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APPROXIMATIONS OF STOCHASTIC HYBRID SYSTEMS: A COMPOSITIONAL APPROACH

MAJID ZAMANI!, MATTHIAS RUNGGER', AND PEYMAN MOHAJERIN ESFAHANI?

ABSTRACT. In this paper we propose a compositional framework for the construction of approximations of the interconnection
of a class of stochastic hybrid systems. As special cases, this class of systems includes both jump linear stochastic systems and
linear stochastic hybrid automata. In the proposed framework, an approximation is itself a stochastic hybrid system, which
can be used as a replacement of the original stochastic hybrid system in a controller design process. We employ a notion
of so-called stochastic simulation function to quantify the error between the approximation and the original system. In the
first part of the paper, we derive sufficient conditions which facilitate the compositional quantification of the error between
the interconnection of stochastic hybrid subsystems and that of their approximations using the quantified error between the
stochastic hybrid subsystems and their corresponding approximations. In particular, we show how to construct stochastic
simulation functions for approximations of interconnected stochastic hybrid systems using the stochastic simulation function
for the approximation of each component. In the second part of the paper, we focus on a specific class of stochastic hybrid
systems, namely, jump linear stochastic systems, and propose a constructive scheme to determine approximations together with
their stochastic simulation functions for this class of systems. Finally, we illustrate the effectiveness of the proposed results by
constructing an approximation of the interconnection of four jump linear stochastic subsystems in a compositional way.

1. INTRODUCTION

Stochastic hybrid systems are a general class of dynamical systems consisting of continuous and discrete dynamics
subject to probabilistic noise and events. In the past few years, this class of systems has become ubiquitous in many
different fields due to the need for a rigorous modeling framework for many safety-critical applications. Examples of
those applications include air traffic control [[GL04], biochemistry [SH10|, communication networks [Hes04], and sys-
tems biology [HWS04]. The design of controllers to enforce certain given complex specifications, e.g. those expressed
via formulae in linear temporal logic (LTL) [BKOS], in a reliable and cost effective way is a grand challenge in the study
of many of those safety-critical applications. One promising direction to achieve those objectives is the use of simpler
(in)finite approximations of the given systems as a replacement in the controller design process. Those approximations
allow us to design controllers for them and then refine the controllers to the ones for the concrete complex systems,
while provide us with the quantified errors in this detour controller synthesis scheme.

In the past few years there have been several results on the (in)finite approximations of continuous-time stochastic
(hybrid) systems. Existing results include the construction of finite approximations for stochastic dynamical systems
under contractivity assumptions [[Aba09]], restricted to models with no control inputs, a finite Markov decision process
approximation of a linear stochastic control system [LABO9||, however without a quantitative relationship between
approximation and concrete model, and the construction of finite bisimilar abstractions for stochastic control systems
[ZMM™ 14, [ZTAT14], for stochastic switched systems [ZAG13], and for randomly switched stochastic systems [ZAT4].
Further, the results in [JPO9] check the relationship between infinite approximations and a given class of stochastic
hybrid systems via a notion of stochastic (bi)simulation functions. However, the results in [JPO9|] do not provide any
approximations and moreover appear to be computationally intractable in the case of systems with inputs because one
requires to solve a game in order to quantify the appoximation error. Note that all the proposed results in [Aba09, LABQ9,
ZMM ™ 14| [ZTA14, [ZAG13], [ZA14, TP09] take a monolithic view of continuous-time stochastic (hybrid) systems, where
the entire system is approximated. This monolithic view interacts badly with the construction of approximations, whose
complexity grows (possibly exponentially) in the number of continuous state variables in the model.

In this paper, we provide a compositional framework for the construction of infinite approximations of the interconnec-

tion of a class of stochastic hybrid systems, in which the continuous dynamics are modeled by stochastic differential

equations and the switches are modeled as Poisson processes. As special cases, this class of systems includes both jump
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linear stochastic systems (JLSS) and linear stochastic hybrid automata [JPO9]. Our approximation framework is based
on a new notion of stochastic simulation functions. In this framework, an approximation, which is itself a stochastic
hybrid system (potentially with lower dimension and less interconnections), acts as a substitute in the controller design
process. The stochastic simulation function is used to quantify the error in this detour controller synthesis scheme.
Although an approximation in our framework might not be directly amenable to algorithmic synthesis methods based
on automata-theoretic concepts [MPS95] which require finite approximations, our approach facilitates the construction
of potentially lower-dimensional less-interconnected stochastic hybrid systems as approximations and, hence, can be
interpreted as the first pre-processing step in the construction of a finite approximation.

In the first part of the paper, we derive sufficient small-gain type conditions, similar to the ones in [DIW11], under which
one can quantify the error between the interconnection of stochastic hybrid subsystems and that of their approximations
in a compositional way by using the errors between stochastic hybrid subsystems and their approximations. In the
second part of the paper, we focus on JLSS and propose a computational scheme to construct infinite approximations of
this class of systems, together with the corresponding stochastic simulation functions. To show the effectiveness of the
proposed results, we construct an approximation (two disjoint 3 dimensional JLSS) of the interconnection of four JLSS
(overall 10 dimensions) in a compositional way and then use the approximation in order to design a safety controller for
the original interconnected system.

The recent work in [RZ15]] provides a compositional scheme for the construction of infinite approximations of inter-
connected deterministic control systems without any hybrid dynamic. The results in this paper are complementary to
the ones in [RZ15] as we extend our focus to the class of stochastic hybrid systems. A preliminary investigation of
our results on the compositional construction of infinite approximations of interconnected stochastic hybrid systems
appeared in [Zam14]. In this paper we present a detailed and mature description of the results announced in [Zam14]],
including proposing a new notion of stochastic simulation functions which is computationally more tractable in the case
of systems with inputs and providing constructive means to compute approximations of JLSS.

2. STOCHASTIC HYBRID SYSTEMS

2.1. Notation. We denote by N the set of nonnegative integer numbers and by R the set of real numbers. We annotate
those symbols with subscripts to restrict them in the obvious way, e.g. R denotes the positive real numbers. The
symbols I,,, 0,,, and 0,, « ,,, denote the identity matrix, zero vector, and zero matrix in R"*™, R"™, and R™*™, respectively.
For a,b € R with a < b, we denote the closed, open, and half-open intervals in R by [a, ], ]a, b], [a, b[, and ]a, b],
respectively. For a,b € N and a < b, we use [a; D], ]a; b[, [a;b], and ]a; b] to denote the corresponding intervals in N.
Given N € N>q, vectors x; € R™, n; € N>y and i € [1; N], we use ¢ = [z1;...;2n] to denote the vector in R”
with n = Zf\il n;. Similarly, we use X = [X7;...; Xn] to denote the matrix in R"*™ with n = Zf\il n;, given
N € N1, matrices X; € R™*™ n; € N>1, and 7 € [1; N|. Given a vector x € R™, we denote by ||z|| the Euclidean
norm of x. The distance of a point x € R™ to a set D C R" is defined as ||z||p = infyep ||z — d||. Given a matrix
P = {pi;} € R™*", we denote by Tr(P) = >_"_, p;; the trace of P.

Given a function f : R — R™ and £ € R™, we use f = T to denote that f(z) = z for all z € R™. If x is the
zero vector, we simply write f = 0. Given a function f : R>o — R", the (essential) supremum of f is denoted by
1flloo := (ess)sup{||f(¢)|,t > 0}. Measurability throughout this paper refers to Borel measurability. A continuous
function 7 : R>o — R, is said to belong to class C if it is strictly increasing and v(0) = 0; -y is said to belong to class
Koo if v € KC and y(r) — oo as r — oco. A continuous function § : R>g X R>¢ — Rx¢ is said to belong to class XL
if, for each fixed ¢, the map 5(r, t) belongs to class K with respect to  and, for each fixed nonzero r, the map S(r, t) is
decreasing with respect to ¢ and 3(r,t) — 0 as t — oco.

2.2. Stochastic hybrid systems. Let (2, 7, P) be a probability space endowed with a filtration I = (F)s> satisfying
the usual conditions of completeness and right continuity [KS91} p. 48]. Let (Wg)szo be a p-dimensional IF-Brownian
motion and (P;)s>0 be a g-dimensional IF-Poisson process. We assume that the Poisson process and the Brownian mo-
tion are independent of each other. The Poisson process P, := [Psl; R Pﬂ model g kinds of events whose occurrences

are assumed to be independent of each other.
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Definition 2.1. The class of stochastic hybrid systems with which we deal in this paper is the tuple
¥ =R"R™,RP,UW, f,o,7,R, h), where

R™ is the state space;

R™ is the external input space;

RP is the internal input space;

U is a subset of the set of all F-progressively measurable processes with values in R™; see [KS91, Def. 1.11];
W is a subset of the set of all ¥-progressively measurable processes with values in RP;

f i R* xR™ x RP — R" is the drift term which is globally Lipschitz continuous: there exist constants
Ly Lus L € Rsg such that: || f(w,u,w) — f(a',u',0")| < Ll — @' + Lullu — /]| + LyJw — o] for
allz, v’ € R", all u,v’ € R™, and all w,w’ € RP;

e 0 :R™ — R"*P s the diffusion term which is globally Lipschitz continuous;

o 7 :R™ — R"¥4 js the reset function which is globally Lipschitz continuous;

o RY js the output space;

e h:R™ — R is the output map.

A stochastic hybrid system X satisfies

5. {df(t) = f(§(1),v(t),w(t) dt + o (§(t)) AW, +r(E(t) d P, 2.1
11 <) = hiew), |
P-almost surely (IP-a.s.) for any v € U and any w € W, where stochastic process £ : 2 X R>¢ — R™ is called a
solution process of ¥ and stochastic process ¢ : 2 x R>o — R? is called an output trajectory of ¥. We call the tuple
(&, ¢, v,w) atrajectory of X3, consisting of a solution process &, an output trajectory ¢, and input trajectories v and w, that
satisfies (2.1I)) P-a.s.. We also write {4, (¢) to denote the value of the solution process at time ¢ € R>( under the input
trajectories v and w from initial condition &,,,,(0) = a PP-a.s., in which a is a random variable that is Fj-measurable.
We denote by (,,., the output trajectory corresponding to the solution process &,,.,. Here, we assume that the Poisson
processes P, for any i € [1; ], have the rates of \;. We emphasize that the postulated assumptions on f, o, and
ensure existence, uniqueness, and strong Markov property of the solution processes [Bor89|.

Remark 2.2. We refer the interested readers to Section IV in [JP09] showing how one can cast linear stochastic hybrid
automata (LSHA) as jump linear stochastic systems (JLSS) (c.f. Section [3) which are a specific class of the ones
introduced in Definition[2.1]

3. STOCHASTIC SIMULATION FUNCTION

Here, we introduce a notion of stochastic simulation functions, inspired by the notion of simulation function in [RZ13]],
for non-probabilistic control systems distinguishing the role of internal and external inputs.

Definition 3.1. Let ¥ = (R, R™ R?,. U, W, f,0,r,R%,h) and & = (R* R™ R?. U, W, f, 5,7 R, h) be two sto-
chastic hybrid systems with the same internal input and output space dimension. A twice continuously differentiable
function V : R" x R" — R>¢ is called a stochastic simulation function from ¥ to ¥ in the kth moment (SSF-My,),
where k > 1, if it has polynomial growth rate and for every x € R", & € R™, @, € R™, w» € RY, there exists u € R™
such that for all w € RY the inequalities

a([[i(@) = h@)|I*) < V(z,2), 3.0

and

IN

=V (2,2)) + pext([[a]) + pins([lw — @), (3.2
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hold for some K functions o, n, pext, Pint, Wwhere ; € R? denotes the vector with 1 in the ith coordinate and 0’s
elsewhere, o, ) are convex functions, and pexy, Pint are concave ones.

In the above definition, £ is the infinitesimal generator of the process = = [&; é] [@S05) Section 1.3] and the symbols
0, and 0, ; denote the first and the second order partial derivatives with respect to = and x and £, respectively.

We say that a stochastic hybrid system ¥ is approximately alternatingly simulated in the kth moment by a stochastic
hybrid system X or 3 approximately alternatingly simulates in the kth moment 3, denoted by X jﬁ\ s 2, if there exists
a SSF-My, function V' from 3 to . We call ¥ an abstraction of ¥..

Remark 3.2. Note that the notion of SSF-My, here is different from the notion of stochastic simulation function in
[JPQO9, Definition 2] requiring the existences of a supermartingale function [Oks02, Appendix C] whose construction
is computationally intractable in the case of (even linear) systems with inputs because one requires to solve a game to
compute this function.

The following theorem shows the importance of the existence of a SSF-My, function by quantifying the error between
the behaviors of X and the ones of its abstraction X.

Theorem 3.3. Let ¥ = (R",R™ R, U W, f,o,r,R9, h) and 3> = (R*, R™ R?. U, W, f,6,7 R9, h). Suppose V
is an SSF-My, function from oY Then, there exist a KL function B and Ko, functions vext, Vint Such that for any
vel, any w € W, and any random variable a and a that are Fo-measurablthere exists v € U such that for all
w € W the following inequality holds:

E[|Gave (1) =Cana(OII"] < B(E[V (a,@)],) + Yext (B[IZ]loo]) + int Ellw = Glloc))- (3.3)

The proof of Theorem [3.3]requires the following preparatory lemma and is provided in the Appendix.

Lemma 3.4. Let g be a non-negative constant and 1 be a K function. Suppose that the function y : R>o — R>q is

continuous and we have y(t) < y(to) + ftto [—n(y(7)) + gldT forall t >ty > 0. Then, there exists a KL function ¥
such that

y(t) < max {ﬁ(y(O),t),n_l@g) }7 vt > 0.

The proof of Lemma 3.4]is provided in the Appendix.

Note that the importance of the result provided in Theorem 3.3]is that one can synthesize a controller for the abstraction
3, which is potentially easier (e.g., lower dimension and less interconnections) to enforce some complex specification,
for example given in LTL. Then there exists a controller for the concrete stochastic hybrid system 3 satisfying the
same complex specification. The error, introduced in the design process by taking the detour through the abstraction, is
quantified by inequality (3.3). In Section[5] we show how one can actually refine a controller designed for the abstract
JLSS to a controller for the original JLSS via a so-called interface function.

The notion of stochastic simulation function in this work can also be used to lower bound the probability that the
Euclidean distance between any output trajectory of the abstract model and the corresponding one of the concrete model
remains close.

We make the above statement more precise with the following result.

Proposition 3.5. Let X and 3 be two stochastic hybrid systems with the same internal input and output space dimension.
Suppose V' is an SSF-Mj; function from S 10 X and the Koo function 1 in satisfies n(r) > Or for some 6 € R+
and any r € R>q. Forany U € U, any w € W, and any random variable a and a that are JFy-measurable, there exists
v € U such that for all w € W the following inequalities (3.4) and (3.3) hold provided that there exists a constant € > 0

INote that Fo may be the trivial sigma-algebra, i.e., @ and & are non-probabilistic initial conditions.
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satisfying € > pest (19]100) + prut ([l — &lloc):

- . A, Via)\ -5 . & €

P{ s Gl = Gaa(0l > ¢ L fwal} <1 (1= L) T ra @y 2 £ o
. . 0V (a,a) + (e —1)e |

P {o?tlgT | Cavew (t) — Cane (B)]] > € | [a;a]} < o (ak() 79 ) ,ifa (5k> < g (3.5)

The proof of Proposition [3.5]is provided in the Appendix.

As an alternative to the previous result, we now use the notion of stochastic simulation function to lower bound the
probability of the Euclidean distance between any output trajectory of the abstract model and the corresponding one
of the concrete model point-wise in time: this error bound is sufficient to work with those specifications for which
satisfiability can be achieved at single time instances, such as next (O) and eventually (<) in LTL. Please look at the
explanation after the proof of Proposition 5.11 in [ZMM™ 14] for more details.

Proposition 3.6. Let 3. and 3 be two stochastic hybrid systems with the same internal input and output space dimension.
Suppose V is an SSF-My, function from X to ¥.. For any v € U, any & € W, and any random variable a and a that are
Fo-measurable, there exists v € U such that for all w € W the following inequality holds for all t € R

P {”Cauw(t) ()] > 5} P (E[V(a,a)], t) 4+ Yext (E[[|2]loo]) 4 Yint (Ef|w — o“JIIOOD)%, 3.6)

g

where 3, Yext, and ~int are the functions appearing in (3.3).

The proof of Proposition [3.6]is provided in the Appendix.

In the next section, we work with interconnected stochastic hybrid systems without internal inputs, resulting from the
interconnection of stochastic hybrid subsystems having both internal and external signals. In this case, the interconnected
stochastic hybrid systems reduce to the tuple ¥ = (R™, R™, U, f, o, r,R?, h) and the drift term becomes f : R” xR™ —
R™. In this view, inequality is not quantified over w, w € RY, and, hence, the term pi,s (||w—10]|) is omitted as well.
Similarly, the results in Theorem [3.3] and Propositions [3.5] and [3.6] are modified accordingly, i.e., for systems without
internal inputs the inequalities (3.3), (3.4), (3.3), and (3.6) are not quantified over w,w € W and, hence, the term
Yint (E[||w — @]|oo]) is omitted in inequalities (3.3) and (3.6) and € is lower bounded as € > pext (|||l ) in Proposition
as well.

The next corollary provides a similar result as the one of Proposition [3.3|but by considering an infinite time horizon and
interconnected stochastic hybrid systems and assuming = 0, resulting in € = 0. The relation proposed in this corollary
recovers the one proposed in [JPO9, Theorem 3].

Corollary 3.7. Let > and S be two interconnected stochastic hybrid systems with the same output space dimension.
Suppose V' is an SSF-My, function from X to 3. For v = 0 and any random variable a and a that are Fy-measurable,
there exists v € U such that the following inequality holds:
. Via,a)
P S av(t) — Caol(P)|| > € sal p < .
{2016 (® o0l > ¢ il < T

0<t<o0

The proof of Corollary [3.7]is provided in the Appendix.

4. COMPOSITIONALITY RESULT

In this section, we analyze interconnected stochastic hybrid systems and show how to construct an abstraction of an
interconnected stochastic hybrid system together with the corresponding stochastic simulation function. The definition
of the interconnected stochastic hybrid system is based on the notion of interconnected systems introduced in [TI0S]].
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4.1. Interconnected stochastic hybrid systems. We consider N € N> stochastic hybrid subsystems
Zi = (an’ RmiuRpiFuiu Wi> fia 04, Ti, qu hl) ) 1€ [1a N}

with partitioned internal inputs and outputs

Wi = (Wit Wigi—1); Wigig1); - -5 WiN ], wij € RPI
Yi = [yi1; -5 vin], yig € R9 4.1
and output function
hi(x;) = [hi(xs); .3 han (24)], 4.2)

as depicted schematically in Figure[I]

Uy —> > Yi1
w; _|> . —»Y;

21 . E'L : y'LZ

W; N——> YN

FIGURE 1. Input/output configuration of stochastic hybrid subsystem ;.

We interpret the outputs y;; as external ones, whereas the outputs y;; with i # j are internal ones which are used to
define the interconnected stochastic hybrid systems. In particular, we assume that the dimension of w;; is equal to the
dimension of y;;, i.e., the following interconnection constraints hold:

Pij = @i, Vi, j € [LN], i # j. (4.3)

If there is no connection from stochastic hybrid subsystem ; to 3J;, then we assume that the connecting output function
is identically zero for all arguments, i.e., h;; = 0. We define the interconnected stochastic hybrid system as the following.

Definition 4.1. Consider N € Nxi stochastic hybrid subsystems ¥; = (R™ R™ RP: U;, W, fi, 04,7, R hy),
i € [1; N], with the input-output configuration given by (@.1)-@3). The interconnected stochastic hybrid system ¥ =
(R™, R™ U, f,o,r,RI h), denoted by T(X1,...,XN), follows by n = Zil ng, m = Zf\il mi, ¢ = Zil Qii» and

functions

fla,u) = [fl(xhuhwl) s In(ry,un, wy)],
o(x):=lo1(x1);. .. ;O'N(.'L‘n)],
r(z) = [ri(z ) N (@),
h(z) := [h1(z1); ... s han (2n)],
where u = [ul, ...;un] and x = [x1;. .. ;xN] and with the interconnection variables constrained by w;; = y;; for all

i,j € [L; N],i # j.

The interconnection of two stochastic hybrid subsystems XJ; and X; from a group of NV subsystems is illustrated in
Figure

4.2. Compositional construction of abstractions and simulation functions. We assume that we are given IV stochas-
tic hybrid subsystems ¥; (R"Z R™: RP: Z/{Z, Wi, fiy 04,1, R% h;) , together with their corresponding abstractions
E (R”L R™: RPi Z/IZ, Wi, fl, G, T, R h ) and with an SSF-My, functions V; from Z to ;. In order to provide
the main composmonallty result, we require the following assumption:
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U T Uil
Wil——> E T Yii
7 1 V| Yid
Wi N——> —YiN

Uje———p —>Yj1
Wjl——> 2 CYji
Wi H y '

S g B A L S

FIGURE 2. Interconnection of two stochastic hybrid subsystems >; and ¥;.

Assumption 1. Foranyi,j € [1; N|, i # j, there exist K, convex functions +y; and constants X € Ry and d;; € Rx
such that for any s € R>g

ni(s) > Xi’yi(s) (4.4a)
hji=0 = d;; =0and (4.4b)
hji 20 = pine(N = 1)(a; 1) ¥ (5)) < 85, (s), (4.4c)

where 1);, o, and pjing represent the corresponding Ko, functions of subsystems ¥; appearing in Definition[3.1}

For notational simplicity in the rest of the paper, we define matrices A and A in R™V>*¥ with their components given

by Ayi = N, Ay = 0foré € [1;N] and Ay; = 0, A;; = ;5 for 4,5 € [1;N],i # j. Moreover, we define
— =

T(s):=[y(s1);...;7n(sn)], where s = [s1;...;8n].

The next theorem provides a compositional approach on the construction of abstractions of interconnected stochastic
hybrid systems and that of the corresponding SSF-M;, functions.

Theorem 4.2. Consider the interconnected stochastic hybrid system ¥ = I(3q,...,Xy) induced by N € N> sto-
chastic hybrid subsystems ;. Suppose that each stochastic hybrid subsystem Y.; approximately alternatingly simulates
a stochastic hybrid subsystem S, with the corresponding SSF-Mj; function V;. If Assumption|l|holds and there exists a
vector | € Rgo such that the inequality

pf(=A+A) <0 4.5)
is satisﬁeaﬁ then

Zuz
is an SSF-M, function from = I(f]l, e EN) to Y.

Proof. Let us first show that inequality (3:T)) holds for some convex Ko, function . For any z = [z1;...;2x] € R
and & = [21;...;2n] € R™, one gets:

N N

Hh( || < Z ||hn xz - 27, xz Z Z ~1 1/k .’L'z,l'z))
N = ) = Vil )
Z: ol 1/k:< %L ) Zl/k( Zz,irz > < Nal/* (Z piVi fAl?uIz )

i=1 K

ZWe interpret the inequality component-wise, i.., for z € RY we have = < 0 iff every entry z; < 0,7 € {1,--- , N}.
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-

N
LV (2,8) =Y pilV; (i, @) < i (=i (Vilwi, #3)) + pain ([wi — dil]) + prese (1 ]1))
=1 i=1
N N
< Z,uz _771( 1‘,,1‘, + Z pzlnt - 1) ”wl] - wUH) + piext(”r&i”)
i=1 j=1,j#t
N N
< ZUi _777,( xuxl + Z punt - 1) ”yji - gﬂ”) + piext(”ﬂin)
i=1 j=1,j#i
N N
< | —mina) + S0 g (V= 1)||yte5) = Ry(@)])) + pexe(11])
i=1 Jj=1,5%#i
N N
N 1\ 4 N ~
< Zui —ni(Vi(wi, &) + Z Piint ((N —D(aj )" (Vj(xjv@"j))) + piext ([ ])
i=1 G=1,j#i
N
< Z/Ji _)\171( xuxz Z 6137] xmx]))"‘piext (H'&ZH)
i=1 i#j,j=1
N
T(=A+ AT (Vi (@1,80) 5.5 Vi (@n, 28)]) + Y pripiess ([1l]) - (4.6)
i=1
where fi = min {u1, ...,y } and @ is a concave Ko, function such that ;' (s) < @(s) for any i € [1; N] and any
s € R>(. Note that the existence of a concave function @ € K is guaranteed because «; L e K are concav

functions as well. As an example, one can choose a(s) = Zivzl o, L(s), Vs € R>¢. By defining the conve Koo

function a(s) = i@ ' (s/N¥), Vs € R, one obtains

o[ (@) —

Vila, &) =V (x, &),

HMZ

satisfying inequality @) Now we show that inequality @) holds as well. Consider any z = [z1;...;2n] € R,
& = [&1;...;2n]) € R?, and @ = [y;...;0x] € R™. Forany i € [1; N], there exists u; € R™:, consequently, a
vector u = [ug;...;uy] € R™, satisfying (3.2) for each pair of subsystems X; and 33; with the internal inputs given by
wi; = hji(z;) and ;; = hj;(i;). We derive the chain of inequalities in (#.6), where we use the inequality:

Piint (11 + -+ +1rN-1) < Z Piint (15 + -+ -+ 13),

which is valid for any p;in; € Koo and any r; € R>q, ¢ € [1; N]. Note that if p;;, satisfies the triangle inequality, one
gets the less conservative inequality

Pint (11 + -+ ry-1) < Z Piint (T3),

and it suffices that (@8] holds instead of (#.4c)). Define the functions

3Note that the inverse of a strictly increasing convex function is a strictly increasing concave one.
“Note that convexity is closed under composition with an affine mapping.
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yi R Ui Uy Yil
Wir—— X T Vi jl.ilS Wil i (T Va2

= O = ey
F : 5543 Lz i

FIGURE 3. Compositionality results.

min  —uT (=A+ A)T(5)

n(s) =4 520 (4.7a)
T—)

.t. u- s =s,

wn wl

lllax sz\;1 Hi Piext (Sz)

Pext(8) := s >0 N (4.7b)
s.t. s <s.

By construction, we readily have

Viz,2) < =n(V (2, 2)) + pexs ([|2]])

where the functions 7 and pey; are Ko functions. It remains to show that 7 is a convex function and pey¢ is a concave
one. Let us recall that by assumptions u” (—A + A) < 0 and v;, the i-th element of T, is convex. Thus, from an
optimization point of view, the function 7 in (4.7a)) is a perturbation function which is known to be a convex function;
see [BVQ9, Section 5.6.1, p. 249] for further details. Note that by assumption each function p;cy is concave, and for the

same reason as above, the function (@.7b) is also concave. Hence, we conclude that V' is an SSF-M}, function from 3 to
2. O

Remark 4.3. As shown in [DIW11], Lemma 3.1], a vector s € Rgo satisfying u* (—A + A) < 0 exists if and only if the
spectral radius of A=A is strictly less than one.

Remark 4.4. If the functions piing, © € [1; N|, satisfy the triangle inequality, pint(a + b) < piint(a) + piing (b) for all
non-negative values of a and b, then the condition [4.4c) reduces to

1

hjs 20 = pine (0 1) (s)) < 61575 (s). (4.8)

Figure .7 illustrates schematically the result of Theorem .2}

5. JUMP LINEAR STOCHASTIC SYSTEMS

In this section, we focus on a specific class of stochastic hybrid systems, namely, jump linear stochastic systems (JLSS)
[JPO9] and quadratic SSF-M5 functions V. In the first part, we assume that we are given an abstraction S and provide
conditions under which V' is an SSF-M, function. In the second part we show how to construct the abstraction )
together with the SSF-M, function V.
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A JLSS is defined as a stochastic hybrid system with the drift, diffusion, reset, and output functions given by

d&(t) =(AL(t) + Br(t) + Dw(t)) dt + EE(H) AW, + zq: Ri&(t)d P},

(1) =C&(t), (5.1)
where
AeR™V", BeR™™, DeR"™P EeR"™" R, ¢ R"" Viell;q], C e RI*".
The matrices R;, Vi € [1; q], parametrize the jump associated with event . We use the tuple
¥ =(A4,B,C,D,ER),

where R = {Ry,..., Rz}, to refer to a JLSS of the form (5.1). Note that in this section we consider JLSS driven by a
scalar Brownian motion for the sake of simple presentation, though the proposed results can be readily generalized for
the systems driven by multi-dimensional Brownian motions as well.

5.1. Quadratic SSF-M; functions. In this section, we assume that for some constant K € R+ there exist a postitive
definite matrix M € R™*™ and matrix K € R™*"™ such that the matrix inequalities

ctc <M, (5.2)
T

q q q
(A +BK+) AiR,;) M+ M (A +BK+) AiRZ) +M+E"ME+» NRIMR; < —fM, (5.3)

i=1 i=1 i=1
hold.

The matrices K and M can be computed jointly using semidefinite programming as explained in the following lemma.

Lemma 5.1. Denoting K = KM~ and M = M ™!, matrix inequalities (5.2) and (5.3)) are equivalent to the following
linear matrix inequalities:

[C]\]4\4 MIST} >0 5.4
[ M 0 0 EM 7
0 Mo L AIRGM
: . 0 : =0, (5.5)
0 0 N AR
(MET NMRL ... NMRET Q|
where 0’s denote zero matrices of appropriate dimensions and
7 T 7
Q="M - M <A+inm> - <A+Z/\ZRZ-> M-K"BT - BK - 1.
i=1 i=1

The proof is a simple consequence of using Schur complements [BV09] and is omitted here for the sake of brevity.

Here, we consider a quadratic SSF-M,, function of the following form

V(x,#) = (x — P£)TM(x — P#), (5.6)
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where P is a matrix of appropriate dimension. Assume that the equalities

AP = PA - BQ (5.7a)

D=PD - BS (5.7b)
cCP=C (5.7¢)
EP = PE (5.7d)
R;P = PR;, Vi € [1:q], (5.7¢)

hold for some matrices () and .S of appropriate dimensions. In the following theorem, we show that those conditions
imply that (3.6) is an SSF-M; function from X to 3.

Theorem 5.2. Consider two JLSSY. = (A, B,C, D, E,R) and ¥ = (A B,C.D,FE, ﬁ) with p = p and q = §. Suppose
that there exist matrices M, K, P, Q, and S satisfying (5.2), (5.3), and (5.7), for some constant i € Rq. Then, V
defined in (5.6) is an SSF-M, function from ¥ to ¥.

Proof. Note that V' is twice continuously differentiable. We show that for every z € R", & € R™, ¢ € R™ % € RY,
there exists « € R™ such that for all w € RY, V satisfies ||Cx — CZ||* < V(z,%) and

LV (z,2) ::%(Ax—i—Bu—ka) Wé”; %) Az + Ba+ D)
1 B\ 1 1 a1 pr] |02V 02V o ha) .
+2Tr<[E§J [x E' i E } DoaV DssV +Z)\ x—i—RZx,x—l—RZx) V(x,x))
< —RV(2,2) + 2|VMD|*|w - @|* + 2| VM (BR - PB)H lalf?, (5.8)

for some matrix R of appropriate dimension.

From (5.7¢), we have |Cz — Ci||2 = (z — P#)"CTC(x — P#) and using M = CTC, it can be readily verified that
|Cx — C#||> < V(z,#) holds for all z € R™, # € R". We proceed with showing the inequality in (5.8). Note that

0.V (x,2) = 2(x — P2)"M, 0;V (x,2) = —2(x — P2)'MP, 0,,V(z,2) = 2M,
(95;,3}‘/(1',50) = PT8w7xV(JC,£)P, and ax,frv(xaj) = (a:?:acv(xaj))T = _ax,xv(xai)P

holds. Given any x € R™, & € R", & € R™, and & € RY, we choose u € R™ via the following linear interface
function:

w=vy(x,2,0,0) := K(z — P2) + Q& + R + S, (5.9)

for some matrix R of appropriate dimension.

By using the equations (3.7a) and (5.7b) and the definition of the interface function in (3.9), we simplify

Az + Buy(z, &, 4,0) + Dw — P(AZ + Bt + D)
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0 (A+ BK)(z — P2) + D(w — ) 4+ (BR — PB)i and obtain the following expression for LV (z, #):
LV (x,7) =2(x — Pi)TM[(A+ BK)(z — P#) + D(w — @) + (BR — PB)i]

[« [ET 0 M -MP)[E 0]«
| [0 ET||[-PT™M PTMP||0 E||2

. 'x'TiAl RF 01 M  —MP][a
@] =70 Rf||-P™™ PTMP| &

"1 M —mpP i* R 0]z

| [-PTM PTMP| L0 R |&
L M ~MP|[R: 0]z

& &7 o RT]|[-P"™M PTMP||0 R]|2]’

where 0’s denote zero matrices of appropriate dimensions. We use (5.7d) and (5.7¢) to obtain the following expression
for LV (z,%):

+
28

- aT

+

2 8
KMQJ

7 T 7 7
LV (z,2) =(z — P#)T [ <A +BK+Y AiRi> M+ M (A 4 BK + Z)\iRi) +ETME+ /\iRiTMRi] (z — Pi)
i=1 =1 =1

+2(z — P2)" M[D(w — @) + (BR — PB)i]
and with the help of Cauchy-Schwarz inequality and (5.3)) to get the following upper bound
LV (z,2) < —RV(z,2) + 2|VMD|*|w — @] + 2|vVM(BR — PB)|]*||a|>.

Using this computed upper bound, we obtain (5.8) which completes the proof. Note that the K functions «, 7,
Pext»> and pint, in Definition [3.1] associated with the SSF-M function in (5.6) are given by a(s) := s, n(s) := &s,
pext (8) := 2|V M (BR — PB)|*s? and pint(s) := 2|V M D||?s%, Vs € Rx.

O

Remark 5.3. Using the linear functions o and n, as computed in Theorem[3.2] the functions 3, Yext, and ~int, appearing
in Theorem are simplified as the following: B(r,t) := re ™", Yoyt (r) := %pcxt(r), and ~int (1) 1= %pim (r) for any
rt e Rzo.

Remark 5.4. Note that Theorem does not impose any condition on matrix R. Similar to the results in [GPQ9,
Proposition 1] for the non-probabilistic case, we propose a choice of R which minimize function pexs for V. The choice
of R minimizing pexy is given by

R=(BTMB)'BTMPB. (5.10)

Remark 5.5. Consider a JLSS ¥; = (A;, B;, C;, D;, E;,R;) and its abstraction ¥ = (Ai, Bi, C’i, D, E’i, ﬁil) Assume
=[d} - d’]and D; = [d} --- d"]. Using equation (5.0, one can readily conclude that if d! € im B,
for some j € [1;p], then the corresponding cif can be chosen as cif = 04. This choice for columns of D makes

the interconnection of abstract subsystems potentially less interconnected and, hence, its analysis easier. We refer the
interested readers to Section|6|for an example of such choice for D.

As of now, we derived various conditions on the original system 3, the abstraction 3, and the matrices appearing in (5.6)
and (5.9), to ensure that (3.6)) is an SSF-M;, function from 3 to X with the corresponding interface function in (5-9) lifting
any control policy designed for % to the one for ¥. However, those conditions do not impose any requ1rements on the
abstract external input matrix B. Asan example, one can choose B = I, which makes the abstract system by fully
actuated and, hence, the synthesis problem over ) much easier. Similar to [GPO9, Subsection 4.1] in the context of
non-probabilistic control systems, one can also choose an external input matrix B which preserves all the behaviors of



APPROXIMATIONS OF STOCHASTIC HYBRID SYSTEMS: A COMPOSITIONAL APPROACH 13

the original JLSS ¥ on the abstraction 3: for every trajectory (£,¢,v,w) of X there exists a trajectory (é G0, W) of ¥
such that { = ¢ P-a.s..

Note that using the following choice of external input matrix B, the results in [RZ13] for the linear deterministic control
system are fully recovered by the corresponding ones here providing that the JLSS is not affected by any noise, implying
that £, F, R;, and R;, Vi € [1;q], are identically zero.

Theorem 5.6. Consider two JLSSY. = (A, B,C, D, E,R) and ¥ = (A B,C.D,FE, ﬁ) withp = pand q = 4. Suppose
that there exist matrices P, Q, and S satisfying (5.7) and that the abstract external input matrix B is given by

B =[PB PAG], (5.11)
where P and G are assumed to satisfy
c=Cp (5.12a)
I, = PP+ GF (5.12b)
I, = PP (5.12¢)
Opxn = PEGF (5.12d)
Onxn = PR;GF, Vi € [1;4)], (5.12¢)

Sor some matrix F. Then, for every trajectory (§,(,v,w) of ¥ there exists a trajectory (f, .o, w) of 3 so that ¢ =
holds P-a.s..

Proof. Let (£,(,v,w) be a trajectory of 3. We are going to show that (€, {, 7, w) with

(=¢ é=Pg and i = [“‘Ql{fg‘sﬂ,

P-a.s. is a trajectory of 3. We use (3.7d), (5.7¢), (5.12b), (3-120), (5.12d), and (5.12¢) and derive

q
d Pt = (PAE + PBy + PDw)dt + PEEAW, + Y PR A P}

=1

q
= (PAPP¢ + PA(I, — PP)$ + PBv + PDw)dt + PE(PP + GF)¢dW, + Y PR;(PP + GF){d P}

i=1

q
= (PAPPE + PAGF¢ + PBu + PDw)dt + PPEPEAW, + Y PPR,PEA P}
i=1

q
= (PAPP¢ + PAGF¢ + PBu + PDw)dt + EPEAW, + Y R;P¢dP;.
=1
Now we use the equations (5.7a) and (5.75) and the definition of B and # to derive
q
dP¢ =(P(PA— BQ)P¢ + PAGF¢ + PBy + P(PD — BS)w) dt + EPEAW, + Y R;P¢d P}
=1
A A A A A A A Zi A A~ .
=(AP¢ + [PB PAG)D + Dw)dt + EPEAW, + Y R;PEd P}
i=1
A A A A A A ‘qy A A .
=(AP¢+ Bo+ Dw)dt+ EP¢AW, + R P¢d P}
=1

showing that (P¢,(, 7, w) is a trajectory of 3. From C' = C'P in (5.12a), it follows that ¢ = ¢ P-a.s. which concludes
the proof. (I
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5.2. Construction of abstractions. In this subsection, we provide constructive methods to compute the abstraction by
along with the various matrices involved in the definition of the stochastic simulation function and its corresponding
interface function.

First, let us recall Lemma 2 in [[GP09], showing that there exist matrices Aand @ satisfying if and only if columns
of P span an (A, B)-controlled invariant subspace, see e.g. [BM92, Definition 4.1.1].

Lemma 5.7. Consider matrices A, B, and P. There exist matrices A and Q satisfying (5.72) if and only if

imAP Cim P +im B. (5.13)
Given that P satisfies (5.13), it is straightforward to compute A and Q such that (5.7a) holds, by solving 7 linear
equations.

Similar to Lemma we give necessary and sufficient conditions for the existence of matrices Dand S appearing in
condition (3.70).
Lemma 5.8. Given P and B, there exist matrices D and S satisfying if and only if

imD CimP +im B. (5.14)

The proof of Lemma[5.8]is provided in the Appendix.

Now we provide necessary and sufficient conditions for the existence of matrices Eand R;, Vi € [1; q], appearing in

conditions and (5.7¢).
Lemma 5.9. Given P and E, there exists a matrix E satisfying if and only if
im EP C im P, (5.15)

The proof is recovered from the one of Lemmaby substituting A, A, and B with E, E, and 0,, ., respectively.

Lemma 5.10. Given P and R;, Vi € [1;§], there exists matrices R;, Vi € [1;q), satisfying (5.79) if and only if
im R,;P C im P, (5.16)
foranyi € [1;q).

The proof is recovered from the one of Lemma by substituting A, /1, and B with R;, Rz Vi € [1;q], and 0y, xm.»
respectively.

Lemmas [5.7] [5.8] [5.9] and [5.10] provide necessary and sufficient conditions on P which lead to the construction of
matrices A, D, E, and R;, Vi € [1; q], together with the matrices (), S appearing in the definition of the interface
function in (3.9). The output matrix C simply follows by C = CP. Aswe already discussed, the abstract external input
matrix can be chosen arbitrarily. For example one can choose B=1, making the abstract system Y fully actuated and,
hence, the synthesis problem over it much simpler. One can also choose B asin (3-1T) guaranteeing preservation of
all behaviors of ¥ on 3 under extra conditions in @ Lemma 3 in [GP09], as recalled next, provides necessary and
sufficient conditions on P and C for the existence of P, G, and F satisfying (5.12a), (5.125), and (5.120).

Lemma 5.11. Consider matrices C' and P with P being injective and let C = CP. There exists matrix P satisfy-
ing (5.124), (5.12b), and (B-12d)), for some matrices G and F of appropriate dimensions, if and only if

im P 4+ ker C = R". (5.17)

The conditions (3.13)-(5.16) (resp. (3.13)-(3.17)) complete the characterization of matrix P, together with the system
matrices {A, B, C, D} leading to the abstract matrices {fl, B,C, ﬁ}, where B can be chosen arbitrarily (resp. B is
computed as in (5.11)) for the sake of preservation of all behaviors of ¥ on % as long as conditions (5.12d) and (5.12¢)
are also satisfied). Note that there always exists an injective matrix P € R™*™ that satisfies the conditions (5.13)-(5.17).
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L g Y31

U > Y3 Y33
U2 Yo >4 Yaa

r» - Y42

FIGURE 4. The interconnected system 3 = Z(Xq, Yo, 33, Xy).

In the worst-case scenario, we can pick the identity matrix with 7 = n. Of course, we would like to have the abstraction
Y as simple as possible and, therefore, we should aim at a P with 7 as small as possible.

We summarize the construction of the abstraction 3 in Table m

1. Compute matrices M and K satisfying (5.2) and (3.3).

2. Pick an injective P satisfying (5.13)-(5-16) (resp. (5.13)-(5.17) only
if the computed matrices P,G,and F satisfy (5.12d) and (5.12¢€));

. Compute A and Q from (5.7a);

. Compute D and S from (5.75);

. Compute C=cp;

. Choose B arbitrarily (resp. B =[PB PAG));

. Compute R, appearing in (3.9), from @I)

. Compute E from (3.7d) (resp. E = PEP);

. For any i € [1; ], compute R; from (5.7¢) (resp. R; = PR, P).
TABLE 1. Construction of an abstract JLSS 3 for a given JLSS 3.

O 0 3 N L W

6. AN EXAMPLE

Let us demonstrate the effectiveness of the proposed results by synthesizing a controller for an interconnected system
consisting of four JLSS ¥ = Z (%, X9, X3, 34). The interconnection scheme of ¥ is illustrated in Figure The system
has two outputs and we synthesize a controller to enforce them to stay approximately (in the 2nd moment metric) within
the safety constraint

S =1[05] x [05].

In designing a controller for 3 we proceed as follows. In the first step, we compute abstractions 33; of the individual
subsystems to obtain an abstractlon f] = Z(f]l, f]g, f]g, 24) of the interconnected system . The interconnection
scheme changes for 3 (see Rernark and the abstract system is glven by two identical independent interconnected
systems Sy = I(Zl, 24) and Y93 = I(Zg, 23) The abstract system ¥ is illustrated in Flgurel In the second step,
we determinize the stochastic systems 214 and Y3 by neglecting the diffusion and reset terms. We obtain two identical
deterministic control systems 214 and 223 We show that E is an abstraction of E,, i € {14,23} by computing
an SSF-M, function from E to Z In the third step, we fix a sampling time 7 > 0 and use the MATLAB Toolbox
MPT [HKIMI3] to synthesize a safety controller that enforces the safety constraints on ¥ = Z (214, 223) at all sampling
times k7, k € N. In the final step, we refine the computed controller for 3 to a controller for ¥. We use Theoremto
establish a bound on the distance in the 2nd moment metric between the output trajectories of X and the safe set S.
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U N Y14 ~
H X Y3 —
Y33
N N Ya4
— X2 - Xy [T
U2 Y23

FIGURE 5. The abstract interconnected system 3 = I(f]l, 39,3, 24).

6.1. The interconnected system. Let us consider the system illustrated in Figure ] The subsystems 37 and X, are
double integrators and >3 and X4 are autonomous triple integrators. All systems are affected by a scalar Brownian
motion and a Poisson process. For j € {1,2} the system matrices are given by

A= [g (1)] , B; = m , Cf = H , Bj =041, Rj = 0.115,

and for i € {3,4} by

0 1 0 1
A4, =1 0 0 1|,B;=0,CI'=10|, E; =041I35, R; = 0.115.
—24 —26 -9 0

The rate of the Poisson process P, is A = 4.2. The output of 3, (resp. X5) is connected to the internal input of >4
(resp. X3) and the output of X3 (resp. X4) connects to the internal input of 7 (resp. X2). The output functions
hij(xi) = Cijl‘i are determined by C“ = U46—2) = [1 0 O] fori € {3,4}, 023 = 014 = [1 0} and ]’Lij = 0 for
the remaining 4, j € [1; 4]. Correspondingly, the internal input matrices are given by
0 0
Dy1 = D3y = |—df, Dj(j+2) = |: :| , d#0, j€ {1,2}.
5d d

Subsequently, we use Cl = C14, 02 = 023, Ci = Cn‘,i S {3,4}, D1 = D13, D2 = D24, D3 = D32, D4 = D41, and
denote the JLSS by %, = (4, B;, Cy, Dy, E;, R;).

Q.Z. The abstract subsystems. In order to construct an abstraction for Z(31, X9, 33, ¥.4) we construct an abstraction
3; of each individual subsystem ¥;, ¢ € {1,2,3,4}. We begin with ¢ € {1, 2} and follow the steps outlined in Table
First, we fix K = 2 and solve an appropriate LMI (see Lemma to determine the matrices M; and K; so that (5.2)

and (5.3) hold. We obtain
(168 04] o [-9
M = {0.4 0.23] K= [—4} ‘

We continue with step 2. and determine

2

so that (5-13)-(5-17) hold. The matrices P, F;, and G; that (S-126)-(5-12¢) hold, follow by P, = [1 0],GT = [0 2],
and F; = [1 0} . We continue with steps 3.-8. and get the scalar abstract JLSS subsystems X;, ¢ € {1, 2} with

rPr=1 -2],

Aj=-2,Bi=1,D;=0,C;=1, E; =04, R; =0.1.

Simultaneously, we compute @); = 2 and S; = —d. As already discussed in Remark @ D; € im B; and we can
choose D; = 0. It follows that the subsystems %;, ¢ € {1, 2}, are not affected by internal inputs, which implies that the

interconnection between X3 (resp. 34) and X; (resp. X2) is absent on the abstract interconnected system »; compare
also Figure 4] and Figure 5]
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We continue with the construction of 3; for i € {3,4}. We repeat the procedure and obtain

6.924 3.871 0.468
M; = 3871 2534 0315, K,;=0.
0.468 0.315 0.054

In step 2., we compute

r 1 -2 4
3{1—39’

so that (3.13)-(3.17) hold. The equations (5.12b)-(5.12¢) are satisfied by

5 _ 1[0 -9 -3
R‘Gk 4 2

GI'=[1 0 0],andF;=%[6 5 1]. Wefollow steps 3.-8. and get the 2D abstract JLSS subsystems Siie {34},

where
-2 0 S 12| - 1| =
with the diffusion and reset terms again given by Ei = 0.415 and Ri = 0.115. Moreover, @; = 0and S; = 0.

Forall i € {1,2, 3,4}, equations (3.2)), (3.3), and (3.7) hold. Hence, Theoremapplies and we see that V;(z;,%;) =
(v; — P;#;)" M;(x; — P;#;) is an SSF-My function from $ito Y, foralli € [1;4]. Moreover, (5.12) holds and
Theorem |5.6|implies that all the behaviors of X; are preserved on 5 Following the proof of Theoremwe see that
the interface function for i € {1, 2} follows by (5.9) as

Viﬁi (.’El,jﬁl,’ﬁ,wd}l) = KZ‘(SCZ' — PZ.’IA%) — 2i'i — 2.5’&,‘ — dﬁ]i, (61)

S

and v;p, = 0 for i € {3,4}. Here we used (5.10) to compute B; = —2.5 for i € {1,2}. Although the internal input
matrices for ¥; and Y5 are zero, the internal inputs w; = g3 and wy = g, still appear in the interface function. As
provided in the proof of Theorem the K functions for i € {1,2} and j € {3,4} are given by

ai(s) = 5, 0i(5) = 25, Piext(s) = 0.165%, piine () = 1.3d%s?,
a;(s) = 8, mj(5) = 25, pjext(s) = 1505, pjin(s) = 7.9d*s?,

for any s € R>.

6.3. The interconnected abstraction. We now proceed with Theorem4.2]to construct a stochastic simulation function
form 3. to >.. We start by checking the Assumption |1} Note that p;in satisfies the triangle inequality and we use
RemarkHto see that Assumption |1|holds for v;(s) = s, A\; = 2, and d;; are given by

0 0 13 0
o 0 0 1.3
0o 79 0 O
79 0 0 O

Additionally, we require the existence of a vector . € Rio satisfying (4.3)), which is the case if and only if the spectral
radius of A is strictly less than one, i.e., 1/21/1.3 x 7.9d? < 1, which holds for example for d = 1/2. One can choose
the vector p as = [2 2 1 1] and, hence, it follows that
2 4
V(&)= 2Vi(wi, @)+ Y Vil &),
i=1 i=3
is an SSF-M> from I(ﬁll, 39,3, 534) to Z(X1, X9, X3, X4) where the interface function follows from (6.1). Following
the proof of Theorem [4.2] we see that V' satisfies (3-I) with a(s) = s and (3.2) with 7(s) = 1.358, pexi(s) = 15052,
and pin = 0. Here, we computed 7 and pext according to and (@76). Subsequently, we design a controller for ¥
via the abstraction 3. We restrict external inputs for 23 and 24 to zero, so that we can set pjext = 0, j € {3,4}. Asa
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FIGURE 6. Part of the domain of the safety controller. The left figure shows the projection on Z; and
Zo. The right figure shows the projection on x5 and 3.

result peyxt reduces to pext(s) = 0.16s%, Vs € R>o, and we use Theorem [3.3|in combination with Remark [5.3[to derive
the inequality

B[]l Car (1) = Can (DI°] < e *E[V (a, )] + 0.12E[||3.]. 6.2)
6.4. The deterministic system and the controller. The synthesis of the safety controller is based on a deterministic

system iA which results from 2 by omitting the diffusion and reset terms. In particular, we determinize the identical
systems X14 = Z(X1,24) and Xa3 = Z(X5, X3) and obtain for ¢ € {14, 23} the systems

. 2 0 —d] 0
_aewy=10 =3 d|&w)+ o] m),
D 0 0 -2 1

Git) = 1 1 0 &ilt).

We compute an SSF-M; function V(i) = [&; 2T Mi; %] from & = Z(X14, X93) to ¥, by solving an appropriate
LMI. The matrix M results in

mq 0 —TMa 0

N 0 m 0 —m

M= . 1 2

—my 0 ms 0

0 *m; 0 ms

with

1.1400 1.3072 0.0052 1.1437 1.3112 0.0060 1.1793 1.3649 0.0081
my = |1.3072 1.6968 0.0228| , mo = |1.3365 1.7181 0.0218], mg = |1.3649 1.7631 0.0224
0.0052 0.0228 0.0104 0.0089 0.0230 0.0085 0.0081 0.0224 0.0079

The associated K, functions are given by a(r) = 7, n(r) = 0.82r, pext(r) = 0.3272, and pi,y = 0. Again we use
Theorem [3.3]and Remark [5.3] to establish

El|as (1) — Gao(OI°] < e "5 E[V (a,a)] + 0.4]17)1%. (6.3)

Next we design a safety controller to restrict the output § € R of 3;, i € {14,23} to [0 5]. Additionally, to control the
mismatch between the trajectories of X and 3 we limit the inputs to @ € [—1 1]2. We fix the sampling time to 7 = 0.1
secs and use the MATLAB Toolbox MPT [HKIMI3] to compute a safety controller K : RS — 2[-1 1]2, which when
applied in a sample-and-hold manner to % enforces the constraints at the sampling instances ¢t = k7, kK € N. A part of
the domain of the controller, which restricts the initial states of Y is illustrated in Figure@ Note that K is a set-valued
map that provides, for each state 7 in the domain of K, possibly a set of admissible inputs K () C [—1 1]*.
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6.5. Input trajectory generation and performance guarantees. We use the closed-loop system consisting of ¥ and
K to generate input trajectories for . Let (5 .C, V) be a trajectory of S that satisfies K, i.e., 7 is constant on the intervals
7k, (k+1)[, k € N, and satisfies 7(k7) € K (£(k7)) for all k € N. We use the interface (6.1 to compute the input
trajectory v for 3. Using the bounds in (6.2) and (6.3), the overall estimate between output trajectories of S and ¥
follows to

(Bllar ) = o)1) < (Bl ) = Gao(®)12]) " + (BlliGas(®) — Gao(®)21)
e O E[V (a, )] + e “UE[V (6, d)]2 + |7 . (6.4)

IN

We show some sunulatlon results of the controlled system in Figure @ The initial state of X is fixed as a =
[1; —5;1; —1; —5;1; —2; 1; —2]. We determine the initial state for > as well as 3 as the vector @ € RS lying in
the domain of the controller and minimizing V (a, @) which is a = [1.44; —0.69; 1.44; —0.69; 1; 1]. We randomly pick
the input 7(k7) in K (€(k7)). In the top two plots of the figure, we see a realization of the observed process ¢; (resp.
(2) and {; (resp. (2) of ¥ and &, respectively. On the middle plot, we show the corresponding evolutions of the refined
input signals v, and 15 for 3. On the 2nd plot from bottom, we show the square root of the average value (over 1000
experiments) of the squared distance in time of the output trajectory of X to the one of 3, namely, ||Cq — Cas||%. The
solid black curve denotes the error bound given by the right-hand-side of (6.2)). On the bottom part, we show the square
root of the average value (over 1000 experiments) of the squared distance in time of the output trajectory of X to the set
S, namely, ||4.(t)]|s. Notice that the square root of this empirical (averaged) squared distances is significantly lower
than the computed bound given by the right-hand-side of (6.4), as expected since the stochastic simulation functions can
lead to conservative bounds. (One can improve the bounds by seeking optimized stochastic simulation functions.)

7. SUMMARY

In this paper we proposed a compositional framework for the construction of infinite approximations of interconnected
stochastic hybrid systems by leveraging some small-gain type conditions. We introduced a new notion of stochastic
simulation functions to quantify the error between the stochastic hybrid systems and their approximations. In compar-
ison with the similar notion in [JPQ9], our proposed notion of stochastic simulation functions is computationally more
tractable for stochastic hybrid systems with inputs. Moreover, we provided a constructive approach on the construction
of those infinite approximations for a class of stochastic hybrid systems, namely, jump linear stochastic systems. Fi-
nally, we illustrated the effectiveness of the results by constructing an infinite approximation of an interconnection of
four jump linear stochastic systems in a compositional manner.

APPENDIX

Proof of Lemma[3.4} Lemma [3.4]is an extension of Lemma 4.4 in [LSW96] and the proof follows similar ideas. The
proof includes two steps. We first show that the set [0, so], so := 771(2g), is forward invariant, i.e., if y(to) € [0, so],
then y(¢) € [0, so] for all ¢ > ¢;. For the sake of contradiction, suppose the trajectory y visits [0, so] and then later
leaves it. Due to the continuity of y, this implies that there exist a time instance ¢ > to and positive value € > 0 such
that y(to) = so and y(t) = so + &, and y(7) > s¢ for all T € [to, t]. In view of the lemma hypothesis, we then have

o<e:y®—ymo§/wm@w»+msm

to

which concludes the first step. In the second step, we assume that y(0) > so. Consider the function k : Ryo — R
defined as
s —dr

S ATTTG
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t [sec]

FIGURE 7. Top two plots: One realization of (; (resp. (3) (=) and él (resp. 52) (=). The middle
plot: the corresponding realization of external inputs vy (=) and v (=) of 3. The 2nd plot from
bottom: Square root of the average values (over 1000 experiments) of the squared distance of the
output trajectory of X to the one of . The solid black line indicates the error bound given by the
right-hand-side of (6.2). Bottom plot: Square root of the average values (over 1000 experiments) of
the squared distance of the output trajectory of X to the safe set S.
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Let ¢4 be the first time that the process y reaches sg, i.e., t5 := inf{t > 0 : y(t) < 50}E| In the following we show that
the function

I(r,t) ::{ ml(n(rg+t/2)7 :ig 1)

is indeed the desired KL function for the lemma assertion. Note that for all ¢ € [0, ¢;], we have n(y(t)) > 2g, and that
we have

y(t) t t
; y W) -9 o [a@) ot
) - (/) i {otr) / () 5} ¢ 20/ awim) T

The above observation together with the fact that the function  is strictly decreasing on (0, co) imply that

y(t) < n_l(m(y(O)) +t/2), vt € [0, ).

Note that lim, o k(s) = oo, and since « is strictly decreasing on (0, 00), the function ¥(r, ¢) defined in isa s
function in the first argument for each ¢, and decreasing with respect to the second argument for each nonzero r. As
such, the function ¥(r, t) is a KL function. Combining the results of the two steps concerning the intervals [0, t,] and
(ts, 00) concludes the desired assertion. O

Proof of Theorem@ For any time instances t > to > 0, any D(t) € R™, any w(t) € RY, and any random variable a
and & that are Fo-measurable, there exists v(t) € R™ such that for all w(t) € R, one obtains

B [V (€0, €a50(0)] = B [V (€10, is2(00) / £ (G, aso(s)
< B[V (e (t0) Gasat)] + B[ [ (1 (€ ),Eac (1)) + s 1))+ i (5) ~ a(s)1) ds

< B[V (1) €a000))] + [ (B [V (€ovu(6): a0 ()] ) + Bl (10]) + pie(los = 2])] ',

where the first equality is an application of the It6’s formula for jump diffusions thanks to the polynomial rate of
the function V' [@S05, Theorem 1.24], and the last inequality follows from Jensen’s inequality due to the convexity

assumption on the function 7 [[Oks02, p. 310]. Let us define the process y(t) := E|V (£qvw (t A;“;‘;, t))|. Note that in
p 7 p p y(t) := B[V (€avw(t), Cave (t))]

view of the Itd’s formula, the process y(-) is continuous provided that the solution processes &4, and E@M have finite
moments. This is indeed the case under our model setting in Definition [2.1] in particular due to the Lipschitz continuit
i

of functions f, o, r, f , 0,7 [@S05, 1.19]. Therefore, the process y(t) meets all the required assumptions of Lemma 3.4
implying that there exists a L function 9 such that

ELV (€av (1) asa(D)] < 9(BIV (0, )], ) + 17" (2B [pexc ([7l]oc) + pint (oo = @) )- (7.2)

In view of Jensen’s inequity and using equation (3-I)), the convexity of « and the concavity of pext, pint, We have
& (B[ ll¢ara () = Cara®I*]) < B [ (Il6arw (1) = Cara®II*)] < B[V (€ (), Gasa (8))]
< O(BIV (a,@)},¢) + 1" (20ext (BllI7lloc]) + 20 (Bl — Gloc]) ),
which in conjunction with the fact that o € K, leads to
E [IGose(®) ~ Goa 1] < @™ (9(EIV (@ 0] ) + 7 (st (BI]) + 2010 (Bl ~ 211D )

<o (20(BIV(a,a)),t)) +a (207 (4pex (ElI7llc]) ) + 7" (207" (40100 (Ellw = Dl1])) )

5By convention, inf ) = oco.
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Therefore, by introducing functions (3, Yext, and i, as
B(r,t) == a ' (20(r,1)),
Yext (1) := ™" (271’1 (4pext (r))), (7.3)
Yoot () 1= o (207" (4pine (1) )

inequality (3.3) is satisfied. Note thatif o' and ! satisfies the triangle inequality (i.e., a1 (a+b) < a~(a)+a~1(b)
and n~(a+b) <n~'(a)+n"1(b) forall a,b € R>(), one can divide all the coefficients by factor 2 in the expressions
of 3, Yext, and iyt in (7.3) to get a less conservative upper bound in @ |

Proof of Proposition[3.3] Since V' is an SSF-M;, function from S to ¥ and n(r) > Or for some § € R, and any

r € R>q, forany o € U, any @ € W, and any random variable a and a that are Fy-measurable, there exists v € U such
that for all w € W one obtains:

LV (€avr(), €256 (1)) < = OV (Earat), &aa(t)) + pest(171]s0) + pras ([l = @]o0).
Since there exists a constant € > 0 such that € > pext ([|7|00) + pint (]|w — @[] ), One obtains:
LV (éaw(t),éaﬁ@(t)) <0V (£M (1), €ave (t)) + € (7.4)

and the following chain of inequalities hold:

IP{ sup || Cave (t) — faf/w(t)H >e | [a5&]} = IP{ sup a(
0<t<T 0<t<T

Goea) = Gasol)]) 2 o) | s}

< IP{ sup V (ﬁaw(t),éw@(t)) > a(eh) | [a;d]}. (15)

0<t<T

Using inequalities (7.4), (7.3), and Theorem 1 in [Kus67, Chapter III], one obtains the inequalities (3.4) and (3.3). O

Proof of Proposition[3.6] The proof is a simple consequence of Theorem [3.3] and Markov inequality [Oks02]], used as
the following:

==

Bl = o0l _ (B [Ioora(®) = Ga011])

3 3

(B (BV (2, @)}, 1) + Yest (BI2 ]| oo]) + Yin (Bl — &]loc]))* .

IN

P {|lGaves(t) = Gasa(8)]| 2 €}

IN

O

Proof of Corollary[3.7] Since V is an SSF-M, function from Y to X, for o = 0 and any random variable a and a that
are Fy-measurable, there exists v € U such that one obtains:

£V (Gau(®):€an(®)) < =1 (V (San(t),an®)) )

implying that V' (ga,,(t),édo(t)) is a nonnegative supermartingale [Oks02| Appendix C]. As a result, we have the
following chain of inequalities:

Goult) = Gao0)]| > 2 1 it} =P { sup_a (

0<t<oo

el Goelt) = G0 ) > ) | esal}
Viaa)
a(er)

<P{ s V (6l Ga0(0) > ae") | [l } <

0<t<©

where the last inequality is implied from V (€4, (), £40(t)) being a nonnegative supermartingale and [Kus67, Lemmal].
(]
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Proof of Lemma[5.8] Suppose that im D ¢ im P + im B, then there exists w € R? so that Dw # P# — Bu holds for
all # € R™, u € R™. Hence cannot hold for any matrix D and S. Now suppose im D C im P + im B. Let e;
denote the columns of I,,. Then there exist d; € R and s; € R™ so that De; = Pd; — Bs; holds foralli € {1,...,p}

O

and the matrices D = [d; ... d,]and S = [s1 ... s,] satisfy (5.75).
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