold:

1. Lyapunov identity. For allt > 0:

d

SV(() = —n3(e) A@O)[} < 0.
(46)

where equality holds if and only if J(p(t)) A(p(t)) =

0. This is equivalent to:

d

ZE(@®) = n[3(e0)APW0)[; = 0. @)

2. Explicit field and the sign of . Let s = s(p) and
Piaq := 1 — s. The components of the field are given
by:

[3(p) A(p)]

;= PjPhad A(s),
[3(p) A(p)],

—pbrn SA(S)’

J< K,

m < M.

m

Consequently, for J # 0:

. 1 d
8(t) = m %F(p(t))

K
= nA(s(1)) (Pbad(t>22pj(t>2 (48)
j=1

M
+5()* ) o, (t)2>.
m=1
In normalized coordinates, this simplifies to:

5 = nAes) s =) (I3 + 1213)-

Thus, for any J # 0, the sign of () is identical to the
sign of J.

(49)
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3. Global behavior and exchange of stability.

o If J > 0, s(t) is strictly increasing such that
s(t) 1 1. In this case, every w—limit point lies in
the good face A :={p: pp, =+ =Py, =
0}

o If J < 0, s(t) is strictly decreasing such that
s(t) 4 0. Here, every w-limit point lies in the bad
face Ap :={p: s(p)=0}.

o If J =0, the advantage A;(p) is constant across
all arms, implying p = 0. Under these conditions,
every point in the simplex is an equilibrium.

As J crosses zero, the global attractor switches from
Ap to Ag. This represents a parameter-driven ex-
change of stability, or phase transition, at J = 0.

. Quantitative tail behavior. For J # 0 and bounded o,
and following the bounds established in Appendix C,
we observe 0 < opmin < 0(s) < Opmax < i. By
Jensen’s inequality, we obtain:

|| (i 1

5(6)] > =+ 57 )s(®% (1= s(1)”. (50)

Jmax

For J > 0, there exists a time Ty /5 such that for all
t > Tyyo s(t) > 5 and:

Poagd(®) < | =——
baa ({) (Pbad(Tl/z)
-1
nJ 1 1
oo (g ar) = Tir2)

D

Similarly, for J < 0, s(t) follows an O(1/t) decay
after a finite transient period.

Proof. Let F(s) := [; A(u) du. Since F(p) = F(s(p))
and s(p) = >, pj. it follows that VE(p) = A(s) 1.

Utilizing the fact that J(p)1 = 0, we find:

J(p) VF(p) = A(s) 3(p)1c = J(p)A(p)
Applying the chain rule and the symmetry of J(p) yields:

d

S F®(®) = VF(P(#) () =n I3 AP®)|;,

which confirms (47) and, by extension, (46).

The coordinate-wise expressions in (ii) arise from the iden-
tity [J(p)A]; = pi(A; — A), where A = sag(s) + (1 —
s) ap(s). The resulting differential inequality in (iv) is ob-
tained by combining (48) with Jensen’s lower bounds and
the definition A(s) = J/o(s). Integrating over [T /2, t]
while assuming s(t) > I produces the bound in (51). [
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Remark F.2 (Interpretation). The dynamics described by
(48) and (49) indicate that the direction of mass transfer
between blocks is governed exclusively by the sign of J.
For J > 0, the good face A is globally attracting, whereas
J < 0 renders the bad face Ap the attractor. At the criti-
cal value J = 0, the system undergoes a phase transition
characterized by a degenerate continuum of equilibria.

Decomposition dynamics and Shahshahani structure.
For s € (0,1), we decompose the flow into coordinates
(y,2,s). Equation (43) then reduces to the following sys-
tem:

y=ks) (yoy-Illyl3y).
—#(s) (202 — ||zl 2),
1 A(s) [s(1 =) (lyll3 + [l=I13).

Z_

(52)

where k(s) := 1 A(s) s(1 — s). This reveals that ®(y) :=
%HyH% serves as a state-scaled Shahshahani-gradient poten-
tial on AK !, while ¥(z) := $||z||3 acts as the correspond-
ing potential on A~ but with an inverted sign. For J > 0,
we observe @ > 0 and NG < 0. These inequalities reverse
when J < 0.

Probabilistic interpretation of the potential ®(y). The
function ®(y) = 1 Zil y? represents the collision prob-
ability, also known as the Herfindahl-Hirschman index. It
quantifies the concentration within the good block, where
®(y) = 1/2K at the uniform distribution and ®(y) = 1/2
at any vertex. An increase in ® signifies that mass is con-
densing onto a smaller subset of arms, while a decrease
indicates a more uniform distribution.

The induced intra-good dynamics are expressed as y =
k(s) gradgy,n ®(y). This shows that y follows a Shahsha-
hani gradient flow of ®. Consequently, if J > 0, the colli-
sion probability increases over time, leading to a rich-get-
richer effect where the distribution concentrates toward a
vertex. Conversely, if J < 0, the flow promotes diversity by
pushing toward a uniform distribution.

Coordination-game correspondence. The replicator
field 9; o< y;(y; — ||y||3) corresponds to the replicator dy-
namics of a symmetric pure coordination game. In this
context, the payoff for each arm is equal to its current popu-
lation fraction. Our Shahshahani-gradient identity formally
states that the replicator dynamics ascend this potential
when x > 0 and descend it when x < 0.

G. Bad arm dynamics under PPO/GRPO style
importance sampling and clipping

We demonstrate that, within the small-step regime, impor-
tance sampling (IS) as employed in PPO and GRPO does
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not alter the leading-order mean-field ODE established in
Appendix C. Specifically, IS modifies the conditional mean
drift only at order O(n?), ensuring that the O(n) ODE limit
remains identical to the on-policy (REINFORCE) system.

Setup. Consider a softmax policy my over arms ¢ €
{b,1,..., K}. During an update, samples are drawn from
an “old” policy 7,1q With probability vector p = poiq- The
parameters are then updated to a “new” policy ey With
probability vector pT = ppew. We define the exact impor-
tance ratio as:

28
Pi

Tnew (Z )

Told (%)

pi =
This ratio is well-defined because the softmax function has
full support (p; > 0). Let 7 denote the scalar signal used in
the update, and let:

Ai(p) :

We assume sup; ,, |4;(p)| < oo. In this context, the small-
step regime implies || Ad|| = O(n) and consequently ||p* —
p|| = O(n), a result supported by Lemma I.1.

E[7 | I =1,p)].

IS score-function update. The IS-corrected

function update is given by:

score-

I~ maa, A =ngs.

gis ‘= 'FPI vﬁ logﬂ—ncw(-[)a

For a softmax policy, where Vg log Thew (1) = €; — pT, the

update simplifies to gis = 7 pr (e; — p™).

Proposition G.1 (IS affects the mean logit drift only at
O(n?)). Define the on-policy vector field:

= Zpi A;i(p) (es — p)-

In the small-step regime, the following holds:

E[A0 | p] = nG(p) + O(n?).

Proof. Taking the conditional expectation and applying
E[7 | I =1i,p] = A;(p), we have:

sz pi Ai(p) (e
By utilizing the identity p;p; = p;’, the expression becomes:
Zpl —p")
= Z%‘ i(p) (e; —q).
i

Elgis | pl = -ph).

Elgis | p] = = G(p*;p),

For a fixed p, the map q — G (q; p) is a smooth polyno-
mial in q with bounded coefficients. It is therefore locally
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Lipschitz in q. Given that |[p* — p|| = O(n), it follows
that:

G(p*;p) = G(p;p) + O(Ip* —pll) = G(p) + O(n).

Multiplying by 7 yields the desired result: E[Af | p] =
nG(p) + O(n?). m
Expanded form and relation to Appendix C. This con-
clusion can also be derived by examining the identity
pi = 1+ Ap;/pi, where Ap; := pj — p;. This implies
that E[p; | p] = 1 + E[Ap; | p]/p;- Since replacing p™
with p introduces only an O(n) error, its contribution after
multiplying by 7 is O(n?). Consequently:

E[A0 | p) =1 (p+EIAp: | p]) 4i(P) (e:—p) + O

(53)
By letting A = >, p;iA;(p) and A’ := Y, E[Ap; |
p]A;(p), the coordinate-wise updates are expressed as:

E[AG; | p] = npi(Ai(p) — A) (54)

+ H(E[Api | p] Ai(P) — pi fl’) +O(n).
(55

This structure highlights the “extra terms” that appear when
the IS mean update is expanded. To show these terms
are second order, we apply the softmax pushforward from
Lemma 1.1, yielding E[Ap | p] = J(p) E[A0 | p] +O(n?).
Because E[Af | p] = O(n), the term E[Ap; | p] is also
O(n), confirming that the correction in (54) is O(n?).

Block-symmetric specialization. Under the assumption
of block symmetry, we have A;,_ (p) = ap(p) and A;(p) =
ag(p) form = 1,...,M and j = 1,..., K. The mean
advantage is then A = pay,(p) + (1 — p)ag(p). The leading
terms in (54) result in:

E[Aby,, | p] = np(1 — p)(ab(p) — ag(p))zm + O(n?),
E[AG; | p] = —np(1 — p)(an(p) — ag(p)) y; + O(n?).

These expressions match the REINFORCE dynamics to first
order in 7).

Corollary G.2 (Invariance of the leading-order mean-field
ODE). In the small-step regime, the conditional expectation
of the probability update satisfies:

E[Ap | p] = 13(p) G(p) + O(n*).

Consequently, the leading-order mean-field ODE for good
and bad arm dynamics remains as derived in Appendix C.

).

21

Clipping in PPO and GRPO. When clipping is applied
to the ratios such that p; = clip(p;, 1 — &, 1 + &), the ratio
p; approaches 1 as n — 0. For sufficiently small 7, the
clipping mechanism remains inactive. Therefore, clipping
does not influence the leading-order ODE.

Conclusion. In the small-step regime, the inclusion of
importance sampling and clipping with fixed thresholds
does not change the leading-order mean-field ODE. The
impact of these techniques is confined to the O(n?) terms.

H. KL Regularization

In this section, we analyze how KL regularization modifies
the policy dynamics in our multi-armed bandit abstraction.
Many practical algorithms (e.g., PPO/GRPO-style methods)
add a KL penalty to keep the learned policy close to a
reference policy, and we study the resulting mean-field drift
in our multi-good/multi-bad model.

We begin by recalling the notation for the multi-good/bad-
arm model introduced in Appendix D. Given K good arms
and M bad arms, we represent the policy as

) c AK—H\I—l.

p:(plv"'7pKa Pbys -5 Poys

The fotal bad mass and the within-block compositions are

M
> b, €1[0,1],
m=1

p:
pj .
J— < K
y.] 1 7p’ J > )
Em = %7 mg
p
Equivalently,
pi=01-py (<K), Db, =D2Zm (m < M),

withy € AK=1andz € AM—1,

Reference policy. We define the KL reference policy p*°f
analogously:

pref = ((1_pref) yiefa covs (I=pret) y;?f’ Dref Ziefv -+« s Pref Z;&f)v

where pyor € (0,1), yref e AK-1 and zf € AM~1 We
also use the bad-mass log-odds

Dref
11— Dref

=1 rof =1
{(p) S bref = log

Replicator/natural-gradient form (recall). We view a
penalty ®(p) as inducing a Shahshahani (natural-gradient)
flow on the simplex. Concretely, under a small step size 7,
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adding an objective term — 3 ®(p) produces the replicator
drift

B = ~n8pi(0,2(0) — Y pk (D). (56)
k

Equivalently, if we interpret Af; as a small logit increment,

then to first order

Api = pi(80 =3 pd8) + O(1A0)2). 57
k

Thus, choosing centered increments with »_, prAf; = 0
yields Ap; = p; Ad; at first order, which makes it easy to
realize a desired replicator drift.

Lemma H.1 (Exact reverse-KL decomposition (multi-bad
setting)). The reverse KL divergence decomposes into a
two-class term (bad vs. good) plus within-block terms:

B P
= plog
P

ref )

Dxw(plp + (1 —p)log

1- Dref

re

+ (1 - p) D (ylly™®) + p Dk (z]|z").

Proof. Substituting p; = (1 —p)y; and py,, = pz.m,, we get

Dj 1-p Yj
log = log + log ,
p;ef 1 — pret ;-ef
Db Zm
lo "~ —]o +lo .
& pi‘,ﬁf & ref & Z;;E{f

Summing 3 p;() and >, s Po,, (+) yields the stated
decomposition. - O

Two KL choices. In practice, one may penalize either (A)
only the two-class (inter-block) divergence or (B) the full
reverse-KL divergence.

Proposition H.2 (Two-class KL penalty (bad vs. good
only)). Let

p
®oc(p) := plog

ref

+ (1 —p)lo .
(1—p)logy —
The Shahshahani/natural-gradient (replicator) flow for
—B @y satisfies

KL .2¢ _nﬁp(l_p)(g_gref);

- Uﬁ(f - fref)-

d
(58)

‘KL,2C

A centered small-step logit update realizing this flow (i.e.,
> i AGKL = 0) is

AOKE = —nB(1—p)((—ber), M <M,
AOFY = 40 Bp(L— b)),  j< K.
Because AGlKL is constant within each block, this KL term

induces no deterministic drift in'y or z, it acts only on the
total bad mass p.
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Proof. View @5 as a function on the full simplex via p =

Zf\,{zl Ds,,- Then
O, 2e(P) = Phe(p), Oy, Pae(p) =0,

and

M
> pi0p,®ac(P) = D pu,,, Phe(p) = p Phe(p)-
7 m=1

Plugging into (56) yields

1B py,, (1-p) @5 (p),

Db = —15 Do, (‘I”zc (p)—p P (p))

pj = —nBp; (0 —p D, (p)) = 418 pjp Po.(p).

Summing over bad arms yields

M
p=>_ v, =-nBp(l—p)Ph(p).
m=1

A direct derivative computation gives

p
Pref

—Pp
1_pref

Dy (p) = log — —log =0 — lyes,

which implies p|kr 2. = —n8p(1 — p)(¢ — Lef). Since
¢ =p/[p(1 — p)], we obtain £|kr, 2c = —1B (€ — Lret).

Finally, there is no within-block drift. For any m,r < M,

d log Pom _ Pom Py,
4 g Pom _ Pom _ P,
dt " po, Db, Db,
= —nB(1 = p)Ph(p) +nB(1 — p)@5.(p) = 0.

(59)

so all ratios py,, /pp,. are constant and hence z is constant;
the same argument applies to y.

For the logit realization, take the centered increment

AGKE

-npB <3pi Dy — Zpkapk (1)20)7
%

which gives exactly the stated block-constant increments
(using @4 (p) = £ — lrer). By centering, Y, p; AOKL = 0,
and then (57) implies

M
Ap= > Aps, = —nBp(1-p) ({—Lrer),

m=1

M
=, A"
m=1

matching the continuous-time drift. [

Remark H.3. The reader may notice that the previous proof
started from the replicator dynamics (56). Another, less
geometric, approach to model the effect of the KL term is
to mimic the derivation of original ODEs in Appendix D.
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The contribution of the KL term — 3 ®o.(p) added to the
objective function to the gradient with respect to 6 is

_B (I)/Qc(p)vep

Notice that p is the sum of the bad-arm masses pp,, (1 <
m < M); and in general, the partial derivatives of the
softmax are given by Vop; = py(e; — p). Thus

0 Pgood —P Pgood
Veop = — & = & .
or |:pbad:| P |:pbad } {(1 — D) Pbad
Multiplying by the learning rate, we conclude that A@
changes by

—1 8 @5 (p) [(

—P Pgood
1- p) Pbad

where we are in the (K, M )-block form coming from (good,
bad) arms. Now, to obtain the contribution of the KL term
to arm probabilities, denoted by ApX", we need to multiply
the last vector by J(p) = Diag(p) — pp ' which yields:

— o0od © Peood
B (D’ ]?I)g d g
n B ®5.(p) {(1 —P) Pbad © Pbad

+ 1 8Ph(p) (—p || Pgood II” +(1 = p) || Pbaa I*) P

The sum of last M components, corresponding to the bad
arms, is

— 1B ®(p) - (1=p) || Paa |I?

+ 1 8®h(p) (—p || Pgood I” +(1 = p) || Pbaa I”) - p

which simplifies as

— B8P (p) - (1 =p)* | Praa > +2° || Pgood II?)
= —nB®h(p) - p*(1 —p)* (llyl3 + llzl3) -

Consequently, in this approach, the ODE for the total bad
arm mass changes from (9) to

—— [p(1 = p)]* Cly.2)

( )
—nBp(1 - p)]*(logit(p) —

= "N
logit(pref)) O(y7 Z)
(60)

Proposition H.4 (Full reverse-KL penalty (multi-bad set-
ting)). Let ®¢1(p) := Dk (p||p*). The replicator flow
Jor —B @) induces the bad-mass drift

. = - 1- I Ere
p‘KL,full o p( p)( f
_ DKL(yHyref) 4 DKL(ZHZref)),
and hence
/ = — — _ ref ref
e‘KWH = nﬂ(ﬁ brot —DxL(y|ly™ )+ DxL(z| 2 )),
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A canonical centered logit increment follows the natural-

gradient form
Z pilog & )

which satisfies Y, p; AOKXY = 0 and yields the stated p-
drift.

Moreover; in (y, z)-coordinates, the full reverse-KL induces
independent within-block replicator pulls:

—nBy; ( Z yilog

- ﬂﬁ Zm (10g )
Proof outline (with the main algebra). For D (p)
> ;pilog £ mf we have 9, Ppy = log £ mf + 1; the constant

AGFY = —nB ( log 2z B

Yi KL, full mf

Z zr log

o ‘
KL, full zref

+1 cancels under the mean- subtractlon in (56), yielding

Zpk log % )

Di

rcf r(,f

—nBp; ( log £

To get p, sum over bad indices:

M
P=Y_ P, = —Tlﬁ( Z Db, log
m=1

Using the block parametrization,

Poy,
1ef

- prk log ref)

log = log P

pifn ref m 61
log i _ 1—p Yj e
og 5 = log ——— + log -

p]‘ 1- DPref yj

we obtain

ref)

ot = plog 222+ p Dicr (2|2

m

and by Lemma H.1,

Pk
Z pr log
k k

ref

Substituting and simplifying yields

p I—p
= —nﬁp(l—p)(log —log
Dref — Dref (62)
— Dict (y[ly"™) + Dict (a2 ).
and the log-odds form follows since log ﬁ —log 1:)}’ - =

¢ — {yo¢. Finally, the (y, z) equations follow by differentiat-

ing y; = p;/(1 — p) and z,,, = pp,, /p and substituting the

= ®oc(p)+(1-p) D (ylly™)+p Dxw(2]z™").
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above p; expressions; the same cancellations as in Proposi-
tion H.2 reduce each block to its own replicator pull toward
the corresponding within-block reference. O

Remark H.5 (Comparison of KL penalties). The two-class
penalty ®o.(p) depends only on the aggregate bad mass p
(equivalently, on ¢ = log 1%}). Consequently, its Shahsha-
hani field is block-constant: all good arms receive the same
logit increment and all bad arms receive the same logit in-
crement. This implies that the within-block compositions
are invariant,

Z
KL,2c

KL,2¢c

y| =
and the KL regularizer acts solely as a logistic contraction
of ¢ toward {,e:

_nﬂ@ - gref)

KL,2c

d
In contrast, the full reverse-KL splits as

DxL(pllp™") = ®2c(p) + (1 — p) DL (ylly™)

63

+ pDxr,(z]|z*). (©3)
so it produces two effects simultaneously: (i) independent
within-block replicator pulls that damp deviations of y and
z from y**f and 2", and (ii) an additional scalar feedback
into the bad-mass drift. Concretely, the effective restoring
force on the log-odds becomes

(¢ brar = Drcu (3 |y"™) + Dic (2] ).

KL, full

Thus, if the bad block is more “misaligned” than the
good block (Dxkr,(z]|z*') > Dxr(y||y™)), the KL term
strengthens the push to decrease p; whereas a larger within-
good mismatch can partially counteract that push because
it enters with a negative sign. In particular, when y = y"°f
and z = 2™, the full reverse-KL reduces to the two-class
behavior.

H.1. Full Mean-Field ODE for the Bad Mass with KL

We now integrate the reward-driven mean-field drift with the
KL penalties derived above. For this analysis, we omit the
clipping or importance-ratio factors typically found in PPO/-
GRPO: our previous results indicate these contribute only
second-order corrections and do not alter the fundamental
phase portrait of the mean-field drift.

Define the following quantities:

a(p) == n@p(l - D),
s2:= Iyl € (% 1]
tri= |2l € [, 1].
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Based on the reward term alone, the baseline drift of the
total bad mass is

E[Ap]reward = -
(64)

Combined dynamics. Combining the reward drift with
each KL choice yields the governed ODEs

P==n05 [p(1 = p)]? (52 +t2) =B p(L — p) (€ — lrer)
(two-class KL)
== s (1= ) (s2-+ #2) = 1891 =) (¢ = s

(65)

- DKL(YH}’ref) + DKL(ZHZref)>
(full reverse-KL)

H.2. Nullcline, Interior Equilibrium, and the Prevention
of Collapse

Using s2 = ||y||3, t2 = ||2]|3, and £(p) = log 2, the
two-class KL ODE can be written as

a(p)

This formulation allows us to characterize the stationary
behavior of the system.

Definition H.6 (Nullcline). The interior nullcline { p =0}
on the interval (0, 1) is defined by the graph

p=np(l-p) {* p(1—p) (s2+t2) — B(€—Lrer) }

J

a(p)

Theorem H.7 (Existence, uniqueness, and stability of the
interior equilibrium). For any penalty strength 3 > 0 and
fixed within-block distributions (y,z):

ﬂ(f(p) - gref) =

p(1—p) (s2+1t2).  (66)

1. There exists a unique equilibrium p* € (0, 1) satisfying
(66).

2. This equilibrium p* is globally asymptotically stable
on (0,1).

Proof sketch. On the open interval (0, 1), the right-hand
side of (66) is continuous and bounded (under mild regular-
ity of o). In contrast, the log-odds £(p) is strictly increasing,
with £(p) — —oco as p | 0 and ¢(p) — +ooas p T 1. Ex-
istence and uniqueness follow from the intermediate value
theorem and monotonicity. Asymptotic stability follows by
linearization: the bracketed term in p is strictly decreasing
in p near the intersection, implying 9,p(p*) < 0. O
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Corollary H.8 (KL regularization prevents collapse for
J < 0). When J < 0, the right-hand side of (66) is strictly
positive, implying ((p*) > lyer and thus p* > prer. While
the unregularized dynamics (§ = 0) would drive p(t) 1 1
(collapse onto the bad-arm block), any 5 > 0 ensures the
existence of a stable p* < 1. Consequently, the long-run
accuracy 1 — p* remains strictly positive and is necessarily
higher than in the = 0 regime.

Asymptotic behavior of p*. Let o, := o(p*). We exam-
ine the equilibrium under varying KL strengths:

e Strong KL (8 — o0). Expanding (66) around pyet
yields

J

2

p* p [pref(l pref)]
- f — Y
re B

t O(i).

J(pref) (52 + 2) + B2
(67)
For J < 0, the correction term is positive and scales
as O(B71), indicating that p* approaches pf from

above as [ increases.

e Weak KL (8 | 0, J < 0). Setting ¢ := 1 — p and
balancing leading-order terms near p = 1 gives

« B

~ = log
c

1— = —— t > 0.
p c o) (82 + 2)

(68)

This confirms that any non-zero 3 is sufficient to pre-

vent total collapse (p* < 1).

°
B’
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I. Properties of the Simplex

This section collects the geometric and algebraic facts about
the probability simplex that we repeatedly use in the main
text and appendix. Let d > 2 be an integer and let 1 € R?
denote the all-ones vector. We consider the probability
simplex

AL = {p € Réo 1'p= 1},
whose affine tangent space at any interior point p is
TpAd*1 = {V eR¥:1Tv = O}.
All definitions and statements below apply verbatim to any
simplex-valued variable (e.g. p or y) by renaming.

A recurring character in simplex geometry is the matrix
3(p) := Diag(p) —pp',

which simultaneously plays three roles: (i) it is the Jaco-
bian of the softmax map, (ii) it projects directions back to
the simplex tangent space, and (iii) it is the inverse of the
Shahshahani metric when restricted to the tangent. We build
these facts in steps.

Lemma 1.1 (Softmax differential is tangent; Jacobian form).
Let p = softmax(0) € A~ with components p;(0) =

% /Z(0), where Z(0) = Z?:1 e% . Then
Op; N
b =p;(0;; —p;) = dp = J(p)de.
06,

Moreover, 3(p)1 = 0and 17J(p) = 07, so ImJ(p) C
TpAdfl; i.e., the softmax differential always lies in the
tangent space.

Lemma I.1 already explains why replicator-like dynamics
naturally appear when working in logits: any infinitesimal
change in 6 is automatically mapped to a tangent direction
in probability space via J(p).

Corollary 1.2 (Rank, nullspace, and image). When p lies in
the interior (p; > 0 for all i), the matrix J(p) is symmetric
positive semidefinite and satisfies

null(J(p)) = span{1},
rank(J(p)) = d— 1,
ImJ(p) = TpA%

In particular, J(p) acts as a linear automorphism of the
tangent space.

The only “forbidden” direction is 1 (which corresponds to
shifting all logits by a constant and hence does not change
p). On the tangent space, the directions that actually change
probabilities, J(p) is full rank.
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Lemma 1.3 (A right inverse of J on the tangent). For an
interior point p, and for any vector v € TpAdfl,

J(p) Diag(p) v

(prlT)v = .

Equivalently, Diag(p)~! behaves like J(p)~* once we re-
strict attention to tangent directions.

Proof. By direct computation,

J(p) Diag(p) " = (Diag(p)—pp ') Diag(p) ' =I-p1",

using p" Diag(p) ! =1".Ifv € TpbA% L, then1Tv =
0,50 (I —p1T)v =w. O

Up to now, J(p) has appeared as a purely algebraic object (a
Jacobian with a convenient nullspace). Next we endow the
simplex with a Riemannian metric for which J(p) becomes
the natural “inverse metric” on the tangent space.

Definition 1.4 (Shahshahani metric). For an interior point
P, the Shahshahani inner product on TpAd’1 is defined as

d
u' Diag(p) 'v = Z Yiti

(U, V)shan = = u,v € ToAT
i=1
(69)
Geometric and information-theoretic intuition. The

Shahshahani metric rescales each coordinate by 1/,/p;:
moving a small component is “expensive,” and the induced
norm
d_ 52
18112 = (6, d)shan = 3 O
i=1 4"
measures relative (multiplicative) change. A convenient way
to visualize geodesics is the square-root embedding p — /p
(componentwise), which maps the simplex interior to the
positive orthant of the unit sphere. Under this embedding,
Shahshahani geodesics become great-circle arcs, and the
induced geodesic distance is the Bhattacharyya angle

d
dshan(z,y) = 2 arccos( Z @) (70)
i=1

This geometry is also tied to information theory: the met-
ric tensor is the Hessian of the convex potential ¢ (p)

Zle p; log p; (negative Shannon entropy),

2 D 1 1
V2(p) = Diag(k..... %), G
so the forward KL divergence has the local quadratic expan-
sion

Dk (p+4 || p)

(72)

167 Diag(p) '8 + o(3]%), 176 = 0,
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which is precisely why this metric underlies mirror descent
and multiplicative-weights updates.

Once a metric is fixed, gradients become metric-dependent:
the Shahshahani gradient is the unique tangent vector whose
inner product against any tangent direction matches the
directional derivative.

Riemannian gradient under the Shahshahani metric.
For a function F' : A%~ — R, the Shahshahani gradient
gradgp., F(p) € To A4 is defined by
(gradgy., F(P), wshan = VF(p) u, Vu e T,AT
where V F(p) denotes the Euclidean gradient in the ambient
space.

The next corollary shows the pleasant surprise: under the
Shahshahani metric, the gradient is obtained by applying
J(p) to the Euclidean gradient, so the same matrix that ap-
pears in the softmax Jacobian also governs natural-gradient
flow on the simplex.

Corollary 1.5 (Natural gradient on the simplex). If F :
A1 5 Ris Ct and p is interior, then

gradgy,, F'(p) = J(p) VF(p)

Proof. Let g :== J(p)VF(p). From Lemma 1.1, we have
g € TpA%L. For any u € T, AL, symmetry of J(p)
and Lemma 1.3 yield

g' Diag(p)~'u

VF(p)"3(p) Diag(p) 'u
VF(p) u.

<9, U'>Shah

Thus g satisfies the defining property of gradg; .. F(p).
proving the claim.  The componentwise form fol-
lows by expanding J(p)VF(p) = Diag(p)VF(p) —
p(p' VF(p)). O

The following lemma states that J(p) is strictly positive on
tangent directions, so it can safely serve as an inverse metric
(and as a preconditioner) as long as we stay in the simplex
interior.

Lemma I.6 (Positive definiteness of Jj on the tangent). For
any interior p and any nonzero v € TpAd’l,

d d
2
v'J(p)v = prf—(pri) = Varjp(v;) > 0.
i=1 i=1

Thus, J(p) is symmetric positive definite when restricted to
the tangent space.

PO (VF(p) - (p.VF(p)) 1) € TpA™".
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Remark on boundary points. If some components satisfy
p; = 0, the statements remain valid after restricting to the
support of p and the corresponding lower-dimensional face
(where Diag(p)~! is well-defined).

So far we have described the geometry (metric) and the
resulting notion of gradient (natural gradient). We now con-
nect this viewpoint to the standard KL-regularized update
used by mirror descent / multiplicative weights, and show
that it matches the Shahshahani natural-gradient flow to first
order.

Proposition 1.7 (Entropic mirror-ascent on the simplex).
Forp € A% ! avector A € R?, and a step size n > 0, the
KL-regularized maximization problem

{<A7q> — + Dxr(a| p)} (73)

satisfies the following properties:

pt = arg max
[ TSA

1. Existence and uniqueness. The objective is strictly
concave on the relative interior of the face determined

by p, hence the maximizer pT exists and is unique.
. Closed-fgrm update (multiplicative weights). Let
Z =) 5, pjexp(nA;). Then

pi exp(nA;)
Z )
Equivalently, log pj = logp; + nA; —log Z.

P =

= i=1,...,d. (74

. Trust-region equivalence. For any p > 0, there exists
A > 0 such that p* also solves maxqena-1{(A,q) :
Dxw(allp) < p} withn = 1/X.

. Optimal value. The maximum value of the objective
equals % log Z.

. Invariance and support. The update is invariant under
shifts A — A+ c1 and does not create new support in
one step.

. Improvement via Jeffreys divergence. With
A = (p,A) and Jxn(pt,p) = Dxn(p*|p) +
Dy (pllp™),

n(A,pt —p) = Jkr(pT,p) > 0.

. First-order expansion (replicator direction). For small

7,

pT—p = n3(P)A + On?). (75)

. Local objective gain. (A, p™ — p) = nVar;,(A;) +
On?).

Proof. These claims follow from standard Lagrangian opti-
mality conditions and a Taylor expansion of (74). In partic-
ular, stationarity yields ¢; o pie”Ai and hence (74), while
the Jeffreys identity follows by summing Dk (p™|/p) and
Dy (pllp™)- O
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Closing the loop. The final corollary makes the connec-
tion explicit: mirror-ascent is an Euler discretization of
Shahshahani natural-gradient flow, which is exactly the
replicator-form dynamics that appear in our mean-field
ODE:s.

Corollary 1.8 (Natural-gradient interpretation). The mirror-
ascent step (73) is equivalent, to first order, to an Euler step
of the Shahshahani natural-gradient flow:

P=J(P)A=p0O (A-(p,A)1).

J. Inner Dynamics of the Good Arms

In Appendix D, we established the mean-field dynamics of
the good and bad blocks in the explicit (K + M )-arm model
(with K good arms and M bad arms), and in particular we
introduced the within-block coordinates

M
p(t) = ps,.(t) € [0,1],
_ Dpi(t) .
y](t) L 1_p(t)a .]SK7
) m
Zm (t) = o) < M.

In this section, we go into the details of the inner good-
arm dynamics, i.e. the evolution of y(t) € AK~1. (The
corresponding inner bad-arm dynamics for z(¢) is the sign-
reversed analogue and is recorded separately.)

To start, we re-derive the inner good dynamics ODE in a
more intuitive way. Let p; = exp(6;)/Z with

K M M
2= ep(O) + > exph,)s  pi= Y o
k=1 m=1 m=1
and define
Pj

Yy = ) J €K

;= 7]
Then

0.
y; = exp(;) = (softmax(Ogood))j, (76)

O exp(6r)

soy = (Y1, , Yk ) depends only on @404 (the bad-block
logits cancel by normalization).

Lemma J.1 (Pushforward from logits to with-
in-good composition). For any small increment
Al = (Aegood; Aobaud),
Ay = (Diag(y) — ny) JAY I
(77)

=YyO® (ABgOOd - <Y7 A0go0d> 1)-
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and in particular 9y /00, = O for all m € [M] (equiva-
lently, 0y /00haq = 0).

Proof. From (76), write y; = exp(0; — L) with L :=
log > < exp(br), so Ay; = y;(A0; — AL) and AL =
> k< i YOy Stacking over j gives (77).

Similar to our discussion in Appendix D, assume block
symmetry with A; = aq(p) for j < K and A;,, = an(p)
form < M, and set Ar(p) = a(p) — ag(p). The expected
logit step in the good block is

E[AOgood] = k(p)y,  s(p) :=—np(l—p)Ar(p),

(78)
so there is no arm-specific preference in 6-space. Applying
Lemma J.1 leads to

Blay) = v (voy —IvBy), o
E[Ay;] = w(p)y; (y; — Iyl3)-
If ag(p) = 2% and ap(p) = —ZU=2) then Ar(p) =

—J/o(p) and (79) becomes

E[Ay;] = n%p(l —p) Y (yj - IIYI@),

Consequences. If J > 0, arms with y; > ||y||3 grow while
those with y; < |[|y||3 shrink (deterministic sharpening
within the good block). The fixed points in y are the uniform
point and the vertices. If Ar(p) < 0 (informative grader
favoring the good block), the uniform point is unstable and
the vertices are attracting.’

Lemma J.2 (Geometry and Lyapunov structure). Consider
the ODE on the simplex

y = vt (yoy - Iyl3y). (30)

K
Y= .. yx) €A = {y>0: ) yi=1}.
i=1

Let T(t) := fot k(s)ds and write y' = %' (E.g., here in
our noisy GRPO dynamics, k(t) O_(I;i](t))p(t)(l —p(t)) up
to the chosen mean-field time scaling.)

(1) Simplex invariance. ", y; = 0, and if y;(0) > 0 then
yi(t) > 0 for all t. Hence A~ is forward invariant.

'Tt is interesting to notice that if one uses the algorithm that
uses natural-gradient/replicator flow instead, p = n J(p)A with
J(p) = Diag(p) — pp ', then under block symmetry

Y = yj(ag*;lg) = 0,

so y is exactly drift-free deterministically and only sampling noise
perturbs it.
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(2) Gradient form. Define

K K
R VR IR TR
L) T3 4(;@/) Tan T
such that ss(t) := |ly(t)|13 = Y, v? and s3(t) =
325 ui then VL(y) = (y7 — |lyll3 vi); and
. d
y=r)VLY),  ZLy®) =@ VL3

In particular, when J > 0, then k(t) > 0 and the

flow monotonically ascends L (and descends it when
J <0).

Monotone concentration.

3)

$9 = 2n(t)(2yf’—s§) > 0 whenever k(t) > 0,

because by Cauchy-Schwarz, Y, y? > (3, y?)* on
the simplex, with equality iff'y is uniform on its support.
Hence for k > 0 the mass generically concentrates
while when k < 0, s9 decreases.

(4) Equilibria. Stationary points satisfy y; € {0, s2} for
all i. Thus for any m € {1,..., K}, the points with
exactly m nonzero coordinates all equal to 1/m are
equilibria (uniform on a support of size m). For k > 0,
the m = 1 vertices are (Lyapunov) attractors and the

others are saddles.

Remark J.3 (Time reparametrization). All phase-portrait
statements are independent of ¢ and depend only on the
internal time 7. In 7-time the ODE is autonomous:

dy

dr
Solutions in physical time are obtained by composing with
7(t).? The system from (81) can be solved explicitly as:

yoy—|ylBy=y@y—sy. (8

ZL’Y
yi(t) = 7% :’y(T)
where «(7) satisfies v(0) = 0 and
S 1 .
11 (w —) = 15, 5:0)°

2We can see how the closed form solution of this ODE look
like for simple examples. A: Closed form on the 2-arm face
(K = 2). On the line {(q,1 — ¢) : ¢ € [0,1]} one has

% = ¢q(1 — q) (2¢ — 1). The separating-variables step gives

d _ (2¢-1D?\ _
[ st = 7+ C = log(%=)) = 7 +log G,
2
where Go ff)‘z‘{:;g). Hence the explicit solution ¢(7)
%(1 + Go e? ) . Choose + if go > 3 (converges to 1 for
k> 0)and —if go < 3.

4+Gog e
Similarly, for B. One-vs-rest symmetric slice for general K > 2
(full partial fractions). Restrict to the 1-D symmetric manifold
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By the Implicit Function Theorem, there exists a

unique strictly increasing function v : [0,00) —
[0, m) with these properties, and it tends to

e i) A T = 00 In particular, assuming we
have m highest initial values among y;(0), ..., yx(0), as
T — 00, y;(7)’s with highest initial values tend to % and

the rest tend to 0.

We will continue the dynamics of good arms in more details
in the following subsection. J.5

J.1. Evolution of Collision term, s

Lemma J.4 (Evolution and bounds for s; = ||y||3). In
T-time one has
d 2 d 2
52 = 2(s3 — s3), 752 = 25(t) (s3 — s3).
Consequently:

1. (Monotonicity) On the simplex, s3 > 5% with equal-
ity iff y is uniform on its support. Hence so(T) is
nondecreasing (strictly, away from uniform-on-support
points) when k > 0.

1
2. (Range) 7 < s9(7) < 1. In the multi-bad setting,
defining t2(7) = ||z(7)|13 € [37, 1], we have the uni-
form bound

1 1
?—'_M S 82( )+t2(’7') S 2.

3. (Logistic upper differential) Since 0 < y; < 1, s3 < s9,

1—z(7 —xz(T
y(T) = (:v(T), Ki,(l),...,lel)), x € [0, 1]. Then
> o (1—a)?
Iyl = 2+ 5=,
d 1
T= o —allyl} = el @) (Ko - 1),
Separate variables and partial-fractions decomposition gives:
(Kz(r)-1)K _ (Kzo-1D)K o T Wi ;
cE1 (1a(n) | = (—s0) := Goe”. with fixing

the constant with £(0) = zo € (0,1). Equilibria on this slice
arex € {0,1/K,1}. Forx > 0, z(7) = 0if o < 1/K, and
z(r) = lifzo > 1/K.

For K = 3 the invariant in (B) gives the explicit solution

o(r) = %(1 +ul(r) + o(r),

u(r) = i/z(r)(l + 41— z(T)) ,

o(r) = {2 (1= VI—2(r),
_ Go 67—

Z(T) o271 +Goe™ ’

hence

d 1

—89 < 289(1—59),82(7) < il .
’ 52(0)\ —2r

dT 1 +( 52(20) ) 2

Integrating,

/OT so(u)du < % log(l + 52(0) (€™ — 1))

Corollary J.5 (Exact logit representation and envelopes for
p (multi-bad setting)). Ler p(7) € (0, 1) be the total bad
mass and let z(1) € AM~1 be the within-bad composition,
so ta(7) = ||z(7)||3 € [1/M, 1]. In T-time the p-equation
reads

d
ﬁ = —p(1 —p) (s2(7) + t2(7)).
. — p(7)
For the logit L(T) := log T—p(r)’
dL

E = *(82(7’) + tQ(T)),

L(t) = L(0)— [y (s2(u)+1t2(u)) du. Because sy € [,1]
and ts € [ﬁ, 1], comparison yields the envelopes

p(7) Do

Po —27 .
€ < < e\ KTMIT
1—po 1—p(7) 1 —po
equivalently
1 < < 1
T Tmer =P S Toim
Po Po

Corollary J.6 (Hitting-time bracket in internal time (multi-
-bad setting)). Fix p, € (0,1). The internal time to reach
p(74) = p« is bounded by

1 1— 1 1-
1, 2o —p) <n <1 1 po(l —p.)
2 (1 —po)p« % 1T 3 (1 — po)p«

Thus the factor ||y ||3 + ||z||3 accelerates the decay of logit p
by a multiplicative factor between % + ﬁ (near-uniform
within both blocks) and 2 (maximally concentrated within
both blocks).

Theorem J.7 (General-(K, M) small-heterogeneity ex-
pansion). Let unifx = (1/K,...,1/K) and unify, =
(1/M,...,1/M) and write

y = unifg + v, Zvi =0,

z = unify; + w, Z Wy = 0.
Define the heterogeneities
1
(r) = Iv(D)l5 = s2(r) = 2= 20, Go:=((0),

29
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&(r) = |lw(r)|3 = ta(r) -
Then in internal time T,

% = —(32(7') + tQ(T))

=[=

Moreover:

(i) Linearized (-law (good block). One has the identity

+22v1 ,

and the bound |y, v¥| < 37, [vi]* < |Iv]|§ = ¢¥/2
Hence, uniformly while {(1) < 1,

O(C(T)3/2) .

¢(r) = 2 ¢ = 2

2
Cr) = 2 ¢(r) +
(ii) Linearized ¢-law (bad block). Because the within-

bad dynamics are the sign-reversed collision flow, one
analogously has

€(r) =~ £(r) + 26(r)’

-2 Z Wi (7)3,

m=1

and |me;°’n| < ||wl||3 = €3/2. Hence, uniformly

while (1) < 1,
€(r) = —2-e(r) + (e,

(iii) Asymptotic forms. There exist constants Ci, Cpy > 0
(depending only on K and M) such that, for all 7 > 0

with /(o e/ K < %,
(1) = Co e + Re(7), |Re(7)| < Ok (3% e%7,

and, for all T > 0 with \/& < 1,
&(7)
(iv) Impact on the p-logit. Consequently,

T T K 2
| satwdn= o+ 5 ao(eF = 1) + Riyr),
|R1y( )|< CK<3/2€;<T'

= €oe T + Re(7),|Re(7)| < Car &7 e~ 7.

and hence
L(r) = L(0) - (1+ 1)7
_74“0(61’(7—1)—%50(1_3 MT>+RL(T)~

with |Rp(7)| < C% o (§3/2e3T/K + 58/2)f0ra con-
stant C; .

In particular, to first order the only dependence on the initial
within-block states is through (o = ||y (0) — unif ¢ ||3 and

= ||z(0) — unif y/ ||3; finer details of y (0) and z(0) enter
only at order O(CS/Q) and 0(53/2) and higher.

Corollary J.8 (Small-T expansion; “only ({, £y) matters”
at first order). Expanding the expression in Theorem J.7 for
small T gives

L(t (% ﬁ)Tf §0+§0)7’7<%7%)72

+0(407 )+ 0(60 %) + O 7) + 0()* 7).

Thus, to linear order in T, the correction to the baseline
—(3e+ 77 )7 is exactly —(Co+&o)T. Equivalently, at leading
order,

dL

5 = —(82(0) 4 t2(0)) + higher-order corrections.
-

Remark 1.9 (Scope and sign). (i) The 7-phase portraits
for y are independent of the path of p(¢) (since p only
reparametrizes time through 7). (i) If k(t) < 0 (e.g.
J/o(p) < 0), replace 7 by —|7| to flip directions in physi-
cal time; the internal-time identities remain valid. (iii) The
window /o e™/5 < 1 describes the regime where the lin-
earized law for ¢ dominates; beyond it, the global envelopes
in Cor. 1.5 apply.

J.2. Asymptotic General inner dynamics behavior

Lemma J.10 (Order preservation and winner identity). For
any i # j, define §;;(1) = y;(7) — y,; (7). Along Z—y =
YOy — s2y,

85 = 6ij (vi +y; — s2),

3i; (1) = 6;;(0) exp (/ (yi +y; — s2) du) .
0
Hence sign 6, (1) = sign 6;;(0) for all 7. In particular,
m = arg max vi(0)

remains the unique maximizer for all T > 0, and each
hyperplane {y; = y;} is invariant.
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Theorem J.11 (Global convergence and generic basins).
Under (81), the trajectory stays in A%~ and L is a strict
Lyapunov function. The equilibria are

K
E= U ém,

m=1

Em {y: Yip = = Yi,, = %, Y; = Ootherwise}.

For generic initial conditions (no coordinate ties), the tra-
Jectory converges to the vertex e,, selected by Lemma J.10.
The non-vertex equilibria (uniform on m-subsupports with
m > 2) are saddles with co-dimension one stable manifolds
coinciding with unions of the tie sets {y; = y;}.

Proposition J.12 (Exponential polarization in internal time).
Letm = arg max y;(0) and write €,(7) := y;(7) fori # m.
Linearizing (81) at the vertex e, yields

el = —e + 0(e%),

e

]-_ym

Hence there exists 1o and constants c; > 0 such that, for all
T 2 Tos

yi(T) = ¢ e_T(l + 0(1)),
1—ym(r) = (Z cl-)e*T (1 + 0(1)),
i#Em
1—s(r)= ©(e™7).

Remark J.13 (Sharper monotonicity identity). The variance
form

K
§3— 85 = Zyz(yz —52)° > 0
i=1

(with equality iff y is uniform on its support) implies
sh(T) = 2(s3 — s3) > 0, with strict increase away from the
saddle sets.

J.3. Stability of the Within—-Good Equilibria

Consider our the inner-good ODE

y= k) (yoy—s2y),

(82)
s2= [yll3,

withy € AX=1and p € (0, 1) treated as quasi—frozen on
the slow time scale. We write y* € AX~1 for an equilib-
rium of (82) and work on the tangent space Ty AK~1 =

{6 €RE Y 5, =0}

Lemma J.14 (Jacobian on the simplex tangent). Let y*
be an equilibrium of (82) and write s5 = ||y*||3. For
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perturbationsy = y*+ 9 with ) j 0; = 0, the linearization
is
b=dyo, Iy = () (diag(2y") ~2y"(y)T —s31),

(83)
where J, acts on Ty« AK~1 (the subspace orthogonal to
1)

Proposition J.15 (Stability of the uniform equilibrium).
Consider the uniform equilibrium y* = %1 of (82). Then
55 = % and the Jacobian reduces to

( - %11T).

K(p) 84)

The eigenstructure is:

e Along the direction 1: a zero eigenvalue (simplex in-
variance).

* On the (K —1)-dimensional tangent space Ty~ AK~1:
(p)

eigenvalues \ = ==

Hence:

{

Proposition J.16 (Stability of the pure—arm equilibria).
Consider a vertex / pure—arm equilibrium y* = e; of (82),
forsome j € {1,...,K}. Then s =1 and

k(p) >0 (ie, J >0):

k(p) <0 (ie, J <0): y*isasymptotically stable.

Jy = k(p) (diag(2e;) — ere;-r —1I). (85)
In coordinates this yields
bj=0,  bi=—rp)& (i#3),

so that perturbations orthogonal to e; decay or grow ac-
cording to the sign of k(p). In particular:

k(p)>0: y* =g
is locally asymptotically stable
(winner—take—all);
k(p) <0: y*=e¢;
is unstable
(flow returns toward mixed states).
Since k(p) = ﬁp(l —p)and p(1 —p) > 0forp €

(0, 1), the sign of the Youden index J dictates the symmetry
breaking based:

Corollary J.17 (Stability summary for within—good equilib-
ria). For the inner dynamics (82), the stability types of the
canonical equilibria are summarized in Table 2.

y* is linearly unstable (repelling);
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Equilibrium J  Local stability

Uniform y; = % > 0 Unstable: diversity collapses
Uniform y; = % < 0 Stable: diversity preserved

Vertex y = e; > 0 Stable: specialization (single mode)
Vertex y = e; < 0 Unstable: reverts to a mixture

Table 2. Local stability of uniform and pure—arm equilibria for the
within—good ODE (82).

Remark J.18 (Role of the Youden index .J). We can see the
effect of noise as

e J > 0 (reward alignment): the uniform mixture is
destabilized, pure—arm vertices become attractors, and
the good arms polarize; diversity collapses.

e J < 0 (reward inversion): the uniform mixture is sta-
bilized while vertices are repelling; diversity is main-
tained.

J.4. Coupling back to physical time

Let p(t) € (0,1) be the rotal bad mass and define x(t) =
W](t))p(t)(l — p(t)). Then dr/dt = k(t) and (in the
multi-bad model) the coupled equations read

y= s(t)(y Oy —s2y),

L1 = P (52 + 1),

a(p)
_ 2
s2 = [lyll2,

p= -

ty = |lz]3-

In internal time,

d

T = —p(1—p) (s2(7) + ta(7).

Along the generic J > 0 branch we have so(7) — 1 (good-
block polarization) and to(7) — 1/M (bad-block mixing),
hence

Z—f = —(1+4)p(1+0(1)),

p(1) = CeUFI/M)T (1+0(1)), T — 00.

for some C' > 0 determined by the initial condition (e.g. via
the logit identity).

Next, since
at 1 opm) o) . .
=R T A —p) ~ Jpr) T

the physical-time asymptotics are governed by the local
behavior of o(p) near p = 0.
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Theorem J.19 (Physical-time rates via the local law of o (p)
(multi-bad setting)). Assume o(p) ~ oop” asp | 0 with
oo > 0andy € R. Let m = arg max; y;(0) (unique) and
suppose we are on the J > 0 branch so that p(t) | 0. Write
a:=1+ ﬁ (the asymptotic internal-time slope of logit p).
Then, generically, as t — oo or to a finite absorption time

loos

A)y<1: pt)=t V=7,
L= ym(t), 4ilt) (i # m) =< ¢~ /0=,

B)y=1: p(t) — e—(at]/ﬂo)t7

1= ym(t), yilt) (i # m) < e” /70,
(C) v > 1: p(t) ~ (too _ t)l/(’yfl),

L (), ys(t) (i # ) < (foo — £)FCD.
All implicit constants depend only on

(y(0),2z(0),p(0), J,00,7). The power-law exponents
Sfor p(t) are universal (independent of K and M), while the
y-rates depend on M through a = 1+ 1/M (reducing to
the one-bad-arm case when M = 1).

Corollary J.20 (Who wins, and how fast?). For a general
initial condition y(0) € AKX~ with a unique maximizer m,
the winning arm is m. In internal time, the non-winners de-
cay as e~ 7; in physical time, the rates follow Theorem J.19.

Corollary J.21 (Sharp 7-envelopes for p). Using the logit

L(r) = log 13(1,7—(1-)1

dL

= —(sa(r) + 1a(7)).

On the generic J > 0 branch, so(1) 1 1 and to(7) L 1/M
(with exponentially decaying gaps), so

1
1+—

L(r) -

L(O)f( )T+O(1), p(r) = §e=1H1/ADT),

Thus physical-time rates reduce to integrating dt/dr ~
o(p(7))/(JIp(T)), i.e. to the local exponent .

J.5. Dynamics of y

Let ¢ y(0) € AK-1 be the initial composition.
Reparametrize time by

In 7-time the inner flow is autonomous:

ngzy?.
%

dyj

dr y] (yJ - 32)7
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Introduce w; := 1/y;. Then u; — sou; = —1, whose J.6. Evolution of the collision term s,

solution is?

Throughout, let ¢ := y(0) € AK~! be the initial within—
u;(r) = eS(7) (L _ I(T)) good composition and I(7) the scalar from Eq. (88). For
J - q; )

r € {1, 2,3} define the moment sums
S(r) = / so(r)dr, I(1) = / e 90) ds.
0 0

j
Notice that, based on the simplex constraint 325 v, (7) =
J=197 My(I) > 0 forl €[0,1/q.), g» i= maxg;.

1, we can eliminate the common factor e~ (7):
Lemma J.22 (Exact moment formulas and internal-time
1= Z ye(r) = e 5 ; ql[ — (7_ . (86)  map). Under the change of variable I = I(7) from Eq. (88),
45
Hence 1—Iq;
K -1 . = — 1
Y T(I) - ’
e S = {Z 111()] . (87) (D) M1 (1)
=1 @ T (r()) = M (1) 1) = M3 (I)
Substituting this back into the expression for y;(7) gives s2(7(1)) = My (1)2’ s3(7(D) = My (1)3°
L I M d
P = Cri (= [ e
yi(1) = 3 qe - (83)
a I(T) Zé 1 K
1- ]( )QZ = —Zlog(l—]qj)7
*Writing it in the standard form u;(7) + a(7) u;(7) = b(T), -
we have a(7) = —s2(7), b(r) = —1. Foralinear ODE uj + i
a(7)u; = b(T), the integrating factor is u(7) = exp(f0 dr). S(r) = / so(u) du
Using a(T ) = —s2(7) and the notation S = [y sa(r dr we ' 0
obtain u(1) = exp(fo —sa(r)dr) = e S<T) Multlplylng the I(7) Ma(2)
ODE by ,u( ) gives = /0 My (2) dz.

e 5y, (1) — s2 (T)eiS(T)U'(T) = _e¢ 5D
J J .
Proof. Eq. (88) gives the first line immediately. The formu-

By the product rule and the definition of S, las for s5 and s3 follow by summing y? and y?. Since

_ =S(r) _
d s _=S(m), -8(r), I'(t) = e = 1/Mi(I), we get dT/dI M (1),
dr (e uj(r)) = uy(7) = s2(r)e us (7)), and integrate to obtain 7(I). Finally, S(7) = [ sodr =
so the left-hand side becomes an exact derivative and the equation f (Ma/My) dI
reduces to J Proposition J.23 (Two-sided integral bounds; refined logit
d—(e‘s(”uj(r)) =—e 5, envelope (multi-bad outer bounds)). Forall I € [0,1/q.),
-
Integrating from O to 7 yields 1

7(I) < S(T(I)) < - log(l - Iq*),

K
= fZIOg(l - Iqj).
j=1

, K
efS(T)uj(‘r) - eis(0>uj (0) = —/O e 5 gs.

Since S(0) = 0, we have e~°(®) = 1. Writing the initial compo-
sition as y; (0) = ¢;, we have u;(0) = 1/g;. Thus

_ 1 T
e S(T>Uj(7') = — —/ e 5 gs.
aj 0

Define also the bad-block collision integral

T(r) := /OT to(u) du with ty(u) = ||z(u)||3 € {%, 1],

Defining I(7) := [/ e ~3(2) ds, and multiplying both sides by
eS(m)
» We obtam so that 7 < T(r) < 7. Then for the logit L(1) =
/1 p(7)
u; (1) = eS( >(q— - I(T)). log 1-p(7)’
J

L(r) = L(0) — S(7) — T(7). (89)

33
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Consequently,

LO)=2r < L(1) S LO) = (F+&)m  ©0)

and along the implicit time map I — 7(I) we also have

L(r(I)) = L(0) — 7(I) +log(1 — Ig.).  (91)

Proof. The bounds on S are as in the one-bad case:

Cauchy-Schwarz on {a;} = 1_‘1}'(1 1} gives M (1)? <
J

K My(I); hence My/M; > M;/K. Integrating: S =

J(Mz/My)dI > 4 [Mydl = 7/K. For the upper
2

bound, monotonicity of ¢ 1%“
L 45 _Gx . .
1-Iq. 1_}‘13" so My < T=1Iq. M. Integrating yields

S<f dI = —log(1 — Ig.).

For the logit, use Eq. (89) and the bounds S(7) € [7/K, 7]
and T(7) € [r/M,7] to get (90). For (91), combine
T (1) < 7 with S(7(I)) < —log(1 — Ig.).

Remark J.24 (What is “collision”?). Here so = >, y? is
the usual collision probability on the simplex. The collision
gap s3 — s3 = >, yi(y; — s2)* drives the slope: in internal

time, 452 = (33 — s%) > 0, with strict increase off the
uniform-on-support sets.

. li q;
mplies m

g«
1-Iq.

> odr

Proposition J.25 (Pointwise bounds for s/ (tighter than
logistic)). Let u(7) so(r) € [1/VK,1] and
Ymax (T) := max; y;(7). Then for all T,

K
dSQ
E?=2Z¥Mw—wf=2@yw@. (92)
Moreover,
d
92— (s — ) <207 — ) = 263(1 - V),
93)
using s3 = ||y |I§ < |lyll3 = s3'°.
dSQ
O < 2Ymax(T) s2(7) (K so(7) — 1),
%94)

since Z(yZ — 59)% = 55 (Ks2 —1).

Moreover, writing y = unifx + v with Zi v; = 0 and

n:=|v|3 = sa — &, we have

dsy n 2 3
dr K +Z¢ vi
Ui 2 3/2) dsz (77 2 3/2
2(7— _ < B2 oo
= KT omT)s gr s A g o
95)

since [, 08| < [ol)$ < [0} = /2

)
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Proof.

lvlls < |lyll2 to get s3 < 32/2. For (94), bound 3; < Ymax
in (92) and note

Z(%‘—Sz

9

Eq. (92) is the variance identity. For (93), use

2= y2-25 Y yitKs}=s(Ksy—1).

For (95), expand s3 around unif: s3 = >_,(1/K +v;)% =
1/K? +3n/K + >, v} and subtract s3 = (1/K + ).

Corollary J.26 (Implicit envelope for u(7) = +/$2(7)).
Integrating the differential inequality u' (1) < u(7)? (1 —
u(7)) yields the implicit bound

Uo

< log — 4+,

1
~u(r) 1—uy  uo

o = v/52(0) = [ll2.

This dominates the logistic envelope s3(1) < (1 + [(1 —

52(0))/52(0)]6727)71 whenever g is close to 1/vVK
(near-uniform start).

Corollary J.27 (Refined envelopes for p(7) (multi-bad outer
bounds)). Using L(7) = L(0) — [, (s2+t2) du and Propo-
sition J.23:

1 < < 1
IIT?E;;'—ph)—'1+1ﬂmé%+ﬁﬁ’
0 Po

and, with the implicit time I — 7(I),

1
1+ Lom eXp(T(I) ~ log(1 — Iq*))

A1) =

The last (implicit) lower envelope becomes tight as the good
mass polarizes to the maximizer of q.

K. Inner Dynamics of the Bad Arms

This section is the companion to Section J. When we keep
the M bad arms explicitly (instead of aggregating them into
a single virtual bad arm), the within-bad composition obeys
the same collision ODE as the within-good composition, but
with an overall sign flip. As a result, essentially every state-
ment in Section J has a direct bad-block analogue obtained
by the substitutions

(v, K) = (z,M),

K = —K, (equivalently, 7 +— —7 in internal time).

We record the corresponding results (without reproving
them).
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K.1. Within-bad composition and pushforward
Let the policy over K good arms and M bad arms be

K+M-1
e AFRTM=1

P:(Pl»u- '7pr)

M
p = Z Db, € [07 1]'
m=1

Define the within-bad normalized composition

yPKs Pbys--

Pv,,
Zm = T,

p

m € [M], zc AM~1

Writing p; = exp(0;)/Z with

K M
_ E 0; E 0
Z — e’ + e bm7
j=1 m=1

the bad normalization cancels the good logits:

()
Zé\i1 exp(@bg )
(softmax(ebad))

m

(96)

so z depends only on B},.q.

Lemma K.1 (Pushforward from logits to within-bad compo-
sition). For any small increment AO = (AOgood, Abpad),

Az = (Diag(z) — zzT) Abpad

97
=z0 (Aabad — (2, ABpaa) 1),

and in particular 0z /004004 = 0.

Proof. 1dentical to Lemma J.1 with (y, 5004, K) replaced
by (Z, 0bad7 M)

K.2. Bad-block drift: the same collision field with
opposite sign

Assume the same block symmetry as in Section J / Ap-
pendix D:

Aj (p)v J < Ka
Abnl (p) m S M?

= ap(p),
Ar(p) :== ap(p) — ag(p)-

Recall the (good-block) scalar from (78):

—np(l—p)Ar(p).
Then the expected logit drift in the bad block is the sign-
reversed analogue of (78):

E[Aabad] = — H(p) Z,
E[Aby, | = — k(p) 2m.

r(p) :

. (98)
ie.
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Proposition K.2 (Within-bad mean drift in z-coordinates).
Applying Lemma K.1 to (98) yields

E[Az) = —k(p) (202~ |12ll3 2), )

E[Azy,] = — k(p) 2m (zm — HzH%)
In the noisy GRPO specialization aq(p) = %, ap(p) =
200 (50 Ar(p) = ~J[o(p) and £(p) = np(1 -

p)), this becomes

Haaml = =0

p(1=p) zm (zm _ ||z||§). (100)

Consequences (bad-block smoothing vs. polarization). For
J > 0 (hence k(p) > 0), the sign in (99) implies a smooth-
ing effect: components with z,,, > ||z||3 shrink while those
with z,, < ||z||% grow, pushing z toward uniformity on its
support. For J < 0 the direction reverses and the bad block
polarizes (winner-take-all among bad modes), mirroring the
good-block behavior when J > 0.

K.3. Internal-time form and direct correspondence with
Section J

As in Section J, define the internal time

7(t) ::/0 /{(p(s)) ds,

so that (in mean-field ODE form) the bad composition satis-

fies i
Z
= = —(z@z—||z||§z). (101)
Equivalently, with p := —7 one has
d
gy =707 el

which is exactly the same autonomous ODE as (81) for y,
with K replaced by M.

Lemma K.3 (Geometry / Lyapunov structure for the bad
block (sign-reversed)). Let z(1) € AM~1 solve (101) and
define

M M
to(r) = [l2(T)3 = Y zm(7)? t3(7) =Y zm(7)™.
m=1 m=1

Then the statements of the “Geometry and Lyapunov struc-
ture” lemma in Section J carry over with (y, sq, 3, K)
replaced by (z,ts,ts, M) and with all monotonicities re-
versed. Concretely:

(1) Simplex invariance. ", 2,(7) =1 and 2z, (1) > 0
are preserved.
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(2) Gradient form with opposite sign. With the same po-
tential

1 < 1/ L ,\2
L(z) ::32_:1221_4<ZZ7271) ,

m=1

VL(z) = (z,%T —ty zm)m,

we have
dz d
= VL(z), Eﬁ(Z(T)) = —||VL(z)|% < 0.

(3) Monotone de-concentration.

Lia(r) = ~2(1s(7) ~ 12(7)?) < 0,

with equality iff z is uniform on its support.
(4) Equilibria. Stationary points are exactly the uni-
form points on a support of size m: for any m €

{1,..., M}, any point with exactly m nonzero entries,
each equal to 1/m, is an equilibrium.

K.4. Stability and global limits (bad-block counterpart
of Section J.3)

Write the within-bad mean-field ODE in physical time as

z=—r(p(t) (z0z—tr2),

lo = ”Z”gv (102)

J
k(p) = @p(l - D) (noisy GRPO).

Proposition K.4 (Stability of the uniform and vertex equilib-
ria for the bad block). The stability conclusions of Proposi-
tions J.15 and J.16 carry over with K — M and k — —kK:

* Uniform equilibrium. For z* = -1, the nontrivial
eigenvalues on the simplex tangent space are X =
—k(p)/M. Hence

J >0 (k(p) >0): z*isasympiotically stable,

(bad mass spreads);

J <0 (k(p) <0): z"isunstable.

e Vertex equilibria. For a vertex z* = e,,, the transverse
modes have eigenvalues +r(p), hence

J >0 (k(p) >0): z*= ey, is unstable,

Equilibrium J

Uniform z,, = 1/M >0
Uniform z,, = 1/M <0
Vertex z = e, >0
Vertex z = e, <0

Stability

Stable (bad mass diffuses)
Unstable

Unstable

Stable (bad-mode collapse)

Table 3. Stability of canonical equilibria for the within—bad ODE
(102).

Theorem K.6 (Global limit of z (bad-block counterpart of
Theorem J.11)). Consider (102) with an interior initializa-
tion z(0) (all coordinates positive). Then:

e If J > 0, the flow is the reverse of the good-block colli-
sion flow in internal time. Consequently z(t) converges
to the uniform point on the full bad simplex:

—1
Z(t) — M ’

and the collision probability ts(t) =
creases monotonically to 1 /M.

|lz(®)II3 de-

o If J < 0, the direction reverses and z(t) follows the
forward collision flow (on AM~1). For generic initial
conditions (no ties), z(t) converges to the vertex se-
lected by the unique maximizer m = arg max,, 2z, (0)
(winner-take-all among bad modes).

* If some coordinates of z(0) are exactly zero, the sup-
port is invariant and the same statements hold with M
replaced by the support size (uniform-on-support for
J > 0, vertex-on-support for J < 0).

Proof. Immediate from Theorem J.11 by the correspondence
(101) (time reversal) and K — M.

Proposition K.7 (Exponential approach in internal time).
The rate statements in Proposition J.12 transfer to z with
the same substitutions:

e For J > 0 (uniform stable), linearization at z* = L1

yields v
lz(7) — 1], = Oe™™™M) (1 — +o0),

and hence t5(1) — 1 = O(e~2m/M),

e For J < 0 (vertices stable), after reversing internal
time as in the sign discussion of Section J, the non-

J <0 (Ii(p) < O) . Z* = ey, is locally asymptotically stable,winners decay as e~\"! toward the winning vertex, ex-

(bad-mode collapse).

Corollary K.5 (Stability summary for within—bad equilib-
ria). The within-bad stability types are the sign-reversed
analogue of Corollary J.17:

Remark K.8

actly as in Proposition J.12 with K +— M.

(Scalar  closed-form  representation
(sign-flipped analogue of (88))). The explicit “one-
scalar” representation for y(7) in Section J also carries over
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to the bad block with the sign flipped in the denominators.

If ¢ := z(0) € AM~1 and I(7) is a strictly increasing
scalar with 7(0) = 0, then
m
1+1(7)q
Zm(T) = —M ( ) m s
Yo (103)
— 1+ I(T) q¢

I(T) oo = z(1) = & a7 L-

This is the direct sign-reversal analogue of (88); we omit
the derivation.

Remark K.9 (Effect on the total bad-mass drift in the mul-
ti-bad model). In the multi-bad setting the total bad mass
p(t) couples to both collision terms: in internal time 7,

dp

5 = —p(L=p)(ly(I3 + [l2(7)|2),
0 (104)
7 log— = —(I¥ll + [1]13).

Thus ||z||3 € [1/M, 1] enters only as a bounded multiplica-

tive factor in the decay of logit p, recovering the aggregated-
bad model when M = 1 (where ||z||3 =
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L. Shahshahani geometry and the within—-good
flow

Lety = (y1,...,yx) € A1 denote the within—good
composition and define
y = &) (yGy—IIYI@.V), K(p) = — p(l-p),
o(p)
(105)
where J is the judge-separation, o(p) > 0 is the

group-normalization scale, and p € [0, 1] is the bad—mass.
Set s := [|y[|3 = 32, 7 and 5 := 3=, v

Shahshahani (Fisher) metric on the simplex. On the in-
terior of the simplex A% ~!, the Shahshahani inner product
is

K
>

=1 Y

{VGRK: 2;%20}

(u,v)y

For a smooth potential ¢ : AK-1 s R, the associated
natural gradient (steepest ascent in this metric) has the
replicator form

gradg,a, 6(y) = ¥ © (Vo(y) - (Vo(y).¥)1). (106)

Indeed, with w :=y ® (V¢ — c1) and ¢ = (V¢,y), we
have Y, w; = 0 and, for any v € Ty AKX~ (w, v),
> (Vo — c)v; = (Vo,v), which characterizes the Rie-
mannian gradient.

Proposition L.1 (Shahshahani gradient representation). Let
D(y) == 3llyll3 = £ 3=, y2. Then (105) is the Shahshahani
gradient flow of ®, scaled by r(p):

y = k(p) gradgp,, ®(y).
Equivalently, in coordinates, j; = k(p)yi(vi — ||y[|3)-
Proof. We have V®(y) = y and (V®(y),y) = |lyll3
Applying (106) gives gradg,,, ®(y) =y © (v — [lyl31).
hence the claim. O

Interpretation (Herfindahl ascent in Fisher units).
The potential ®(y) 2llyll3 is the (half) Herfind-
ahl-Hirschman concentration index. Thus (105) is the
steepest way, in Fisher/Shahshahani geometry, to increase
concentration when x(p) > 0 (and to decrease it when
k(p) < 0). The scalar k(p) = ﬁp(l — p) gates the
time—scale: the inner reshuffling freezes at p € {0, 1} and
is fastest near p = %; its sign flips with J.
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Corollary L.2 (Lyapunov monotonicity and a variance iden-
tity). Along any trajectory of (105),

d

S0 (y(1) = w(p(t)) (53— 53)

k(p(t)) Varivy(yi) > 0,
(107)

with equality iff y is uniform on its support (y; € {0,1/m}
on some subset of size m). Equivalently, % llyl2
2 k(p) Variuy (ys)-

Proof. By the chainrule, £® = (V®,y) = x>, yi(yi —
[¥113)ys = # (s3—s3). Since 53— 53 = 3=, yi(y; —52)* >
0 and vanishes exactly at support—uniform points, the claim
follows. O

Proposition L.3 (Equilibria, support invariance, and stabil-
ity). The rest points of (105) are exactly the barycenters of
faces: for any subset S C [K] of size m, yf = L fori € S
and y; = 0 otherwise. Moreover:

(i) Support invariance. If y;(0) = 0, then y;(t) = 0 for
all t (since y; = ky;(+)).

(ii) Stability for k > 0. The unique asymptotically
stable equilibria are the vertices (m 1); all
higher—dimensional barycenters (m > 2) are sad-
dles/unstable.

(iii) Stability for k < 0. The roles reverse: the full-uniform
point (m = K) is the unique asymptotically stable
equilibrium; all others are unstable.

Proof sketch. At equilibrium, 0 = y; = ky;(y; — $2) im-
plies: either y; 0 or y; so. If m coordinates are
positive, then 1 = 3, 5; = msy = y; = s = - on the
support. For stability, note that (105) is a Shahshahani gra-
dient system for the convex @, scaled by x. When x > 0 the
flow ascends ® and converges to its maximizers on AK-1
which are precisely the vertices; when £ < 0 it descends
to the unique minimizer, the full-uniform point. Support
invariance follows from the factor y; in each coordinate. [

M. Hyperparameters and Training Details

Table 4 summarizes the training and evaluation configu-
ration used in all experiments. We fine-tune a Qwen2.5-
3B base model for 1410 optimization steps (2 epochs)
with a global batch size of 16. For rollout generation, we
sample 8 responses per prompt with temperature 1.0 (top-
p = 1.0, top-k = —1) and truncate prompts/responses
at a maximum length of 4000 tokens each. For actor op-
timization, we use GRPO with symmetric PPO clipping
(€lows €high) = (0.2,0.2) and Adam (learning rate 106,

whenever k > 0.
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Table 4. Training configuration.

Data Configuration

Base Model Qwen2.5-3B
Global Batch Size 16
Train Steps 1410
Total Epochs 2
Rollout Inference
Rollout Num per Prompt 8
Temperature 1.0
Top-p 1.0
Top-k -1
Max Prompt Length 4000
Max Response Length 4000
Actor Training
PPO Mini Batch Size 32
Advantage Estimation Type GRPO
Clipping €jow 0.2
Clipping epign 0.2
Optimizer Adam
Learning Rate 10-6
Weight Decay 0.1
(B1,B2) (0.9, 0.999)
Gradient Norm Clipping 1.0
Learning Rate Scheduler constant
Warmup Steps 10
KL coefficient (/3) 0.0
Evaluation Setup
Temperature 0.0
Top-p 1.0
Top-k -1
Max Generation Length 4000

weight decay 0.1, (81, 82) = (0.9,0.999)), with gradient-
norm clipping 1.0 and a constant learning-rate schedule with
10 warmup steps. Evaluation is performed greedily (temper-
ature 0.0) with the same decoding truncation limits. In our
experimental setup, we skipped the KL-regularization term
by setting its corresponding coefficient to zero.
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N. Noise Injection Pseudocode

Algorithm 1 Noisy Verifier Wrapper

Require: Oracle checker Oracle(-) € {0,1}, target
(TPR, FPR)

1: function NoisyCheck(program)

2:  z ¢+ Oracle(program) {ground truth}
3 if 2 = 1 then

4 r < Bernoulli(TPR)

5.  else

6 r < Bernoulli(FPR)

7:  endif

8:

9:  returnr

10: end function

O. Data Sample

Example Coding Problem: kMarsh

Problem Statement. Solve the following coding prob-
lem using the programming language Python:

Mr. K has a rectangular plot of land which may contain
marshes where fenceposts cannot be set. He wants you
to find the perimeter of the largest rectangular fence
that can be built on this land.

For example, in the following m x n =4 x 4 grid, «
marks a marsh and . marks good land:

Xeoo

If we number the rows and columns starting with 1,
there are two main areas that can be fenced: (1,1) —
(3,2) and (1,2) — (4, 4). The longest perimeter is 10.

Function Description.  Complete the function
kMarsh in the editor below. It should print either
an integer or the word impossible.

kMarsh (grid): e Input: an array of strings
that represent the grid.

* Qutput: an integer representing
the largest perimeter, or the string
impossible.

Input Format.

e The first line contains two space-separated inte-
gers m and n, the grid rows and columns.

¢ Each of the next m lines contains n characters
describing the land: “x’‘ (ASCII 120) if itis a
marsh, and “’.”¢ (ASCII 46) otherwise.
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Constraints.
2 <m,n <500

Output Format. Print a single integer—the largest
perimeter—or impossible if no rectangular fence
can be built.

Sample Input 0
4 5

Sample Output 0
14

Explanation 0. The fence can be built around the
entire field.

Perimeter = 2(4 — 1) + 2(5 — 1) = 14.

Sample Input 1

2 2
. X
X.

Sample Output 1
impossible

Explanation 1. We need a minimum of four corner
points to form a fence, hence it is impossible.

Sample Input 2
25

Sample Output 2
impossible

Explanation 2. The lower row prevents forming a
valid rectangle.

The input is provided via stdin, and the solution
should print its result to stdout.

Task. Now, solve the problem and return the code.

Test Cases for kMarsh

Test Case List (JSON-like format):

l
{

’fn_name’ : None,
"input’: "4 5\n..... \n.x.x.\n..... \n
..... \n’,
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"output’: ’'14\n’,
"type’: ’stdin_stdout’

by

{
" fn_name’ : None,
"input’: ’2 2\n.x\nx.\n’,
"output’: ’impossible\n’,
"type’: ’stdin_stdout’

}
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