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ABSTRACT. We study the problem of estimating the optimal Q-function of ~-discounted Markov
decision processes (MDPs) under the synchronous setting, where independent samples for all state-
action pairs are drawn from a generative model at each iteration. We introduce and analyze a novel
model-free algorithm called Variance-Reduced Cascade Q-learning (VRCQ). VRCQ comprises two
key building blocks: (i) the established direct variance reduction technique and (ii) our proposed vari-
ance reduction scheme, Cascade Q-learning. By leveraging these techniques, VRCQ provides supe-
rior guarantees in the {o.-norm compared with the existing model-free stochastic approximation-type
algorithms. Specifically, we demonstrate that VRCQ is minimax optimal. Additionally, when the
action set is a singleton (so that the Q-learning problem reduces to policy evaluation), it achieves non-
asymptotic instance optimality while requiring the minimum number of samples theoretically possi-
ble. Our theoretical results and their practical implications are supported by numerical experiments.

1. INTRODUCTION

Markov decision processes (MDPs) and reinforcement learning (RL) are widely used mathematical
frameworks for decision-making in dynamic and uncertain environments, with an extensive history
of research [Bel57; Wat89; BT96; WKR13; Cen+22]. In recent years, thanks to the surge in available
data and computing power, RL techniques have enjoyed tremendous success across a wide range of
applications [MKal5; SHal6; Lev+16; VBal9; Kir+22; Kau+23].

Generally, there are two main approaches to RL: model-based [see, e.g., AMK13; AKY20; Li+24;
BR24] and model-free [see, e.g., Jin4+18; Gha+11; Wail9b; Wail9c; KYa22; Li+23b]. In model-
based RL, we first learn a model of the MDP using a batch of state-transition samples and then
use this model to form a control policy. On the other hand, model-free approaches directly update
either the value function, representing the expected reward starting from each state, or the policy,
which is the mapping from states to their actions. Given that model-free RL algorithms operate
online, demand less storage space, and are more expressive, the majority of state-of-the-art RL
developments have been within the model-free paradigm [MKal3; MBal6; Sch+15; VBal9].

This paper focuses on model-free algorithms for finite state-action RL problems when we have
access to a generative model of MDP [Kak03; KMNO02]. That is, a sampling model or a simulator
that produces independent samples for all state-action pairs. Our analysis is specifically focused on
infinite-horizon discounted MDPs, with the states space X, the actions space U, and the discount
factor v € (0,1). It is worth noting that although the generative setting is generally simpler
than online RL settings [LH14; Jin+18; Li+21], the results and techniques developed within this
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framework often extend to more complex settings [see, e.g., AMK13; AOM17]. With the generative
setting in mind, we introduce a novel model-free algorithm named Variance-Reduced Cascade Q-
learning (VRCQ), Algorithm 2) and analyze its ¢.-based sample complexity, namely the number of
samples required for VRCQ to yield an entrywise e-accurate estimate of the optimal Q-function.

The VRCQ algorithm consists of two building blocks: (i) a direct variance reduction technique
inspired by [Wail9c; JZ13; RSB12], and (ii) our novel variance reduction scheme, Cascade Q-learning
(Algorithm 1). Thanks to these methods, VRCQ offers better theoretical guarantees in the fo
norm compared with existing model-free algorithms. To demonstrate this, we examine the sample
complexity of VRCQ from two perspectives: (i) the minimax viewpoint, which provides bounds that
hold uniformly over large classes of models [AMK13; Gha+11; Wail9c¢; Li+23a; KYa22], and (ii)
the instance-dependent perspective [Kha+21; Kha+24; Li+23b; PW21; LS18; MPW24], offering
bounds that hold locally around each problem instance. In the latter case, to simplify the analysis
and facilitate comparison with recent works [Kha+21; Kha+24; Mou+23; Li+23b], we focus on the
scenario where the action set U is a singleton (i.e., U] =1).

Main Contributions and Connection to Prior Work

The following outlines our main contributions and positions them within the relevant literature.

(i) Cascade Q-learning (CQ) and its direct variance-reduced extension. We introduce
a novel variance reduction scheme named Cascade Q-learning (CQ, Algorithm 1). By establishing a
non-asymptotic upper bound on the performance of CQ, we demonstrate that, thanks to its unique
structure, it mitigates the impact of noise (Proposition 1). Moreover, employing the CQ scheme
and the direct variance-reduced technique [Wail9c; Sid+18; JZ13], we propose a novel model-free
RL algorithm called Variance-Reduced Cascade Q-learning (VRCQ, Algorithm 2). VRCQ follows
an epoch-based structure akin to standard variance reduction schemes, such as SVRG [JZ13] and
the variance-reduced Q-learning [Wail9c]. In each epoch, we run the CQ algorithm, but we recenter
our updates to reduce their variance.

(il) Geometric convergence rate over epochs with shorter epoch lengths. Similar to
standard direct variance reduction schemes, VRCQ exhibits a geometric convergence rate as a
function of the epoch number (Theorem 1). VRCQ achieves this while utilizing only the order
of (1 —~)~2 samples (up to a logarithmic factor) within the inner loop of each epoch (the epoch
length). In contrast, the variance-reduced Q-learning proposed in [Wail9c] requires the order of
(1 — ~)~3 samples (up to a logarithmic factor) as the epoch length to achieve a similar outcome.
(see Theorem 1 and Remark 2 for more details).

(iii) Minimax optimality. We consider the class M (7, rmax) of optimal Q-functions that can be
obtained from y-discounted MDPs with a reward function bounded by 7,ax. Over this class, we show

2 D Tmax
that VRCQ requires at most O (Tmax Ogg(z(al_of)(g(l_w)))
probability at least 1—4, where € € (0,1] and D = |X|x|U| . This upper bound matches the minimax
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1 D
lower bound Q(M) [AMK13] up to a log (log( Dunax )) factor. In contrast, the worst case

samples to return an e-accurate solution with

2(1-7)3 (I=7)e
sample complexity of Q-learning [Li+23a] and Speedy Q-learning [CGha+11] scale as (1—+)~%. Mirror
descent value iteration [KYa22] has the worst-case optimal cubic dependency on (1 —+)~! when
e € (0,4/1 —~]. This implies that € must be sufficiently small when + is close to 1. Variance-reduced

Iznaxl = 1 21 Tmax
Q-learning [Wail9c| has the worst-case sample complexity O(T og(176)2(olg(’y()53 Og((lﬂ)é)))

for € €
(0,1]. As we can see, in the worst-case scenario, VRCQ outperforms variance-reduced Q-learning by
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a logarithmic factor in the discount complexity (1—v)~!. This improvement is the direct consequence
of the previously mentioned feature of the VRCQ algorithm, namely achieving geometric convergence
over epochs with shorter epoch lengths. While this feature only results in a logarithmic improvement
in the worst-case setting, we will demonstrate that by considering a stronger criterion for optimality,
known as instance optimality [Kha+21; Kha+24; MPW24; PW21], the distinction in performance
between these two algorithms becomes more apparent. A detailed comparison between VRCQ and
other algorithms from the minimax perspective is provided in Remark 3.

(iv) Non-asymptotic instance optimality. We study the instance-dependent behavior of
VRCQ when the action set consists of a single element (|U/| = 1), so that the problem of estimating
the optimal Q-function reduces to the policy evaluation problem. In this setting, we provide an
instance-dependent upper bound on the ¢, -error in the non-asymptotic regime and show that the
VRCQ algorithm is instant optimal when the number of samples scales as (1 —v)~2 (Theorem 3).
This sample size requirement matches the lower bound developed in [Kha+21]. By comparison,
Polyak-Ruppert averaged Q-learning with both polynomial step size and rescaled linear step size
is suboptimal in the non-asymptotic setting [Kha-+21; Li+23a]. Additionally, variance-reduced Q-
learning [Wail9c] is instance optimal when the number of samples scales as (1 — v)™3 [Kha-+21].
Remark 5 provides a more detailed comparison between VRCQ and other algorithms from the
instance-dependent viewpoint.

Algorithm worst-case sample complexity e-range
Q-learning[Li+23a] e2(1—v) 1 €€ (0,1]
Speedy Q-learning [Gha+11] e2(1—v)1 e (0,1]
Mirror descent value e2(1—7v)73 e€ (0,yI—~]
iteration [KYa22]
VRCQ (this paper) e 2(1—7v)73 e € (0,1]

Table 1. Upper bounds on the worst-case sample complexity for some algorithms.
All logarithmic factors are omitted in the table to simplify the expressions.

Algorithm Upper bound on the ¢,,-error Sample size requirement
PR averaged Q-learning with suboptimal even in the
rescaled linear step size Suboptimal asymptotic regime
[Kha+21; Li+23b] [Li+23Db, sec. 5]
PR averaged Q-learning with log(D) (71}(?) + ,0(73)), Asymptotically optimal, but
polynomial step size optimal up to a logarithmic suboptimal in the
[Kha+21; Li+23b] factor in the dimension non-asymptotic regime
Variance-reduced Q-learning log(D) (’yv(P) + p(P)),
[Wail9c; Kha+21; Kha+24] optimal up to a logarithmic O((kl)%(f)%)a suboptimal
factor in the dimension
V/1og(D) (71}(7’) + p(P)), O((hig_(,lyj)%), optimal up to a
VRCQ (this paper) optimal up to a logarithmic logarithmic factor in the
factor in dimension dimension
Lower bound [Kha+21] yu(P) + p(P) Q(ﬁ)

Table 2. Instant-dependent bounds on the {,,-norm of error in the non-asymptotic
regime when || = 1.
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The remainder of this paper is organized as follows. In Section 2, we present a review of fun-
damental concepts related to MDPs and RL. In Section 3, which serves as the central part of this
paper, we begin by introducing a novel scheme called cascade Q-learning (CQ), designed to mitigate
the impact of noise throughout the horizon. Subsequently, we present a direct variance-reduced ex-
tension of CQ, referred to as VRCQ, and examine its sample complexity from both the minimax and
instance-dependent perspectives. Section 4 includes illustrative examples and simulation results. In
Section 5, we discuss some conclusions and outline potential future directions. The proofs of the
main results are provided in Section 6.

Notations. Throughout the paper, we use the following notations. The symbols R and Ryq
represent the sets of real numbers and positive real numbers, respectively. The cardinality of a set S
is denoted by |S|. Given matrices A, B € R"*™, A < B means A;; < Bj; foralli=1,..,nand j =
1,..,m. The ¢,-norm and span seminorm of A are, respectively, defined as [|A|| := H}E;X |A;j| and

| Allspan = max Aij — nlnjn A;j. We use 1 to denote the all-ones matrix. The function log : Ry = R

represents the natural logarithm.

2. SETTING AND PROBLEM DESCRIPTION

This section briefly reviews some standard concepts of MDPs and RL. For further background on
these topics, we refer the reader to several books (e.g., [Berl7; Putl4; Sze09; SB18]). A discounted
MDP is a quintuple (X,U,P,r,~), where X is a finite set of possible states, U is a finite set of
possible actions, P = {P,(- |z) | (z,u) € X x U} is the collection of state-action probability
transition functions (when in state x, executing an action w causes a transition to the next state
drawn randomly from the transition function P, (- |x)), 7 : S x U — R is the reward function (i.e.,
r(z,u) is the immediate reward collected in state x € X when action u € U is taken.), and v € (0,1)
indicates the discount factor. A deterministic policy 7 : X — U is a map from the set of states X
to the set of actions Y. The action-value function or Q-function of a given policy 7 is defined as

(e}
O™ (z,u) :=E Zv”r(xn,un) | (zo,uo) = (z,u)|,
n=0
where u, = 7(zy) for all n > 1, and the expectation is evaluated with respect to the randomness
of the MDP trajectory. Moreover, ©*(z,u) = sup O™ (z,u) and 7*(x) = arg max ©*(x, u) are called
T u

the optimal Q-function and optimal policy, respectively. It is well known from the theory of MDPs
that ©* is the unique fixed point of the Bellman operator. The Bellman operator is mapping from
RI¥IXUI to itself, whose (x,u)—entry is given by

T(O)(z,u) :=r(x,u) + vYEz maxO(Z,u) where =~ P,(-|z)

In the context of RL, the probability transition functions P = {P,(- |z) | (z,u) € (X,U)}
are unknown. As a result, the Bellman operator cannot be exactly evaluated. In the generative
setting of RL, at each iteration n, we observe a sample z,(x,u) drawn from the transition function
P,(- |z) for every pair (z,u). Moreover, we assume at each iteration we have access to a noisy
observation 7, (x,u) of the reward function with mean r(z,u), and o,-sub-Gaussian tails. The
rewards {7(z,u)}(zu)e(xu) are independent across all state-action pairs, as well as the randomness
in z,,(x,u). The objective is to compute an approximation of the optimal Q-function based on these
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observations. The empirical Bellman operator at iteration n is defined as
Tn(©)(z, 1) := fn(z,u) + ymax O(z,, 1)  where z, = xp(z,u) ~Py(- | ).
u

Note that the empirical Bellman operator is an unbiased estimation of the Bellman operator, i.e.,
ET,(0) = T(©). Moreover, the Bellman and empirical Bellman operators are 4-contractive in the
lo-norm. The matrix W, := 7,(0*) — T(©*) denotes the effective noise or the Bellman noise
associated with the operator ’771 It indicates the failure of ’ﬁ to maintain ©* as its fixed point [see
Wail9b, sec. 2.2]. It is worth noting that the (x,u)-entry of W,, can be written as

Wy (z,u) = (fn(a:,u) — r(m,u)) + 7<m?_?x O*(zp,u) — Ez max @*(a‘c,ﬂ)).

The first term on the right-hand side of W,,(z,u) is a sub-gaussian random variable with variance
at most o,, and the second term is bounded in absolute value by 7v||©*||span and has the variance

2
o(0%)(x,u) = 'yzEj(m_aX 0*(z,u) — Ez max ©*(Z, ﬂ)) .

Here the expectations E; and E; are both computed over P, (- | z). The matrix of variances o(©*) is
referred to as the effective variance matrix, and it plays a central role in the non-asymptotic analysis
of stochastic approximation-type RL algorithms [Wail9b; Wail9c; Li+23a; Li+23b].

As the final preliminary point discussed in this section, we note that in the generative setting,
since each iteration involves drawing D = |X| x || samples, the number of samples is a factor of D
larger than the number of iterations.

3. MAIN RESULTS

In this section, we first introduce a novel scheme called Cascade Q-learning (Algorithm 1) and
motivate it from a variance reduction standpoint. We then integrate this scheme with the direct
variance-reduced technique [RSB12; JZ13; AZ18; Sid+18; Wail9c| to develop an algorithm with
superior theoretical guarantees (Algorithm 2).

3.1. Cascade Q-Learning: A New Scheme to Reduce the Effect of Noise

The pseudo-code of the Cascade Q-learning (CQ) is shown in Algorithm 1. At each iteration,
CQ evaluates the empirical Bellman operator 771 at the point Y11 = (1 — A\)Y, + A\Z,,. It then
calculate 7,41 based on the update rule Z,11 = (1 — \)Z, + )\ﬁ(YnH), and average the iterates
{Yiy1}~,. To gain a better understanding of the algorithm, it is noteworthy that if we replace the
update rule Y, 11 = (1-\)Y,+\Z,, with Y,,11 = Z,,, then CQ transforms into Polyak-Ruppert (PR)
averaged [PJ92] Q-learning with the constant step size A. Therefore, generally speaking, CQ can be
seen as PR averaged Q-learning, coupled with an additional filtering step (or a momentum term),
given by Y, 11 = (1 — \)Y, + AZ,. As we demonstrate shortly, thanks to its underlying structure,
CQ outperforms Q-learning in its ability to handle noise fluctuations. The following proposition
provides an upper bound on the performance of the CQ algorithm.

Proposition 1 (Non-asymptotic guarantee for Cascade Q-learning). Consider an MDP with dis-
count factor v and optimal Q-function ©*. Suppose we run Algorithm 1 from the initialization ©g
for N iterations with the constant step size A € (0,1). Then, we have

* 200 -0 2 7 o
E||ON, — 0|0 < - A
|| Ne || — (177))\]\76 +31*’Y

* 2A *
log(2D)|© Hspan'*’ﬁ 2]Og(2D)(||U(@ )”oo‘l‘o'r)-
(1)
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Algorithm 1 Cascade Q-learning (CQ)
Require: N, and O
Yi=21=06g
forn=1,...., N, do
Vg1 = (1 = N + A2
Zng1 = (1= N Zn 4 AT (Yng1)
O, = % Z?:l Yi
end for

Some comments on Proposition 1 are in order. The first term on the right-hand side of the
above inequality indicates the initialization error, while the second and third terms originate from
the fluctuations of the Bellman noise W,, = 7,,(6*) — T(6*) in the algorithm. A careful look at
(1) reveals that the best possible convergence rate for CQ is achieved by choosing a step size of

the form A = —2-, where A € Ry . It is interesting to note that A = —2— is reminiscent of the

VN’ V/Ne
optimal choice of the step size in the PR averaged stochastic gradient descent algorithm in the
optimization literature [see, e.g., Nem+09, sec. 2.2]. Hence, Cascade Q-learning seems to be a
natural algorithm for addressing fixed problems when the operators exhibit contractive behavior in

the {s-norm. Substituting A = \/% into (1) yields

2[00 = O oo, 2X*7108(2D) O lspan 2)/210g(2D) (|lo(6%) | + o)
AL =7)v/Ne 3(1—7)Ne (1—=7)vNe '
It follows directly from the above inequality that by running CQ for
100~ O | 10B(D)IO" o, D10 + )
(1—7)2e? (1—7)e (1—7)2e?
iterations, we have E|©y, — ©*|| < ¢, where c is a universal constant.

E[[On, = 0"l <

N = o 2)

Cascade Q-learning versus standard Q-learning. Consider the Q-learning algorithm given
by ©,+1 = (1 — \)O, + AT(©y,), with the rescaled linear step size A\, = m Moreover,
assume o, = 0. In [Wail9b], it is shown that running Q-learning for

N> o180 =&l | 18(D) Ol 1og2(D)(Ha(@*)H§o)) )
TV (1 —y)e (1—7)% (1 —7)%€2

iterations results in an e-accurate solution in expectation. Furthermore, [Wail9b] provides an ex-

ample demonstrating that (3) is sharp, indicating that this bound is generally unimprovable. It is
also worth mentioning that the last term on the right-hand side of (3), representing the variance
of the Bellman noise, is the dominant term. A close examination of (2) and (3) reveals that the

! in the last two terms (noise-related terms) in CQ, as com-

dependency on the horizon, (1 — )~
pared to Q-learning, has been improved. Therefore, in general terms, CQ can be considered a form
of variance reduction, where the impact of noise through the horizon (1 — v)~! has been reduced.
Notably, this improvement has resulted in reducing the predominant dependence on the horizon

from (1 —7)73 to (1 —~)72
3.2. Variance-Reduced Cascade Q-learning (VRCQ)

The full potential of cascade Q-learning becomes apparent when combined with the direct variance
reduction technique [RSB12; JZ13; AZ18; Sid+18; Wail9c]. This method allows us to select step
sizes that are independent of the total iteration number, resulting in a faster algorithm.
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In this section, we present a direct variance-reduced extension of CQ, referred to as VRCQ
(Algorithm 2). VRCQ follows an epoch-based structure akin to standard direct variance reduction
schemes [JZ13; AZ18; Wail9c|. In each epoch, we run the CQ scheme but we recenter our updates
to reduce their variance. Similar to variance-reduced Q-learning [Wail9c|, this recentering employs
an empirical approximation T to the population Bellman operator 7. The complete description of
VRCQ is summarized in Algorithm 2. The overall algorithm is characterized by four key choices: the

%;01; the sequence of epoch

M-1
m=0 *

total number of epochs denoted as M; the sequence of step sizes {A(m)

lengths {N.(m)}»Z}, and the sequence of recentering samples { N7 (m) Our initial finding

m=0"
indicates that through a suitable choice of these parameters, we achieve a geometric convergence

rate as a function of the epoch number.

Algorithm 2 Variance-Reduced Cascade Q-learning (VRCQ)
form=0,..,M -1 dcl
T(Om) = 3= X1, Ti(Om)
Y1=2,=0,
forn=1,...., N, do
Y1 = (1 =AY + \Z,
Zuir = (1= N2+ A (Ta(Yii1) = Ta(O0m) + T(Om) )
end for
Ne
@m—‘rl = NLP anl n+1
end for

Theorem 1 (Geometric convergence over epochs). Consider an MDP with the discount factor -y
and optimal Q-function ©*. Let ¢ € (0,1) be the desired convergence rate over epochs. suppose we
run Algorithm 2 from initial point ©y = 0 for M epochs (for m =0,...,M —1)

(a) Convergence in expectation: If we choose A\(m) = ——— , Ny(m) > ﬁ#&%, and

, v/ Ne(m)
132 log(2D

Ne(m) > ¢2(2—¢31—g)(2(1—)7)27 then we have E||©p — O*||oo < gZ)M(H@*HOO Igg).
(b) Convergence with high probability: By setting Ny(m) > iﬁ,{i’féi(ljw;, and Ne(m) >
338 log(—5—LO0IL )
#2(2—¢™)2(1-7)2%5

$*(2—¢™)*(1—7)?

Remark 1 (Behavior of the parameters over epochs). As the epoch number m increases, both

100 = O*]loe < M (||©* |00+ 0+) holds with probability at least 1 — 6.

the recentring sample size Ny(m) and the step-size A(m) increase, while the epoch length N.(m)
decreases. A possible explanation for this behavior is that as Ny increases, the empirical Bellman
operator T becomes a more accurate estimation of the Bellman operator 7, which allows for a more
aggressive step size and, consequently, a shorter epoch length. Moreover, it is worth noting that,
in practice, the universal constants in the algorithm parameters may be conservative. Typically,
smaller constants for epoch lengths and recentering sample sizes, or even a larger constant for the
step size, can be employed (see Section 4).

Remark 2 (Geometric convergence with shorter epoch lengths). Similar to the variance-reduced Q-
learning [Wail9c], VRCQ exhibits a geometric convergence rate as a function of the epoch number m.

log(—L2
VRCQ achieves this while utilizing only N, = O(W} iterations within the inner loop of each

. . . log _L . . .
epoch. In contrast, variance-reduced Q-learning requires N, = O(((l(_liv)”g‘;)) iterations to achieve

a similar outcome [Wail9c, sec. 3.2]. Generally speaking, this feature is the primary contributing
factor behind the improved sample complexity results presented in sections 3.3 and 3.4.
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3.3. Global Minimax Analysis of VRCQ

In this section, we examine the worst-case sample complexity of VRCQ and establish a bound
on the total number of samples required for VRCQ to return an e-accurate solution with high
probability. For simplicity and consistency with the existing literature [AMK13; Wail9c; Li+23a;
KY;122] we assume o, = 0. First, it follows directly from Theorem 1.b that running VRCQ for

log 1 (H H"") epochs results in a e-accurate solution with probability at least 1 — §. Moreover,

the total number of samples is bounded by
M log(4L) log (MD
()3 (%5
°- Z< m o rm) < o( R o) W

|©%[|oo < 22, we have

for some universal constant c. Taking to account that supg«caq(er ) ]

log((l 7)6) log (( 78 108;(( ) )) max log ( log((lmav’s ))) (5)
(1—7)? e?(1—7)* ’
which do not mach the optimal cubic scaling in ——— 7 Nevertheless, using a refined analysis, similar to

the one done for the standard variance-reduced Q learning [Wail9b, sec. 3.4.3], we prove that VRCQ
has the optimal sample complexity. At first, suppose that VRCQ is run for My, = log 1 (\/%—7)

SSC(

epoches, then its output ©yy,, ., satisfies ||Onr,., —O |00 < \7}% with high probability. Furthermore,
based on (5), the number of iterations is bounded by

Stit < ¢

1 D 1
(105%(( ))log (( 3 1082(17)) n log (5log((1_7)))>'
(1 =) (1-7)°
The following proposition, inspired by Proposition 1 in [Wail9c|, states that running VRCQ from
O, for a further logarithmic number of epochs results in an e-accurate solution.

Proposition 2 (Minimax optimality of VRCQ). Suppose VRCQ is run from the initial point Oy =
Q M + 1, and the algorithm parameters
—v)e mazx
are chosen according to Theorem 1.b. Then, the inequality ||©yr — O*|| < € holds with probability at

least 1 — 0.

O, . for M =lo (M> iterations where ¢ >
M 14t f Late gé \/7) =

Note that, based on (4), the number of iterations required in Proposition 2 is bounded by

log(F ) log ((1 7)o log(ﬁe)) n max log ( IOg(\}"ﬂ ))>
(1=7)? e2(1—7)*

As a result, the total number of iterations, counting both the initial iterations required to obtain

State < C(

© and later Siut. iterations, used to obtain this e-accurate solution is bounded by
Tmax D Tmax
log((l v)e) log (( 78 10g((1_7)6)) n TIQ‘IlaX log (7 1Og((1_7)€))>
(1=9)2 (1 —7)?

The first term on the right-hand side of the above inequality represents the number of samples

S = Shnit + State < C( (6)

used as epoch lengths, i.e., >  Nc(m), while the second term represents the number of samples
used for recentring, i.e., > N7(m). As we can see, the second term is dominant, and it matches

the lower bound Q(HE“S("IL%Y())» up to a log (log( (rma’3 )) factor. This additional logarithmic term

results from using the union bound in the proof of Theorem 1.b.
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Remark 3 (VRCQ versus other algorithms: Minimax viewpoint). The worst-case sample com-
plexity of various algorithms has been compiled in Table 1. As we can observe, Q-learning and
Speedy Q-learning are suboptimal. Mirror Descent Value Iteration is minimax optimal up to some
logarithmic factors; however, it requires € to be sufficiently small when the discount factor - is close
to 1. The variance-reduced Q-learning has the following worst-case sample complexity [see Wail9c,
sec. 3.4.3]

o o1om () tow (s og (f2s5c) ) | ralo (8108 (iosyc))
< c( + ) (7)
(1—7)? (1 —7)?

Similar to (6), the first term on the right-hand side of (7) represents the number of samples used
as the epoch lengths, and the second term represents the number of samples used for recentring. A
comparison between (6) and (7) reveals that both VRCQ and variance-reduced Q-learning employ
the same sample size for recentring. However, the number of samples used as epoch lengths in (7) is
significantly larger than the corresponding term in (6). Consequently, when considered as functions
of the horizon (1 —v)~!, the right-hand side of (7) is dominated by its first term, resulting in the

Thax 108 ( 125 ) log (5 los (7223
worst-case sample complexity of O | — (1 W> eg(g(l,y)?é ((1 W)')) . Thus, in the worst-case

scenario, VRCQ outperforms variance-reduced Q-learning by a logarithmic factor in the discount
complexity (1 —)~!. In the next section, we will demonstrate that by considering a stronger
criterion for optimality, known as instance optimality, the distinction in performance between these
two algorithms becomes more apparent.

3.4. Instance-Dependent Analysis of VRCQ When || =1

In this section, we explore the instance-dependent behavior of VRC(Q in the non-asymptotic
regime, where samples are limited. To simplify the analysis and facilitate the comparison between
our algorithm and others [Kha+21; Kha+24; Mou+23; Li+23b; PW21], we focus on the specific
scenario where the action space contains only a single action, i.e., [{| = 1. In this case, the problem
of estimating the optimal Q-function coincides with the policy evaluation problem. Moreover, a given
problem instance can be characterized by the pair P = (P, r) along with a discount factor 7, where
r € RP represents the reward vector and P € [0, 1]P*P denote a row-stochastic (Markov) transition
matrix. The value function of the problem instance P (denoted here by the vector ©*(P) € RP)
is the sum of the infinite-horizon discounted rewards. This value function is the unique fixed point
of the Bellman operator T(0) = r + 4PO. As discussed in Section 2, in the generative setting, at
each iteration, we have access to samples (I/P\>n, 7 ), where 7, is the noisy observation of the reward,
and P, denotes a draw of a random matrix with {0,1} entries and a single one in each row. The
empirical Belman operator is ﬁ(@) = p + 7P, 0.

The local minimax risk and complexity measures. Suppose we have N i.i.d samples
{(@n,fn)}f\il from our observation model. The local non-asymptotic minimazx risk for ©*(P) at an
instance P = (P,r) is defined as [[Kha+21]

Mpy(P) =supinf max VNEg|On — 0*(Q)|l0e (8)
P Oy Qe{P,P}
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where the infimum is taken over all estimators O that are measurable functions of N i.i.d obser-
vations. Moreover, For a given instance P = (P, ) we define the complexity measures

1
2

o(P) = |

diag((] — yP)"leovs (]P’@*(P))(I - ’y]P’)*T)

p(P) i= oy | diag (1 = B) (7 = 7B) T) | 2.

The following theorem lower bounds My (P) using the complexity measures v(P) and p(P).

)

Theorem 2 ( [Kha+21] Lower bound on My(P)). There exists a universal constant ¢ > 0 such
that for any instance P, the local non-asymptotic minimax risk is lower bounded as

Mn(P) = ¢(yo(P) + p(P))
This bound is valid for all sample sizes N that satisfy

e (P)IZ,
maX{'YZ ( )apan }
N > Ny := = 7)2 : (9)

The statement of Theorem 2 indicates that the local complexity of estimating the value function

©*(P) induced by the instance P is governed by the quantities v(P) and p(P). The minimum sample
size condition is natural since when the rewards are observed with noise (i.e., for any o, > 0), this
condition is necessary to obtain an estimate of the value function with O(1) error (see [Kha+21;
PW21] for more details).

The next theorem provides an upper bound on the performance of VRCQ in terms of the local
complexity measures v(P) and p(P). Similar to Theorem 2, we provide this bound on the expected
error. A high-probability bound can also be derived by selecting the algorithm parameters according
to Theorem 1.b and following a similar line of reasoning.

Theorem 3 (Non-asymptotic optimality of VRCQ). Suppose that the input parameters of Algorithm
2 are chosen according to Theorem 1.a. Moreover, suppose that the total sample size N satisfies

log(D
N > ¢y log( 2)’ (10)
(1—7)
where ¢ is a sufficiently large universal constant. Then, by running Algorithm 2 from any initial

point ©g for M = 10%&(—'1;%%) epochs, the resulting output Oy satisfies
8+/vlog(2D I+log 1 (523) N 2[|0*(P) || span log(2D
EHGM _ @*(P)”oo S( g ) ) 3 6+¢ H@O e (P)Hoo + - H 1( )H /4 . ( )
VNVI= (1) G-DHa-)-)N
13 log2D
+ ———(p(P) + y0(P)) gN : (11)

VO

Remark 4 (Instance-dependent upper and lower bounds). The first term on the right-hand side of

the upper bound (11) depends on the initialization ©y. When viewed as a function of the sample size
N, this initialization-dependent term can be made smaller than other terms by choosing a suitable
convergence rate ¢. For instance, by setting ¢ = 0.875, we have (log% (%) > 2). It should be noted
that a careful look at the proof of Theorem 3 reveals that another way to make the initialization-
dependent term small is by increasing the epoch length N, by a constant factor. This indicates
that the performance of VRCQ does not depend on the initialization ©¢ in a significant way. The
second and the third terms are the dominating terms. Furthermore, assuming that the minimum
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sample size requirement (10) is met, the upper bound matches the lower bound up to a logarithmic
term in the dimension. Similarly, up to a logarithmic factor in dimension, the minimum sample size
requirement in Theorem 3 matches the lower bound (9).

Remark 5 (VRCQ versus other algorithms: Instance-dependent behavior). The instance-dependent
guarantees for various algorithms have been collected in Table 2. In [Kha-+21], it is shown that while
Q-learning with PR averaging is instance-optimal in the asymptotic setting (i.e., when the sample
size N converges to infinity), it fails to achieve the correct rate in the non-asymptotic regime, even
when the sample size is quite large (see also [Li+23b, Sec. 5] for further discussions about the
instance optimally of Q-learning with PR averaging). Moreover, [Kha+21] demonstrate that the
variance-reduced Q-learning proposed in [Wail9c] is instance optimal when sample size satisfies the
condition N > C(llo_ggg).
bound (9). Another notable algorithm is Root-SA proposed in [Mou+23]. This algorithm provides

an instance-dependent bound on the span seminorm of the error, assuming that the sample size

log(-L—
meets the condition N > % [Mou+23, Corollary 6]. Nevertheless, since 3|+ [lspan < [ * [loos

This sample size requirement, unlike VRCQ, does not match the lower

meaning the span seminorm is dominated by the f,,-norm, bounds on the span seminorm of the
error are inherently weaker than those on the /.-error. Therefore, since the result is not expressed
in the /o-norm, we have not included Root-SA in Table 2.

4. NUMERICAL RESULTS

In this section, we validate our results through two numerical simulations: one demonstrating
the instance optimality of VRCQ, and the other illustrating its performance on random Garnet
MDPs [AMT95; Bha+09].

Example 1 (Instance optimality). Consider the 2-state MDP illustrated in Figure 1, where

p = 4?3—,;1. This sub-family of MDPs is fully parameterized by the pair (v, 3). Assuming o, = 0,

— C
O
Hence, according to Theorem 2 the local minimax risk satisfies

Mn(P) >

straightforward calculations show that v(P) and p(P) = 0, where ¢ is a constant.

c
For numerical results, we generate a range of MDPs with different discount factors v € [0.96,0.997],
keeping the value of /3 fixed. For each -y, we consider the problem of estimating ©*(P) using

N = (1103)2 (13)

samples. It follows directly from (12) and (13) that for an instance-optimal algorithm, a linear

(12)

relationship is expected between the log £,.-error and the log complexity ﬁ, with a slope of % —B.

Figure 2 shows log-log plots of the /. -error as a function of the complexity parameter ﬁ
for VRCQ (yellow) and PR averaged Q-learning with four different step sizes, A, = n", where
n € {—0.8,—-0.7,—0.6, —0.5}, along with the theoretical local lower bound (dashed). Each data point
is obtained by averaging 500 independent trials. For VRCQ, we utilize the following parameters:
M =15, ¢ = 0.95, Ny (m) = %, and Ne(m) = ﬁ Note that we have Z:ﬁzo Nr(m) +
N.(m) < N. Moreover, constant factors in N, and Ny are smaller than those suggested by Theorem
1.a. Nevertheless, as shown in Figure 2, we observe that VRCQ achieves the instance-optimal rate.
In contrast, PR averaged Q-learning with polynomial step size fails to achieve the correct rate, even

though it is optimal for sufficiently large sample sizes [Li+23b, Theorem 5.1]. Finally, it is worth
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0@

n=1 p=1-1-y)*

p

Figure 1. Transition diagram a class of MDP, adopted from [Kha+21]. The scalers
B >0, and 0 < p < 1 are parameters of the construction. The chain remains in
state 1 with probability p and transitions to state 2 with probability 1 — p. State 2
is absorbing.

VRCQ 6 VRCQ
oQ-Learning+PR: X\, = ﬁ Slone oQ-Learning+PR: A, =
0Q-Learning+PR: A, = n‘% 4|0 Q-Learning+PR: A, =
- Lower bound: Slope = 0.5 = Lower bound: Slope = 0.3

/(/,MVV

VRCQ

Q-Learning+PR: ), = v%
0Q-Learning+PR: A, = ﬁ
|+ Lower bound: Slope = 0.2|

1
00
n
L
7

Slope = 1.65 Slope = 1.49

Slope = 1.71
Slope = 1.50

= N w e ol >

Log {-error
- =N VRS

Log {-error
Log {..-error

[

3 3.5 4 4.5 5 5.5 6 3 3.5 4 4.5 5 5.5 6 3 3.5 4 4.5 5 5.5 6
Complexity log(%ﬁ) Complexity log(1X) Complexity log(l%,‘)
(a) B=0 (b) B =0.2 () B=03

Figure 2. Log-log plots of the ¢-error versus complexity parameter ﬁ for different
algorithms. Each data point is an average of 500 independent trials.

noting that the variance-reduced Q-learning is not applicable in this setting because it requires

N.=0 (#) samples as the epoch length whereas in this problem, only O (ﬁ) samples are

1—)3
available [(seewl(ha—i—21, Theorem 3.3].

Example 2 (Performance on random Garnet MDPs). To compare the practical performance
of VRCQ with the standard variance-reduced Q-learning [Wail9c; Kha-+24; Kha-+21], we consider
the problem of estimating the optimal Q-function of randomly generated Garnet MDPs [AMT95;
Bha+09]. A Garnet MDP is characterized by three integer parameters: (i) the number of states | X|,
(ii) the number of actions ||, and (iii) the branching factor b, specifying the number of possible next
states for each state-action pair. The next states are selected randomly from the state set without
replacement. Moreover, the probability of going to each next state is generated by partitioning the
unit interval at b — 1 randomly chosen cut points between 0 and 1.

In our experiments, we set |X| = 20, |U| = 2, and b = 2. We implement VRCQ and variance-
reduced Q-learning using identical recentering sample sizes and epoch lengths. Figure 3 plots the
loo-error of both algorithms versus the number of iterations for three different discount factors. As
we can see, in the early iterations, when the error due to initialization is typically larger than the
error due to noise fluctuations in the algorithm, the averaged error of variance-reduced Q-learning
decreases faster compared to VRCQ. Nevertheless, after a certain number of iterations, VRCQ
outperforms variance-reduced Q-learning by achieving a lower averaged error and variance.

5. CONCLUSION AND FUTURE DIRECTIONS

We studied the problem of estimating the optimal Q-function for ~-discounted MDPs in the
synchronous setting. We introduced a novel model-free algorithm, VRCQ, and demonstrated that it
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45 ~Variance Reduced Q-learning] 4 ~Variance Reduced Q-learning]
~VRCQ ~VRCQ

—Variance Reduced Q-learning|
~VRCQ

{-error

0
0 200 400 600 800 1000 0 500 1000 1500 1850 0 1000 2000 3000 4000
Itration number Ttration number Itration number

(a) y=0.80 (b) y=10.85 (¢c) y=10.90

Figure 3. Comparison of the convergence behavior of VRCQ and variance-reduced
Q-learning. For a given algorithm and value of 7, we run the algorithm for a certain
number of epochs, thereby obtaining a path of {..-errors at each iteration. We
averaged these paths over a total of 500 independent trials. The radius of the shaded
area at each iteration represents the standard deviation of the f,.-error.

is not only minimax optimal, but also, when the action set is a singleton, it achieves non-asymptotic
instance optimality while requiring the theoretically minimum number of samples. We conclude this
article with the following potential future directions.

(i) Generalization to cone-contractive operators. Although our findings were primarily
presented within the Q-learning framework, many techniques and results in this study extend beyond
the Q-learning problem. For example, by adapting a methodology similar to [Wail9b], Algorithm
1, and Proposition 1 can be generalized to the broader task of finding the fixed point of an operator
that is monotone and quasi-contractive with respect to an underlying cone.

(ii) Studying the instance-dependent behavior of VRCQ for |U/| > 1. Recently, [[Kha+24]
provided an instance-dependent lower bound similar to Theorem 3 for MDPs with |/| > 1, assum-

ing that the sample size scales as (1 — )72,

Given that VRCQ is already instance-optimal for
this sample size when || = 1, we conjecture that it remains optimal for [/| > 1. Proving this
conjecture is an interesting direction for future research, especially considering that, to the best
of our knowledge, none of the existing algorithms in the literature matches this lower bound, e.g.,
Root-SA is instance optimal when the sample size scales as (1 —~)~% [Mou+23, Corollary 5], while
variance-reduced Q-learning, under certain conditions, is instance optimal when the sample size

scales as (1 —v)~3 [Kha+24, Theorem 2].

(iii) Generalization to other RL settings. Another potential future direction is to explore the
applicability of our proposed methods in other reinforcement learning settings, such as the episodic
setting [Jin+18; AOM17], the asynchronous setting [Li+21; QW20], and Q-learning with function
approximation in large (possibly continuous) state-action space [Mey24; YW19].

6. PROOFS OF THE MAIN RESULTS
6.1. Preliminaries

In this section, we provide the proofs of the theorems and propositions presented in the paper.
These proofs are based on the following preparatory lemmas. The first lemma (Lemma 1) establishes
a non-asymptotic upper bound on the performance of cascade Q-learning for a given sequence of
~v-contractive operators.
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Lemma 1. Consider a sequence of opemtors {ﬁ : REIXIUL R|X|X|U|}N€ that are ~y-contractive
in the log-norm and the sequences {Yy}°, and {Z,}N°, generated by the recursions

Yn—i—l = (1 - )\)Yn + AZp, (148’)
Tt = (1= N Zn + AHp (Ynyr), (14Db)

with the step size A € (0,1) and initial conditions Z; = Yy = ©g. Then, for any Oy € REXIUI e
have

N, N N

L $ 20100 — Oprlle , 1 [1- Ao y D

— Y —9 H < Py o Pz 7 15
H.Nenz1 T OH S TA N, 1o T ;! n”oo“rNe;H 2 (15)

where the random matriz sequences { PY}Ne, and {P?}N<, are defined via the recursions

Pn+1 ( N)PY + \P? (16a)
qu—i—l =(1=XN)P: + W, (16D)
W, = ﬁn(@H) — Oy (16¢)

and initialized at Pf = P} = 0.

The next lemma provides upper bounds, both in expectation and with high probability, over the
expression % Zﬁf; 1P|l + N% 27]2[21 | P?||~, the second term on the right-hand side of (15), in
some scenarios.

Lemma 2. Consider the stochastic processes (16a) and (16b). We denote the fized points of the
Bellman operator T and the operator H(©) :=T(0) — T(Oy,) + T (On,) by ©* and O, respectively.

(a) Suppose H, =T,, and Oy = ©*, then we have

— ZE||PyHOO + = ZIEHPzHOO < )\2 10g(2D) (0" || span + 2X1/210g(2D) (||o(©*) || + 07), (17a)

1— . 8N D 8N.D N
HPylloo + 72 1P lloe < A21 &(—5 )17 [span + 221/ 21og(—5=) ([l(&")[loc + o)

(17b)

with probability at least 1 — .
(b) Suppose H,(©) = Tp(©) — Tn(On) + T(Or,) and Oy, = ©*. Define the function C(z,d) =
Z log(%) +4/2z log(%), we have

Ne

N,
L A 1
CANTE|PY o + o S EJIPE e <(29C (A2, 1 L oe, - et
N nZl 122l +Nenzl 1Pl <(1COR 1) +9C (5 D) [0 — O
1 \ 210g(2D)
+’YC(N77_71)H@ lloo + TTUT‘) (18a)

0 1 4
y Z _ *

KB 2 log(1U42)
——2% 0

with probability at least 1 — %.



VARIANCE-REDUCED CASCADE Q-LEARNING 15

~

(c) Suppose Hp(©) = Tp(0) — Tn(Om) + T(Om) and O, = O, then we have

1- ) A& -
v 2 ElPloe + 57 D _ElPi e < 29C(X*, 1)[Om — B, (192)
¢ n=1 € n=1
N N,
1=\ & A 5 -
Yy - 2 < 2 _
Negymww+mggwwm_waA%MMy@m Ol (19b)

with probability at least 1 — %

The following simple lemma becomes extremely useful when attempting to derive an explicit
closed-form formula for some parameters of Algorithm 2.

Lemma 3. Let o, 3, N € Rog. The inequality N > alog(BN) holds if N > max{«, 2alog(af)}.

6.2. Proof of Proposition 1

The empirical Bellman operators {ﬁ}gil are y-contractive. Hence, by employing Lemma 1 and
setting O = ©*, we have

N, N, N,
1 e 2000 — O*fee 1 [1-2Je PRRL
EH— v, —ot < S E||PY 2SN E|P;
Ne; ntl o AN, 17\ 2 I ””OC”LN%:1 122 oo

Substituting (17a) from Lemma 2 into the above inequality gives (1). It is worth noting that by
using Lemma 1 and (17b), one can also derive a high probability bound on the ¢-error.

6.3. Proof of Theorem 1

The operator H,(©) = 7,(0) — Tn(Om) + T(Oy,) is y-contractive. Applying Lemma 1 with
Oy = ©*, and taking into account that Zy = Yy = ©,,,, we find that

N, N N
71 - 2|0, — 0%« 1 1 — )\ A =
E Y, CH < + pv § : 2 9
H Ne ot +1 o (1_7)AN8 1—7 N, nZlH n”OO N, n:1HlnHoo ( 0)

®m+1

Proof of Theorem 1.a. By employing (18a) along with the inequality (20), we have

2 27y o 1
E|Omi1 — O |lo < cCOL D)+ ——c(=—, 1|6, —o6*
01 =%l < | Ty 75 OO D+ 2 Ol ) [ 10— %l
Uy, VN,
0% 1 N 1 2log(2D)

—CC(—,1)||®

L ——
VN, U,

A simple calculation shows that choosing the algorithm parameters according to Theorem 1.a leads
m-41

to Uy, < ‘f’T, Uy, < %(2 —¢"™), and ¥, < %H As a result, we find that
(Z)erl
3

2¢
E[Om+1— 6o < —-[1Om — 0%lc + (1%l + 7). (21)
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Using the above inequality, we prove that E||©3 — 0*|lee < M (||0*||sc + 0,) via an induc-
tive argument. The base case is trivial. Now, suppose that O, satisfies the bound E|©,, —
O*|loc < ™ (||O*||cc + 7). By substituting this inequality into (21), we have E|[©,+1 — 0%l <
2" 1(|0% oo + 00) + L5 (0% ]lo0 + 72) < ¢ FL(|0% oo + 07), as claimed.

Proof of Theorem 1.b. By substituting (18a) into (20), we find that

2 2’y 0 ~y 1 4
- * < NT Vs m * e’e]
@;e Un,
1 1 21 10M D
Ol ) 197 + el s ),
1—-v "N Nt
Un U,

with probability at least 1 — %. Selecting the algorithm parameters according to Theorem 1.b gives
U Ny < ;1, and Uy, < %(2 — ¢™), where the last inequality is obtained by applying
2 (16* |00 + 0v), with

probability at least 1 — %. The remainder of the proof relies on an inductive argument identical to

Lemma 3. Consequently, we have ||©,+1 — 0% < %H@m — 0" |oo +

that used in the last part of the proof of Theorem 1.a, along with the union bound.

6.4. Proof of Proposition 2

Following a similar analysis as in [Wail9c, Sec. 4.3], we show that under the stated conditions in
Proposition 2, the iterates {O,,}2_ satisfy
r
O — 0" < CPM ——. 22
with high probability. Note that the above inequality immediately implies ||©y — ©*[|» < € for

M = log: (—Zmax_) We prove (22) via an inductive argument. for m = 0 is trivial. Now, suppose
g1 (2. We prove (22) via an inductive arg pp

|1Om — ©*||cc < € m&% := by, we show that ||©,,11 — %[l < @by, = bip41 with probability at

least 1 — %. First, applying Lemma 1 with Oy = @), and taking into account that Zg = Yy = ©,,
we have

~ N, N,
~ 218 — Ol 1 1= A —
- < pPY — P 23
O Bl < S0 s (TR I+ g W) 3)
Substituting (19b) into (23) and using the triangle inequality gives

1€m 11 =Bl <

2 2)/ 2 ~ 2 ﬁm (2 m) N -
— < R S A _
((1 TN +1_ C’()\,l))H@m Ol 3 by + 22— ¢ 10* = O|oc

3
with probability at least 1 — =% . Moreover, according to Lemma 4 in [Wail9c], we have
lo
6o (0ol Sy, 2eetyR) (42l
% g G(1—7) Ny 5M° " 3egm (1= )15N7 © g (1 - )Ny
¢m+1 1
< " —
= m“( Y +48)
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with probability at least 1 — ;. Finally, by employing the triangle inequality and the union bound,

we have

2 — ¢
3

+

2— o™ 13 ml 1

||@m+1_®*||oo < ||@m+1_c:)||oo+H@_@*”oo Sbm—&-l ( 144 48

<1

with probability at least 1 — %, as claimed.

6.5. Proof of Theorem 3

Applying Lemma 1 with O = (:), and taking into account that Zy = Yy = ©,,, we find that
AN N, N,
~ 2E|10m — 0|0 1 11— A
E|© — 0Ol|o < E||PY — E|| P2
i1 =l £ =50 B 4 1= | T IR + 1 D EIF
By substituting (19a) into the above inequality and applying the triangle inequality, we find that

1- i)we + 12]70“2’ 1>) (El!@m — 0%(P)[|loo + E|©*(P) — @Hoo) (24)

Moreover, according to Lemma 4.9 in [Kha+21], we have

EIB - 6" (Pl < Ol DlIOm = 0" (Pl + (o(P) +70(P))y 222 4 L2 PHbwmn 1oy (25

From the triangle inequality, (24), and (25), we deduce that

E[[Om+1 — Ol < (

* A N * 2 2’y
B[O 11— 0*(P)lle < ElOn11 — Bl + EI6 ~ 0" (Pl < ((g—oyyzr + 75 O )+ 1 C<N7 )
YN, VN,
2 2y 2 Y 1 A 2 2y 2
(T, T 150 ))—1_70(%,1))”% S (P)||Oo+((1_7)/\N PO )
YN, \I/NT YN,

2log2D | 2[|©*(P)||span
X <(P(P)+’W(P))\/TT+ 3(1—~)Nr log(2D))'
m+1

Selecting algorithm parameters according to Theorem 1.a results in Wy, < ‘pT, and Uy <
%(2 — ¢™). as a result, we have

ElOnss — 0 (Pl < (3 + 5)10m — 0 (Pl +2((o(P) +70(P))y 2D 4 AL 555p))

As a direct consequence of the above 1nequality, we have

* 20 ¢° * 2¢ *\ M—1-m 2log 2D
_ <(ZZ 4. 7 _
El0n - 0w <(2+ %) " 00 - © uoo+2 (5 + )" (P +rePy 5
4 187 (P)llspan 10%(219))
3(1 = )N7(m)
Note that g _ and g2 L Hence, we have
V/Nr(m) — /Nr(M-1)’ N (m) Np(M-1)" ’
20 ¢? 2log 2D 1 ||©*]|span log(2D)

M
[ — Moo < [— + = — O .
E|©y — 0" < ( 3+ 9) 00 — ©*|loc + 9(pP) + yv(P)) NrOf—1) T T TNy (M 1)

(26)
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M
It remains to express the quantities (% + %2> , and N7 (M — 1) in terms of the total number of

available samples N, and show that the total number of used samples is bounded by N. We have

2 2\ M 1 1+log1 (575) 8/ log2D 1+log1 (535)
<£’+¢L> = (™) T o ( v o8 ) e (27)
3770 s VNVT= (1)
Also, the number of samples used for recentering is
M-1
Nr(M —1) 32vlog(2D) N
N7(m) < = ==, 28
2 N < T T T 2%)

where the last equality is obtained via substituting M = log1 (% ”11_(1)(22(11)_)7)) Substituting (27)
s 7log

and (28) into (26) gives (11). In addition, the number of samples used as epoch lengths is

M-1 B VN1 - ¢2(1 — N
) Ne(m) < MN(0) = log g1 ( 5v/5 Tos2D) )Ne(O) <5

where the second inequality is an immediate consequence of inequality (10) and Lemma 3. As a
result, the total number of samples used by VRCQ is
M—1
Ne(m) + Z Nr(m) <

m=0

N N
2+ =N
2 2

A. PROOFS OF THE AUXILIARY LEMMAS

In this appendix, we provide the proofs of the auxiliary lemmas used in Section 6.

A.1l. Proof of Lemma 1

We begin by presenting a ”sandwich result” that provides both lower and upper bounds for the
error sequences {Vy, — Oy} and {Z, — Oy}

Lemma 4. The sequences {Y,}Ne, and {Z,}0<, genemted by the recursion (14a) and (14b) satisfy
the following sandwich inequality

Y _ _ y Y
Pz a1l < Y, — Oy < apl + Py (29)
P:—azl Zy —On a;l + P7

where the non-negative scalar sequences ay,, a’ are generated by the linear dynamics

at ] 1—A A as, N 0 0 | PY|| o0
aiyg ] LA=N 1=+ ]| af L =2M A%y | [P

H F

with initial conditions af = ||Y1 — 0*|| and af = ||Z1 — 0" .-
By employing Lemma 4, we have
Ne Ne
Ne — Prf — z Ne — Zn, —Op N, ot Pz +azl

which implies

I SN, (V=0 =Pl oo | _ 1 S5 al
hmz  (Zo—On - mm1<mg{%}
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Applying the triangle inequality leads to
Ne Ne
I e Yo~ O« < LS LI a0
I SN Zy—Oulloe | SN2l az | TN 2| P2
y
. N, a

The lemma below establishes an upper bound on ), [ a: } .
n

Lemma 5. The sequences {an}n , and {aZ } ¢, satisfy the following inequality

I3

S [ <o-mm([2]0E 1) ”

n=1 1
By utilizing Lemma 5 and taking into account the fact that af = a} = ||©¢ — ©*||~, we find that

aj ] _ 1180 = Ol [ 2=\ < 200 =0 [ 1
( 1]

(1‘H>1[ T-h | (- Ay 1)

4
ay

Moreover, we have

Py 0 .
1FZ[|;P2|’| }—1_ < Z|ypy|\oo+AZ\|P Hoo> [ }
Therefore, according to (31), we can conclude that
N, N N
I <[ an 2)1©¢ — 0|0 VIS R GeiC \ Qe )
N, = Py oo N P oo) . 2
Ne;[aﬁ}_<(l—7))\]\fe +1—7( N, ;” ll +Nen§n i X (32)

Finally, by utilizing (30), (32) and the triangle inequality, we find that
Ne

N, N,
1 «— 1 «— 1
AT Yn - *oo< 1 =M+ Yn_ *oo Al Zn_ *oo
I 2 er = Ol £ (L= Nl 3% = O e + M - 3 20 = €|
<§3(
N, N,
2|00 — O loo 1 [1-)¢ A
< > PYlloe + o 1Pl | 5

>\ A
(@ 1P) + (a4 151

e

as claimed.

A.2. Proof of Lemma 2
A.2.1. Proof of Lemma 2.a

Wy (z,u) can be written as Wy, (z,u) = Wy (z,u) + /Wn(x,u), where W, := #(x,u) — r(z,u) and
Wn(:ﬁ,u) = y(maxzj@ (xn,u) — Ez maxg @*(i,ﬁ)). Since W,,(x,u) is o,-sub-Gaussian, we have

log(E[esWn(zu)]) < 52202. Moreover, W, (z,u) is bounded in absolute value by 7||©*||span and has

variance o2(©*)(x,u). Hence, it satisfies Bernstein’s condition (see, e.g., [BLM13; Wail9a])
35°0%(0") (2, u) 3

Vs| < —5
1 - 7‘8"7”@ Hspan 7“@*‘|span

log(EesW(m‘,u)) <
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The processes {P?}Ne, and {PY})e, can be expressed as Pz = P? + P? and PY = PY + PY, where
Py = (1= ANP: 4+ AW, P =(1—-X\P>+AW,
PY. =1 —NPY+ AP, PY =(1-A\PY+)\P?

and Pf = P7 = P! = ﬁly = 0. We now provide bounds on the moment generating functions of

the stochastic processes P?, ﬁz Py, and ]331 through an inductive argument. For n = 1 we have
log(Eestt (@w) = log(IEeSPZ(I “)) log(EesPr (1)) = log(EeSPy(“’ w) = 0. Assume that

Dz A 242 . l 2)\ 2 o*
log(EeSPn(I,u)) < 0,5 7 log(EesPn(x,u)) < o ( )( ) (33&)
2 1 — 515[AY]|©*lspan”
sPY(zu )‘20382 sPY (x,u 2 2)‘2 2(@*)($ u)
log (e (") < 2 log(Ee () < 2 RS TR AT (33b)
span
then we have
2.2 2.2 2.2
log(Ee n+1(x,u)) < (1 _ )\) )\0'58 +)\)\O'£S _ )\O';S ’
2 2.2 22,2 22,2
log(EesPiar (e < (1 - 3)2 (;TS I 02’“3 _A "2’“3
l2)\2@* 12)\2@* 12)\2@*
log(Ee n+1( )) < (1 _ )\) 125 O')(\ )(f: U) +)\ g ( )(* ) _3S O‘)(\ )(CB u)
— 5lsIM 0% span 1 = 5lsIM 11O [lspan 1 - *|8| V[10*lspan
72)\2 2@* z,u 72)\2 2@* z,u 2)\2 2(@*)(1, u)
log(Ee® n+1(x’u)) <(1—)N)-2 -2 =
1= 5IsA27[0*span 1= 51513271/ lspan 1— 3151A27(1©*[|span

Hence, the inequalities (33a) and (33b) hold for all n = 1,...,N,. Moreover, since 5l Prlloo <
> (@) (eshileu) 4 e=sPi(=w) e find that

)\0'252

EegHP lloo < Z (EesP 2 (z,u) +Ee—sP (zu)) < 2De 5
()

Similarly, we have

1 2/\H0'(®*)||2 Ees”ﬁ’l{”m <9D %82)\2H0’(@*)Hgo

_ 0252 ~
EesllPrllee < 2D€/\+, EesllPrlle < 2p = L) )\2
1 — 5lsIX7[1©*[|span” 1= 3[s|A*7(1©*|span

Proof of bound (17a): By employing the Jensen’s inequality, we find that
3sAllo(OM)|%, | log(2D)

= Ao?s  log(2D) ~
E|P?]leo < + , ElPZ oo <
[P [l < 9 167 lloo 1— l /\7”6*”span s
= No?s  log(2D) 8)\2||0(G)*)H2 log(2D)
BRI < 5+ P m R < 2 |
2 1 — 35A*7[|0*|span $

Minimizing the right-hand side of the above inequalities With respect to s results in

E[ Pl < v/2M0g(2D)a, E|F; o0 < %Mog@D)H@*Hspan +1v/2X10g(2D)]|0(07)||oo
E[PY]loo < /2X?10g(2D)0r, EE||PY|lo0 < %/\2 log(2D)[|0" [[span + v/2A%log(2D)]|o(6") o

Moreover, using the triangle inequality we find that

z Dz Dz Y * *
E[Pilloc < EllPlloo + Ell Pilloc = 5 A1og(2D)[|0% lspan + V2 10g(2D) ([l0(8)[|eo + 7)),
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E[[PYlloo < BIPYlloo + B[ BY[loo = %AZ 10g(2D)||©" [lspan + v/2A?log(2D) ([|o/(©")||oc + o).
Finally, we have
2

LA S B P+ S EIP <7 ((0 - Y+ ) gem) o]
Ne ~ n oo ]\[8 —~ nioo = 'Y 3 3 Og span
A2

+ ((1 — A+ Aﬁ) 210g(2D) (|0(6")]|oo + 7).

<2A

win

which establishes the claim.

Proof of bound (17b): Emplying the exponential Chebyshev’s inequality leads to

— 2D =, 0% 2D
1P lloo < 4/ 2Alog(=)or, IIPnllooﬁg/\log(*)ll@*llspanJr 2 log(% )IIU(@*)Iloo

_ 2D
[ PY oo < 4/2A2 10%(7

with probability at least 1 — §. By applying the union bound, we obtain

N, N,
1— A e Ao 2y 8DN, . . 8DN, N
Y IP e+ S 1P e <502 Tog(Zm )10 apan + 22 [2108(<) (I7(07) e + 07)
€ n=1 € n=1

With probability at least 1 — J, as claimed.

~ v 2D,
Jor, [Pl < gAQlog 200" lpan + 2A% log (=) [[7(07) oo

A.2.2. Proof of Lemma 2.b

The random matrix W, can be written as W, = W, +WT+W?°, where W, := 70(0%) = Tn(O) +
T(0,)—T(0%), W :=T(0,,) =T (0*) =T (0,)+T(6*), and We = T(0*)— 7(©%). Consequently,
the stochastic processes P? and P; can be expressed as P? = PZ + P? and P} = PY + P?, where

Pl = Q= NBLE AR, By = (1= NP4 AR
2 1= (1= NP2+ AW, Py =(1- NP+ AW+ W)
with PY = Pz = PY = P7 = 0. Since W° and W' are independent of n, it follows that
_ 11 =)
b 10121

¥

= A o t ono< OOO Too-
n Y W2+ W) = [[Pllloo < [IW°]loo + W]

Also, we have P} = Z?:_ll(l — A" 17AP?. As a result, by using the triangle inequality, we have

1— (1=t

MW loo + W oo) < IW°lso + W] oo
==\ IW°loo + W Tloe) < [Wloo + [[WT]]

n—1
1PYlloo <> (1= X)" AP oo <
i=1

Consequently, we find that

z 1 z o
7Z||Pylloo+fZHP loo < 7Z|!PyHoo+*ZIIP lloo + 1 lloo + W [loo. (34)

Next, we bound each term on the rlght—hand 51de of the above mequahty.

Upper bound on ||PY|. and ||P?||s: The random variable W (z,u) is bounded in absolute

value by 27(|0,, —©O*||o and its variance is at most v2||©,,—O*||%,. As a result, it satisfies Bernstein’s
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condition L ,
152920, - O 3
, Vsl < —.
1= 3[s[710m — ©*[| 29[10m — 0%l
By using an inductive argument similar to the proof of (17a), we find that
. ;2)\22 *||2 _ 1423242 _ o2
log(EesPﬂ(w,u)) < YO — O*||5, ’ log(EeSP:{(I’u)) < 282 ’)/QHG)m 0|5,
1= ZlsIM118m — 0%l 1 - 215]A2[6n — 0%l

for n =1,..., Ne.. Again, using the same lines of arguments as in the proof of Lemma 2.a, we have

log(EeSW(‘”’“)) <

([ QLN A s s
~ ZEHP#HOO + 5 ZEHPﬁHOO <29C(X,1)[[0m — 0" oo,

1—
N ZIIPyllooJr*ZIIPZHooS?vC( )H@ — 0"l

with probability at least 1 — 20.

Upper bound on ||W°||«: The random variable W°(z,u) can be written as
Ne

We(z,u) = Z]\}T(ﬁ(x,u) —r(z,u) ) —I—Z NT<H13X@ (zi,u) — Ez max@*( ﬂ))

=1

IZWO ;:/W\O

We°(z,u) is the sum of N, ii.d o,-sub Gaussian random variable and /Wo(a:, u) is the sum of N
independent and identically distributed random variables, where each of these variables has variance
02(0%)(z,u) < ¥2||©*||%, and is bounded in absolute value by ||©*||span < 27]|©*||oc. Hence, we have
- — 1 2.2 @*HQ
We(z,u) ozs? ( Wo(x7u)) a5 ©°
log (Ee ) < aiv» and log (Ee S T Rhle -
of arguments as in the proof of Lemma 2.a, we find that

. Moreover, following the same lines

o 21og(2D) = 1 .
< —_ < I
B[ oo < [ = 0r Bl _70<NT,1>H@ oo
70 210g(2 ) o *
IW-lloo < \/ —x——0r o, W0l <7C( ;0107

with probability at least 1 — §. By applying the triangle inequahty and union bound, we have

o 70 Tr70 1 210g 2D
BW2)oc < B o + B2l <705 DI0%e + | 2520,
T T
° Ve We 1 * 210g(2)
W2 lloe < W°loo + W2 oo < ¥C(5= )07 oo + Tégr
T T

with probability at least 1 — 24.

Upper bound on ||[W1|s: The random variable W(z, u) is the sum of Ny ii.d random
variables. Each of these term is bounded in absolute value by 2v||©,, — ©*|«, and has a vari-
ance at most 72(|©,, — ©*||2,. Therefore, we have E||WT|, < 'yC(NLT,l)H@m — 0"/, and
[WT|oo < 'yC'(NLT, 0)]|©m — ©*|s0, with probability at least 1 — 4.
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Putting together the pieces: By substituting the above inequalities into (34) and applying
the union bound, we obtain

z ]‘ *
~ ZEHPyuoo + o ZEHP loe (27O 1) +9C(5, 1) 10 = 6o

2log(2D)

1
+'70(N7T71)H®*”oo+ Ny Or

o 1 9
Y - Z _ O*
ZHP oo + ZHP oo <(29C(22 5N8M>+ 105 53710 = Ol
1 . 210g(10MD)

with probability at least 1 — %.
A.2.3. Proof of Lemma 2.c

We have W, = H,(0) — H(©) = T,(0*) — Tn(Om) + T (On) — T(©*). Note that W, is identical
to the term W, used in the proof of Lemma2.b. Thus, the proof follows by employing the same
argument as presented in the proof of Lemma 2.b.

A.3. Proof of Lemma 3

At first, consider the derivative of the expression N —alog(8N) with respect to IV, which is equal
to 1— . This derivative is non-negative for N > max{a, 2alog(af)}. Consequently, if the inequal-
ity N > alog(8N) holds for N = max{«, 2alog(af)}, it also holds for N > max{«, 2alog(af)}.
Therefore, our objective is to establish that N > alog(SN) when N = max{«, 2alog(af)}. To
this end, first assume that a > 2alog(af). In this case, we have N = max{«a, 2alog(af)} = a.
Substituting N = « into N > alog(SN) gives a > alog(af3), , which is trivial since we have as-
sumed « > 2alog(a3). Now, consider the scenario where 2alog(a3) > «. In this case, we find that
N = max{a, 2alog(af)} = 2alog(af). Substituting N = 2alog(af) into N > alog(SN) leads to

2alog(af) > alog(2Balog(aB)) « (af)? > 2Balog(af) « af > 2log(ap).
The last inequality holds for all «, 8 > 0 (noting that x > 2log(x) for all z > 0).

A.4. Proof of Lemma 4

We prove Lemma 4 via induction. The base case (n = 1) is trivial. Now, assuming that (29)
holds for iteration n, we will show that it also holds for iteration n + 1. Based on the definitions of
the recursions {V,,}Y¢, and {Z,}"¢, in Lemma 1, we have

Yo —On ] 1-=NY,—0Ou)+XZ,—On)

T —Om | | (1= MN)(Zn—Om) + 2 (n(YnH) — Ta(On) + Wn) '
Since 7,, is ~y—contractive we have —7||Yo41 — Opllocl < —HT( Y1) — 7A;L(®H)Hoo ’ﬁ( Yot1) —
T (01) < 170 Yns1) = Tn(©m)llsol < V|| Yni1 — Onlloc, which leads to

(=N =Onlloc 4 N1 Zn = Ol ) 1 < T (Vas1) = Ta(On) < (1= NIV = Olloc + A1 Z — O o ) 1.
(36)

(35)
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Also, from induction we have

[P}{—a%]l]<[Yn—@H_<[a%]1+Pf{} (37)
P:—ail | = | Z,—Opy | — | a2l + P |’
which implies
(17Ol ][], T1Pc ) 58)
1Zn = Omlloe | = [ a7 | 155 [l

Substituting the above inequality into (36) gives
—y (1= N (@ + [ PYlloo) + A + [P lloe) )1 < Ta(Yis1) = Ta(©7)
< (1= 2@l + IPYlloe) + A5 + 1P 1) ) 1.
(39)
By substituting (37), (38) and (39) into (35) we find that
—((1= N)a + Aaz) 1+ (1= NPy + AP

—_—————
X Py
_a%ll+1 ntl
(=24 227)az + (1= NAal + (1= NPl + AP lle) ) T+ (1= A P; + AW,
—afLJrl P§+1
Yn+1 - @H S
Zn+1 - GH
((1 —Na? + Aaz) 14 (1= \)PY + \P?
—_— ———
apiy P
(0= A 2270 +9(1 = A0t +9A((1 = VB o + MPFlloc) ) T+ (1= NP + AW,
a1 Pria

which completes the proof.

A.5. Proof of Lemma 5

According to Lemma 4, we have

Y

|: o :| N |: y
z
Apt1 a

Using the above inequality, we find that
Ne y Ne—lr gy y Ne r y Ne y
a a a a a 127 ||
9 A B RO Bl R IS B O o B BRI i
n=1 1 n=1 n+1 1 n=1 n n=1 n oo
ay 1P|
— H [ aive e 1100 ,
Ne
which implies

15, lloo
Ne y y Ne Y y
ai - a 127 [ oo a
=(1-H)*! { 1]+ [ —H | N
Z[} e ( 2| izl .

n=1

I

171
| .
|+

3w

I

¥4
n

- F

—F

1P, 1
1P D - W)
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Note that all the entries of the state matrix H and the input matrix F' are between zero and one.
Moreover, we have

(1—H)71 1 |:1—H22 H12 :|7

- det(l—H) Ho 1—-Hyz
where det(1 — H) = A\%(1 — ) > 0. Therefore, (1 — H)~! Also has positive entries. Hence,

Y Py ”
1—H) g | N IPxllee 1) <
=4 ( [ i, 1Pl | )~
By adding the above expression to the right-hand side of (40), we obtain

> [t <o (] -2 ]),

n=1

+F

as claimed.
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