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Abstract

Inverse optimization (IO) seeks to infer the parameters of a decision-maker’s
objective from observed context-action data. We study noiseless IO, where demon-
strations are generated by a ground-truth objective. We provide a high-probability
O(4/T) generalization bound for the induced action set, where d is the number
of unknown parameters and T is the size of the training dataset. We strengthen
these guarantees under additional conditions that ensure uniqueness of the chosen
action, bringing our IO guarantees in line with best-arm identification results in the
bandit literature. We further show that the O(4/T) rate is tight over all consistent
estimators considered here, and extend the result to both instantaneous and cumu-
lative regret. Notably, the resulting regret lower bound matches the corresponding
upper bounds in the adversarial setting, indicating that the stochastic 1O setting is
effectively adversarial for the class of estimators studied here. Finally, we propose a
parameter-free algorithm with lower per-iteration complexity than generic solvers.
Experiments validate the predicted rates and illustrate the tightness of our bounds.

1 Introduction

We consider the contextual decision-making problem

ap(s) € Ag(s) := argmax Fy(s, a), (1)
acA(s)
where s € S is a random context (state) drawn from a distribution Ps over S, A(s) is the
set of feasible actions given s, and Fy(s,a) = (6, ¢(s,a)) is a linear score parameterized by
0 € R?. We define Ay(s) as the set of optimal actions for a context s under parameter § and
assume that it is non-empty. We also define ¢ : S x A — R? as a generic feature map where
A = Uges A(S)

Suppose there is an expert who observes a context s and then selects an action a4 (s) according
to (1) using a parameter 0* that is unknown to a learner. But the learner gets to observe T
demonstrations

T *
Dr:= {(st,ar) },_,, ai = ag+(s:),
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with (s;)L; drawn ii.d. from Pg, and wishes to use them to mimic the expert’s actions.!
This learning paradigm is commonly referred to as inverse optimization (10) (Ahuja & Orlin,
2001). The goal of 10 is to infer a parameter 0 such that the corresponding actions generalize
to unseen contexts drawn from IPs. Using the demonstrations, the learner outputs an estimate
0, and thus induces a set-valued greedy map Aj(s). Natural measures to judge a learner’s
generalization performance are

Set-level mismatch:  Pg(ag(s) & Ay(s)), (2a)
Action-level mismatch: Ps(ag-(s) # ay(s)), (2b)

where (2a) measures how often the learned model excludes the expert’s demonstrated action
on a fresh state s ~ IPs, while (2b) is a stronger notion, which is also known as best-arm
identification in the bandit literature (Lattimore & Szepesvari, 2020).

IO has been extensively studied from algorithmic, modeling, and optimization perspec-
tives (Chan et al., 2025), and has witnessed a recent surge of interest, e.g., in learning theory
(Mohajerin Esfahani et al., 2018; Aswani et al., 2018; Ren et al., 2025), in reinforcement learning
(Zattoni Scroccaro et al., 2025b), for practical problems in control (Akhtar et al., 2021), robotics
(Dimanidis et al., 2025), routing (Zattoni Scroccaro et al., 2025b), and finance (Li, 2021).

Despite this interest, IO’s statistical foundations are far less developed. Since IO can be viewed
as a supervised learning problem, it is natural to seek generalization guarantees (2) that
characterize its out-of-sample performance. Through the lens of (2a), our problem can be seen
as a binary classification problem, for which standard learning-theoretic tools could provide
generalization guarantees (see Appendix A.4). Similarly, the action-level counterpart (2b)
can be viewed as multiclass or structured prediction, whose PAC complexity is studied via
the Natarajan dimension in finite-label settings and characterized by the DS dimension in
general multiclass learning (Natarajan, 1989; Ben-David et al., 1995; Shalev-Shwartz & Ben-
David, 2014; Brukhim et al., 2022; Pabbaraju, 2026). Nonetheless, this viewpoint is limited,
as these complexity notions can be hard to quantify and may yield conservative bounds that
are often not tight. For instance, existing upper and lower bounds either exhibit gaps in
their dependence on the key variables (d, T) or scale with the number of actions, making
them uninformative when the action space is infinite (Shalev-Shwartz & Ben-David, 2014,
Theorem 29.3).

To the best of our knowledge, this is the first work that addresses tight generalization guaran-
tees in IO. With this background, let us summarize our key contributions.

(i) Generalization upper bounds. We develop a scenario program view of noiseless 10, where
each demonstration induces a random convex feasibility constraint on the parameter 6
(Campi & Garatti, 2008). This yields a high-probability O(d/T) bound on set-level mismatch
(Proposition 2.1). We further upgrade this guarantee to action-level mismatch using either
covariance diversity for a fixed tie-breaking rule (Theorem 2.2) or an incenter estimator that
promotes uniqueness of the greedy action (Theorem 2.3). These action-level bounds imply
instantaneous regret guarantees and, in a stochastic online protocol, logarithmic cumulative
regret (Proposition 2.4).

IWe have assumed that the expert’s optimal action is unique, i.e., Ag-(s) = {ag-(s)} for all s. If Ag.(s) is not a
singleton, all of our generalization bounds can be written in the form of Pg (Ag-(s) N Ay(s) = D).
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(ii) Generalization lower bounds. We show that the O(d/T) rate is tight by constructing
an IO instance whose mismatch performance (2) attains the upper bound regardless of
the choice of consistent estimators in the considered class (Theorem 3.1, Remark 3.2). We
further extend these results to instantaneous and cumulative regret, as the same IO instance
applies across datasets of varying sample sizes (Proposition 3.3); Table 1 summarizes these
results within the literature. An interesting point worth mentioning is that the resulting
Q(dlog T) lower bound on cumulative regret matches the best known adversarial upper
bounds, implying that the stochastic setting is merely adversarial, i.e., worst-case sequences
of contexts are rather typical than rare events.

(iii) A parameter-free algorithm. We propose a parameter-free algorithm that empirically
converges to generalizable solutions after only T iterations. In particular, the proposed
method has lower per-iteration computational cost than off-the-shelf solvers (Remark 4.1).

Our numerical experiments empirically validate our theoretical predictions and illustrate the
tightness of the proposed generalization bounds.

1.1 Related work

Generalization in IO. Classical 1O infers objectives and/or constraints that rationalize ob-
served decisions in-sample; guarantees concern exact/approximate optimality on the training
instances. A recent out-of-sample analysis by (Besbes et al., 2025) proves a geometrical upper-
bound on the minimum possible instantaneous regret a policy could achieve in the adversarial
offline setting. Their result depends on the uncertainty angle of the information set and is
independent of the data-size. Our generalization result relies on the set-level and action-level
mismatch for a stochastic environment.

Supervised learning. From a supervised learning perspective, the IO problem objective in
(1) can be considered as a hypothesis class for learning the mapping between the context
s and the actions a. This essentially requires minimizing a loss function to find the model
parameter 6. In IO, the choice of the loss function plays a crucial role. Examples of different
loss functions include the KKT loss (Keshavarz et al., 2011), first order loss (Bertsimas et al.,
2015), predictability loss (Aswani et al., 2018), suboptimality loss (Mohajerin Esfahani et al.,
2018), predictive loss, and constrained suboptimality loss (Ren et al., 2025). It is important
to note that directly training the objective Fy- is not possible, since we do not have direct
measurements of the ground-truth objective values in IO.

Smart predict, then optimize. In a related study to IO, Elmachtoub & Grigas (2022) propose
the Smart predict, then optimize (SPO) framework, where access to the optimal cost value of
Fy- is assumed and a SPO loss function is proposed. Given feature-cost pairs {s;, ct}_;, a
predictor is trained such that it minimizes a loss function that penalizes predictions leading
to bad decisions. SPO assumes access to costs/predictions ¢; := (6,s;) and actions/decisions
a;, while we only observe states-action pairs {s;,a;}. In a recent work, El Balghiti et al.
(2023) propose a generalization result of O(1/+/T) when assuming a joint distribution over
(s, ct). With fewer distributional assumptions but access to more data, they achieve a worse
generalization result compared to ours.

Online learning. Online learning studies the problem of updating a model sequentially as
data arrives, with the aim of achieving low cumulative loss or regret (Zinkevich, 2003; Hazan
et al., 2016). When performed in an online manner, IO can be viewed as a model-learning
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Table 1: Comparison of generalization bounds in IO under adversarial and stochastic settings.

Protocol Metric Upper bound Lower bound
S Offline Instantaneous Geometric characterization; no Matching geometric lower
= regret (9) T-dependent rate (Besbes et al., 2025)  bound (Besbes et al., 2025)
7]
Y
_% Cumulative O(d*1og T) (Besbes et al., 2025);
< Online regret (9) O(dlogT) (Gollapudi et al., 2021; Q(d) (Sakaue et al., 2025)
& Sakaue et al., 2025)
2 Offline Set/ Action-level This work: O(d/T) This work: Q(d/T)"
'§ mismatch (2) (Theorems 2.2 and 2.3) (Theorem 3.1)
<=
g Online Cumulative This work: O(dlog(T/d)) This work: Q)(d log(T/d))Jr
regret (9) (Proposition 2.4) (Proposition 3.3)

* The lower bounds are restricted to the algorithm class specified in the corresponding result.

task, making it conceptually closer to online learning. The major difference between these
frameworks is that the available data in online learning is the loss function value, while in IO,
it is the optimal decision. Recently, the online version of IO has been studied. Besbes et al.
(2025) show that in the adversarial case, a naive application of a circumcenter policy fails. Later,
they propose an algorithm achieving a regret bound of O(d*1logT). For a similar setting,
Gollapudi et al. (2021); Sakaue et al. (2025) improve this rate to O(dlog T) while Sakaue et al.
(2025) achieves this rate with improved per-iteration complexity using an online Newton step.
In comparison, we propose a high-probability regret bound of O(dlogT) when nature is
stochastic using a simple policy. This result is interesting since it shows that in the stochastic
environment, simple policies can work, while this is not necessarily the case in the adversarial
setting.

1.2 Problem terminology

For each pair (s;,af) and every a € A(s;), optimality of the expert under 6* implies
(0, (st,a)) < (0*,9(ss,a;)). For a generic parameter § € RY, we say that 6 is consistent
with a demonstration (s;, ay) if the demonstrated expert action is also greedy under 6, i.e.,

(0, Y(st,a) — (st ar)) <0, Vae A(s), t € [T). (3)

To express condition (3) compactly, define the suboptimality gap of action a under 6 (Moha-
jerin Esfahani et al., 2018):
6% (s,a) == max (6, ¢(s,a’) — ¢(s,a)). (4)

a'eA(s)

By definition, £5"°(s,a) > 0 foralls € Sand a € AL Meanwhile, for satisfying condition
(3) we need 6 such that (5% (54, aF) < 0. Combining these two is equlvalent to U5%(sy, af) = 0.

Therefore, we define the consistency set:
Cri= {9 ERY: (5 (s, ar) =0, Vt € m}. )

By construction, 6 € Cr if and only if a; € Agy(s;) for all t € [T], i.e., the demonstrated actions
remain greedy under 6 on the training states. When Ay(s;) contains multiple actions, the
constraint only enforces that the demonstrated action a} belongs to that set. If ties occur, Ay (s)
may contain multiple actions.



Remark 1.1 (Parameter set regularity). For any 6 € Cr, the scaled parameter a8 is also in Ct for
every o > 0. As a result, the consistency set Ct forms a cone. This is expected, since the greedy action
is invariant under positive rescaling of 0. To avoid this scale ambiguity, we define the convex parameter
domain @ C R? as a normalized set containing at most one representative from each positive ray: if
0 € O, then x0 ¢ © for all & # 1. In particular, this normalization implies 0 ¢ ©.

The set Cr provides an exact characterization of all parameters that rationalize the observed
data. However, this constraint-based description does not by itself yield out-of-sample
guarantees. Each demonstration induces a family of inequalities, and generalization is
governed by the probability that these random feasibility constraints are violated on unseen
states. In the next section, we build on this viewpoint and derive generalization bounds for IO.

2 Generalization Guarantees

In this section, we propose high-probability generalization upperbounds for set-level mismatch.
Later, we strengthen this guarantee to action-level mismatch as the core result of this work.
Through our action-level analysis, we propose regret bounds for a stochastic online variant of
our IO framework.

2.1 Set-level mismatch upperbound

Since any IO estimator should belong to Ct, a natural way to select such estimator, is

éSTUb = arg%é%‘ J(0) st EZ“b(st,a?) <0, vtelT], (6)

for a convex function ] : R — R that admits a unigue minimizer 9%“1’ (for example when ] is
strongly convex). Problem (6) reveals a direct connection between IO and the well-studied
paradigm of scenario optimization. Each demonstration induces an i.i.d. feasibility constraint
in parameter space. This connection is significant because it recasts inverse optimization
generalization as a constraint-violation problem, focusing on the probability that the learned
parameter violates the population feasibility constraint on a fresh state. To the best of our
knowledge, this scenario-program viewpoint for IO estimation is novel and equips us with
new tools.

We use the result from (Campi & Garatti, 2008) to prove the generalizability of #5*°. In
particular, the following theorem (see Appendix B.4 for the proof) states that if T is large
enough, the solution 5" has a low set-level mismatch with high probability.

Proposition 2.1 (Set-level mismatch). Fix § € (0,1) and choose € € (0,1] such that
T > N(e, f) = min{n €N ‘ df (’:) d(l—e) i< /3}.
i=0
Let B3 be the unique optimizer of (6). Then, with probability at least 1 — B over the draw of Dr,
P (ap-(s) & A (5)) < & (7)
In particular, if T > 2(d +log(1/B)), then, with probability at least 1 — B over the draw of Dr,

P (ap-(5) # Agpn(5)) < 2 (d+log(1/)). ®
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The guarantee in Proposition 2.1 is set-valued, i.e., it only controls whether the expert action
is contained in the argmax set AésTub (s). When these argmax sets are large, the bound can
be uninformative about the actual action taken by a greedy policy (which depends on tie-
breaking). We illustrate this issue with the following example.

Example 1 (Issues with set-level guarantees). Let S = {0,1} with Ps(0) = Pgs(1) = 3, and
let A = [—1,1]%. Define (s, (a1,a2)) := (a1,a2,5a2) € R3. For each s, the map a — (s, a) is
injective since the first two coordinates recover (a1,az). Let 0 = (1, —1,2) and define the expert
selection ag-(s) € Ag«(s). Since (6*,9(s,a)) = a; + (=1 + 2s)ay, the expert argmax sets are
singletons and the (unique) maximizers are ap-(0) = (1,—1) and ag-(1) = (1,1). Now, take
05 = (1,0,0). This choice of 65 is in Cr since for any given dataset Dt := {(sy,af)}_,, any t,
and any a = (a1,a2) € [—1,1)?, the expert always chooses a; = (1,+1). This means that (af); =1,
and therefore (9%“1’, Y(st,a) — (s, ar)) = a1 —1 < 0, where the last inequality is due to a; < 1.
Therefore, 05 = (1,0,0) € Cr. For this 83°, we have (05%°, (s, a)) = a1 and hence

Agsn(s) = argmax a; = {(1,a2) : a2 € [-1,1]},
! (a1,a2) €[~ 1,12
forall s € S. This set is a full line segment for every state. In particular, ag-(s) € AésTub(s) for both
s = 0,1, and therefore P s(ap«(s) ¢ Agsu (s)) = 0.

To address the issue explained in Example 1, we need to speak about action-level mismatch,
and specify how ties in Agy(s) are resolved at test time. We pursue two complementary
approaches. In the first approach, we fix a tie-breaker, ay(s) that satisfies a feature covariance
diversity property and outputs a unique action in Ay(s). The second solution deals with
discovering an estimator for 6* that guarantees finding the unique action solution ag-(s).

Moreover, controlling the action-level mismatch relates the set-level guarantees to regret
bounds. We define instantaneous regret r; and cumulative regret Rt as

T
rei= (0%, 9(st,a7) — ¢(st,a)), Rre=) 1, ©)
t=1

where a; := a5 (s;) is the learner’s Ereedy action. Figure 1 (a) illustrates how set-level
mismatch, action-level mismatch, and the nofion of regret, relate to each other.

2.2 Action-level mismatch upperbound

As illustrated in Example 1, set-level guarantees can be uninformative when the learned
argmax set AésTub (s) is large. This was due to the fact that under the state distribution Pg, the
feature (s, a) varies only in a low-dimensional way. To obtain action-level guarantees, we fix
a measurable tie-breaking rule ay(s) € Ay(s) and impose bounded features together with a
covariance diversity assumption, ensuring that the feature function are sufficiently rich under
Ps.

Assumption 1 (Bounded features). There exists C > 0 such that V(s,a) € S x A, ||(s,a)|]2 <
C.

In particular, for any § € R? and s € S, define 6(s,a) := ¢(s,a) — ¥(s,a¢<(s)). Then, by
Assumption 1, ||6(s,a)|2 < B := 2C.

Assumption 2 (Covariance diversity). There exists A > 0 such that for every 6 € ® with
IPs(ag(s) # ag+(s)) > 0, we have Es [5(s,ag(s)) 6(s,ag(s)) "|aa(s) # ae+(s)] = Al
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£5%(s, ag- (s))
$et-level mismatch

(5:5(s, a5(s))

Regret

= 03(s) # a0 (5)
an ( S) Action-level mismatch
0

(a) (b)

Figure 1: (a) Relation between the set-level mismatch, the action-level mismatch, and the true
suboptimality loss (regret), (b) Geometric intuition for tightness in the two-dimensional case § =
(1,6,,83) for Theorem 3.1. Each demonstration induces an asymmetric strip constraint. Intersecting
these constraints yields the consistency polytope (shaded) that contains 6*. The incenter estimator §i"
has the maximum distance from the facets of Ct. The dotted ellipsoid represents the intersection of the
circular cone around 4 with @.

Assumption 2 is a standard nondegeneracy condition, closely related to covariate diversity in
linear bandits and persistency of excitation in system identification (Bastani et al., 2021). On
the set of states where the learner and expert disagree, this assumption rules out pathological
cases in which 4(s,ag(s)) lies nearly in a low-dimensional subspace, making the parameter
effectively unidentifiable.Based on the above assumptions and the result from Proposition 2.1,
we propose our first action-level mismatch result in the following proposition. The proof can
be found in Appendix B.5.

Theorem 2.2 (Action-level guarantees via covariance diversity). Fix a measurable tie-breaking
rule ag(s) € Ag(s) and suppose Assumptions 1 and 2 hold. Fix B € (0,1), and let ¢ € (0,1] that
satisfies T > N(g, B). Let O3° be the unique optimizer of (6). Then, with probability at least 1 — B
over the random draw of Dr,

2
Pgs (ﬂl@*(s) # aé%ub(s)> < % (10)

The action mismatch probability Ps(ag-(s) # a4(s)) depends on which element of Aj(s)
is selected when ties occur. Therefore, Theorem 2.2 controls action-level mismatch for the
implemented policy induced by the fixed measurable tie-breaking rule a4(s) € Ay(s).

It is possible to avoid large argmax set Ay(s) even when the assumptions 2 does not hold
and the feature function is low-dimensional. In this case, one needs to be more cautious
when choosing the IO estimator. In Example 1, the estimated 6 lies on the boundary of the
consistency set Ct, and boundary points may induce ties on unseen states. However, this does
not invalidate the solutions inside the consistency set Cr. Rather, it motivates selecting an
estimator that sits safely away from the tie hyperplanes. In this section, we utilize the notion
of incenter estimator inspired by (Zattoni Scroccaro et al., 2025a), which selects #i inside the
feasibility region. We will show that with high probability, the corresponding action set to this
solution is singleton. Based on this, we improve our generalization bound from set-level to
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action-level. Consider the incenter loss function:

£ (s,00-(5)) := max ((0,0(s,0) +[10(s,0)]). an)

for 6(s,a) = ¢(s,a) — (s, ag-(s)). For fixed s, § — {i'(s,ap+(s)) is convex as a pointwise
supremum of convex functions. Using ¢'(s;, a}) instead of the sub-optimality loss in (6) would
result in the following unique incenter estimator:

oin = in J(0) st OM(s,af) <0, VielT].
T arg;gg}l() st L' (st ap) < [T] (12)

By (Zattoni Scroccaro et al., 2025a), if int(Cr) # @ and Assumption 1 holds, then (12) is
feasible over 6 € R?. Moreover, the constraint éign(st,at*) < 0 is equivalent to the family of
inequalities

0,6(st,a)) < —||6(st,a)], Va € A(s), (13)

which enforces a strict margin separating the demonstrated action a; from every alternative.
In contrast, the usual consistency constraints only require (6,5(s,a)) < 0, which permits
boundary solutions and therefore can lead to ties. Thus, the incenter loss keeps the estimator
away from the tie hyperplanes (6,5(s;,a)) = 0 by an amount controlled by ||d(s;, a)| whenever

a # ay.

In order to turn this feature-level separation into action-level, we make the following assump-
tion.

Assumption 3 (Action injectivity). For IPs-almost every context s € S, the mapping a — (s, a)
is injective on A.

Under Assumption 3, for IPs-almost every state s, feature-level disagreement and action-level
disagreement coincide almost surely. In particular, if two actions induce identical features,
then they are indistinguishable under the linear model and can be regarded as the same
decision in our analysis. Next, we show the generalizability of 8. The proof is given in
Appendix B.6.

Theorem 2.3 (Action-level guarantees via incenter). Suppose Assumptions 1 and 3 hold, and
assume int(Ct) # @ almost surely. Fix € (0,1) and let ¢ € (0,1] satisfy T > N(e, B). Then, with
probability at least 1 — B over the draw of D, O satisfies

IPS(|.AéiTn (s)| =1 and ag(s) = a@iTn(s)> > 1-—c (14)

2.3 Regret upperbound

We extend our IO framework to a stochastic online protocol. Ateachround t =1,2,...,T, a
fresh context s; ~ IPg arrives; the learner (i) computes an IO estimate from the demonstrations
observed so far, (ii) selects a greedy action under this estimate for the new context, and (iii)
observes the expert action under the same context. Here, we instantiate the incenter estimator.
Similar results are achievable using Theorem 2.2 up to a constant. We evaluate performance
via regret with respect to the expert score under 6* (see definition of instantaneous regret r;
and cumulative regret Rt in (9)).



Proposition 2.4 (Regret upper bound). Suppose Assumptions 1 and 3 hold. Consider the stochastic
online protocol based on the incenter estimator, where a; = Agin (s¢). Fix B € (0,1) and let € € (0,1]

satisfy t —1 > N(g, B). Then, with probability at least 1 — B over the draw of D;_,
Eg[r | Di—1] < ||6*||2 Be. (15)
Moreover, for every & € (0,1) and T > d + 1, with probability at least 1 — 6 over Dr,

T T
Rr = (9<|\9*]|2B (d—l—log 3) log d) . (16)

Proof of Proposition 2.4 is deferred to Appendix B.7. Our resulting O(dlog T)-type regret
matches the guarantees obtained by cutting-plane approaches (Gollapudi et al., 2021) and
second-order online updates (Sakaue et al., 2025). A key conceptual distinction of this work
with (Besbes et al., 2025) is the role of the environment. In particular, their analysis shows
that a naive greedy circumcenter policy can suffer linear regret under adversarial instances,
whereas in our stochastic setting the greedy incenter protocol enjoys logarithmic regret.

3 Tightness of the Guarantees

In this section, we show that the rates in Propositions 2.1 and 2.4 and theorem 2.2 are tight in
general. For the lower-bound results, we restrict the objective | in (6) to

J ={0— f({(c,0) +b) | f: R — R is strictly monotone, b € R, (c,) is non-constant on @} .

3.1 Set-level and action-level mismatch lowerbounds

The bound from (Campi & Garatti, 2008, Theorem 1) provides a tightness guarantee when the
scenario program satisfies a fully-supported condition (see Definition A.5 for the definition
of a fully-supported problem). We build an IO instance corresponding to a fully-supported
scenario program, which shows that the bound from Proposition 2.1 is not improvable in
general.

Theorem 3.1 (Tightness of set-level mismatch). For every T > d and e € (0,1], 65 satisfies

d—1
T\ . .
sup inf Pp (lPS (ag+(s) & Agaw(s)) > 8) >pi=) ( _>el(1 —e)T . (17)
6+ Ps JET T =\
, o , . _ d+log(1/
In particular, if € is chosen so that the right-hand side equals B, then, up to constants, € < M.

Proof. Let S = S971, and let s ~ Ps have a density on the sphere, i.e., Pgs is absolutely
continuous with respect to the uniform surface-area measure on S$4~!. Let A = [-1,1].
Parametrize § € R**! as 6 = (01,60_1) and restrict to the affine slice ® := {(1,6 1) : 6_; € RY}.
Define ¢ by ¢(s,a) := (—2|a| +a,as). Then Fy(s,a) = —2|a| +a+as'6_1. Let 6* = (1,0).
Since Fyp«(s,a) = —2Ja| +a < 0, with equality only at @ = 0, we have ap+(s) =0 for all s € S.
For the action 0, we have Fy(s,0) = 0, and hence £5%°(s,0) = max,c(_1,] Fo(s,a). Splitting over
a €[0,1] and a € [—1,0] gives £5%°(s,0) = max{0, s"0_1 —1, —s"6_4 —3}. Thus £5"®(5,0) < 0
is equivalent to the asymmetric strip constraints s'#_; < 1and —s'6_; < 3. For any objective
J(0) = f({c,0) +b) € J, strict monotonicity of f and non-constancy of (c,6) on ® imply that
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minimizing | over the feasible polytope is equivalent to either minimizing or maximizing a
non-constant linear functional in 6_;. Hence the scenario program (6) reduces to a LP of the
form

A

0 1carg min ¢, st s/0.,<1, —s/0,<3 tc][T].
9,161[{‘1

Under the absolute continuity of IPs, for T > d the directions (s;)L ; span R? almost surely, so
the feasible set is a bounded polytope. Moreover, the linear objective yields a unique vertex of
the polytope almost surely. At such an optimum, exactly d constraints are active almost surely.
Since the two inequalities generated by the same sample cannot be simultaneously active, these
active constraints correspond to d distinct samples. As a result, the scenario program is fully
supported with support size d almost surely. Hence, by (Campi & Garatti, 2008, Theorem 1),
the violation probability of the scenario optimizer obeys the exact tail identity. Since this
violation probability is precisely P (g (s) ¢ A@sTub (s)), Taking the infimum over | € J and
then the supremum over (6*,Ps) gives the stated lower bound.

In the simplest nontrivial case §_; € R?, each sample draws a random strip constraint, so
the consistency set becomes a random polytope around 6*. Minimizing | selects a vertex
determined by d active constraints; see Figure 1 (b). O

Theorem 3.1 shows that the dependence on (d, T, ) in Proposition 2.1 cannot be improved in
a distribution-free sense and without assuming additional structure.

Remark 3.2 (Tightness of action-level mismatch). For any tie-breaking rule g (s) € A (s),
if ag-(s) ¢ Aé%ub(s> then we have ag«(s) # Qg (s). Hence, lower bound on set-level mismatch in
Theorem 3.1 immediately transfers to action-level mismatch.

3.2 Regret lower bound

We next convert the action-level lower bound in Remark 3.2 into a regret lower bound. In
the proof of Theorem 3.1, every action-level error incurs constant positive regret. Thus, the
instantaneous regret inherits the same lower tail, and summing over time yields a logarithmic
cumulative regret lower bound.

The proof of the following result is given in Appendix B.9.

Proposition 3.3 (Tightness of regret). Consider a protocol that at each round t selects a; € Aésul{ (st)
t—
according to any measurable tie-breaking rule. Then, for every t > d + 1 and € € (0,1],

— (t—1 ;
sup ]mf Pp, ,(Es[re | Di—1] > €) > E < > —¢) 17, (18)
0*,Pg i=0

In particular, for every T > d 41, we have

l+1
sup inf E[Rt| > dlo
9*11)1?9]6 [ T] gd

(19)

As shown in Table 1, this Q)(dlogT) lower bound in Proposition 3.3 matches the known
adversarial upper bounds. Thus, within the considered estimator class, the stochastic 10
setting is effectively not easier than the adversarial one.
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4 A Parameter-free Algorithm

Our analysis has mainly focused on statistical guarantees for exact solutions returned by either
9ST“b in (6) or éiT“ in (12). These programs can be solved using standard convex solvers. Recall
that the auxiliary objective J(6) is used to ensure uniqueness of the optimizer. Since J(6) is
generic, we expect that any optimization method that produces an approximate solution in Cr
exhibits similar generalization behavior in practice. Define

. sub *\ __
f1(0) = max (5" (si,af) = max max (6, 0(s,,a)).

By definition of the consistency set Cr, finding a point in Cr is equivalent to minimizing fr(6)
whose optimal value is 0. Since fr is a non-smooth convex function, we can minimize it with a
subgradient method using the Polyak step-size, yielding a parameter-free procedure. Let 67!
denote the iterate at iteration i. Choose the most violated constraint t; and its corresponding
action a; at 67! as the maximizer of (07°!, 6(s;,a)) for 1 <t < T and a € A(s;). Then 5(st,, a;)
is a subgradient of fr at 67°!, and the Polyak update is

fr(67°)

grol ., gPol _
S 16(st,, a:) |13

O(st, a;). (20)

Standard results for Polyak step-sizes on non-smooth convex objectives yield a convergence
rate of O(1/ VN ) after N iterations of (20). In particular, for a finite number of iterations we
cannot guarantee that 9{,"1 € Cr, and therefore the generalization bound of Proposition 2.1
does not directly apply to 0%°'. Nevertheless, as we show empirically in Section 5, 05! exhibits
generalization behavior similar to ésTub when N = T, i.e.,, when we perform T Polyak updates.
Our choice of N is motivated in Appendix A.2. This observation suggests that extending our
theory to approximate solutions is an interesting direction for future work. Finally, to avoid

the trivial & = 0 solution, one should initialize (20) away from the origin.

Remark 4.1 (Complexity reduction). The algorithm (20) has lower per-iteration cost than generic
solvers (e.g., interior-point methods) for (6). When A is finite, each update (20) identifies most violated
pair (t;,a;) via a scan over t € [T| and a € A, costing O(T|Al). In contrast, an interior-point method
must handle T|A| inequality constraints, and its worst-case per-iteration cost is O(T3|A[?).

5 Numerical Experiments

In this section, we verify the generalization guarantees in Theorem 2.2, Theorem 2.3, and
the parameter-free method of Section 4 on synthetic data. The detail of our experimental
setup is given in Appendix A.6. We compare three estimators 9ST“b, éiTn, and é?"l derived
from (6), (12), and the parameter-free approach in Section 4, respectively. Figure 2 shows the
generalization mismatch probability on fresh contexts for d € {5,10,20}. In all three panels,
the mismatch drops as we collect more data, and the curves follow an O(1/T) decay, matching
the qualitative predictions of Theorems 2.2 and 2.3. The incenter estimator §i* performs best
across all dimensions, suggesting that enforcing a strict margin reduces ties in the greedy
rule and improves action prediction, consistent with Theorem 2.3. The parameter-free Polyak
method 85°! tracks O3 closely, providing a solver-free alternative with similar statistical
performance. Comparing the three panels, the mismatch is larger for higher dimensions,
which agrees with the linear dependence on d suggested by our theory.

11
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Figure 2: Generalization mismatch probability GEr on fresh contexts versus T for d € {5,10,20}. The
depicted results are averaged over 10 runs with 90% confidence bands. The dashed line shows the
theoretical upper bound from Proposition 2.1 with f = 0.1. The experiments confirm our theoretical
findings.

6 Limitations and Concluding Remarks

We established tight generalization guarantees for IO in the noiseless regime by viewing
empirical loss as a scenario program for the first time. Our work comes with its own
limitations that naturally suggest future research directions.

Faster rate under further structure. We derived a tight set-level mismatch bound of order
O(d/T), later extended to an action-level result under distributional assumptions or an
incenter estimator. It remains an open question whether faster rates are achievable under
additional assumptions, e.g., strong convexity /smoothness of the feature map or distributional
assumptions on the context.

Active learning. Our analysis assumes the contexts {s;}!_; are drawn ii.d. from a fixed
distribution Ps. However, in many interactive settings, the learner can adaptively choose
which contexts to query next, suggesting an active variant of 10. Designing s;,1 based on past
observations to shrink the consistency set Cr more rapidly is a promising direction.

Noisy dataset. Although our IO problem has a stochastic relation with the environment, it does
not take any additive noise into account. Since additive noise bridges IO and online learning
in more realistic scenarios, extending the analysis to noisy observations is an important next
step.

Computation complexity vs. generalization. We proposed a parameter-free algorithm with
lower per-iteration cost than generic solvers for computing 85*°. We empirically observed
that this method exhibits comparable generalization behavior, but we have not yet provided a
corresponding theory. Establishing such a formal tradeoff between computational complexity
and the resulting generalization guarantees is also an important future direction.
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Appendix

A Background and Helpful Lemmas

In this section, we present some of the important lemmas and background used in this work.

A.1 Chance constraints and scenario programs

We now recall finite-sample scenario program and present its corresponding chance-
constrained optimization. Let ® C R be a convex set and let J(f) : ® — R be a convex
function. Consider a measurable function g : © x & — R that is convex in 6 for every s € S.
The associated chance-constrained program is

min J(6)
st. Pglg(f,s) <0] > 1—¢ (CCPe)
P e,

where ¢ € [0,1] is the violation level and IPs denotes the distribution of states. Let (s;)., be T
iid. samples from IPs. The corresponding scenario program is

min  J(6)
st. g¢(6,s)<0, i=1,...,T, (SCP)
0 € 0.

Since (SCP) depends on the random samples (s;)L ,, its optimizer is a random variable. We
assume that (SCP) admits a unique solution with probability 1. The following theorem states
that if T is large enough, the unique solution of (SCP), is a feasible solution of (CCP;) with
high probability (Campi & Garatti, 2008).

Theorem A.1 ((Campi & Garatti, 2008)). Let p € [0,1] and T > N(e, B), where

e

Then, with probability at least 1 — B over the random draw of (s;)L,, the optimizer of (SCP) is a
feasible solution of (CCP;).

N(g, B) := min {n eN

Remark A.2 (Low-data regime guarantees). The condition T > N(g, B) is meaningful only when
T >d. If T < d, then for every € € (0,1),

f;ol C) g(l—e)f ' = é C) fd1-of =1,

so the defining inequality for N (e, B) cannot hold for any B < 1. Equivalently, when T < d the theorem
can only be stated with ¢ = 1, making the guarantee non-informative.

The following lemma reformulates the result from Theorem A.1 for any T = Q(d + log(1/p)).

Lemma A.3. Fix B € (0,1). For any T > 2(d +log(1/B)), the choice ¢ = %(d +log(1/B))
satisfies T > N(g, B).
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The proof of this lemma is given in Appendix B.1. Next, we present the definition of support
constraint.

Definition A.4 (Support constraint). A constraint g(0,s;), fori = 1,...,T, is called a support
constraint of (SCP) if its removal changes the solution of (SCP).

We can now present the notion of a fully supported problem.

Definition A.5 (Fully supported problem). The scenario program (SCP) with T > d is called fully
supported, if the number of its support constraints is exactly d. The chance constraint program (CCP,)
is fully supported, if for T > d, its corresponding (SCP) is fully supported with probability 1.

A.2 Approximate scenario program and the Polyak algorithm

In Section 4, we noted a parameter-free method with good empirical generalization behaviour
for T iterations. Here, we justify this choice of iteration number.

Fix a measurable tie-breaking rule ay(s) € Ajy(s). To allow for mild violations of the empirical
constraints, we introduce a slack variable y and consider the following scenario program over
the extended decision variable (6,7) € © x R:

Or,4971) = i 0, b B%®(sar) <,  VteT). 21
(br,47) = arg min J(6,7) st G (sear) < € [T] (21)
We assume ] is convex and chosen so that (21) has a unique optimizer. Moreover, for each fixed

s, the map (6,7) — Ef,ub(s, ay) — v is convex, so (21) is a convex scenario program in decision
dimension d + 1.

Proposition A.6 (Generalization bound for slack-SCP). Assume Assumptions 1-2 hold. Fix
B € (0,1) and choose € € (0,1] such that

d . .

) <n> g(l—e)" ' <Bs.

i=o \!

Let (Or,4T) be the unique optimizer of (21). Then, with probability at least 1 — B over the draw of Dr,

T > Nyii(e B) = min{n €N

o4
A AllOr|13

Ps (aéT(s) £ ag- (s)) < (22)

The proof is given in Appendix B.2. The role of the generic objective | is purely to select
a unique optimizer in (21). The bound in Proposition A.6 depends only on the resulting
slack level 47 and the estimated parameter 7. Due to this, we expect similar generalization
behavior from any procedure that returns a pair (91, 47) that is feasible for the empirical slack
constraints.

This viewpoint connects directly to the Polyak method discussed in Section 4. The Polyak
iterate 05°' comes with an empirical slack level 95 = O(1/+/N). Since the scenario parameter
scales as ¢ = O(1/T), choosing N = T yields 47 = O(1/+/T), and therefore the slack
contribution 42/ (A||fr]3) in (22) behaves as O(1/T). In other words, with N = T the slack
term matches the e-term up to constants, which supports this choice and is consistent with the
behavior we observe in our experiments.
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A.3 Online protocol

We make the dependence on the history explicit for the proofs. Let F; := o((s1,4}), ..., (s, a}))
be the filtration generated by the expert demonstrations up to round t (and set J; to be the
trivial o-algebra). At round t > 1, the learner computes 9&1 from D;_q := {(s;,a}) f-;}, plays
ap = Agin (st), and observes a; = ap«(s;). We have s; ~ Pg and s; 1L F;_;.

Under Assumption 1, define 0 < r; < ||6*||2 B for all t.

For N > 1, let é}{} be the incenter estimator from N i.i.d. demonstrations, and define
Xn = Ps(agn(s) # ap:(s)) € [0,1].

In particular, in the online protocol we write X;_1 := ]P‘g(aéi11 1 (s) # ag(s)). To bound the
expected cumulative regret, we need to bound the expectation of Xy using our generalization
result. The proof of this result given below can be found in Appendix B.3.

Lemma A.7 (Expected mismatch probability for the incenter estimator). Assume Assumption 3.
Let Xy be as above. Then for all N > d,

d
Ep[Xn] < —, 23
p[XN] = 1 (23)
where Ep denotes expectation over the N i.i.d. demonstrations used to construct .

To achieve a high probability bound on cumulative regret, we use Freedman’s bound from the
martingale concentration inequality literature.

Lemma A.8 (Freedman’s inequality (Freedman, 1975; Dzhaparidze & Van Zanten, 2001)). Let
(My)¢>0 be a martingale with My = 0 and differences Z; := M; — M;_1 satisfying |Z;| < b a.s. Let
the predictable quadratic variation be
t
Vii= ) E[ZF ] Fidl.
i=1

Then, for any fixed t > 1, any deterministic v > 0, and any 5 € (0,1),

1 2 1
lP(Mt > \/Zvlogg—i—gblogg and V; < v> <.

A.4 A Classical VC-Dimension View of 10

Noiseless inverse optimization admits an exact realizable binary classification interpretation
for the set-level mismatch. The dataset Dt = {(s;,a})}_; may be viewed as an i.i.d. sample of
supervised examples drawn from the distribution of the random pair (s, ag(s)) with s ~ Pgs.
For each 6 € R?, define the induced binary classifier

ho(s,a) :=1{a € Ag(s)} = 1{£5">(s,a) = 0},

and let
H = {hg: 6 € R}.
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Thus, hy(s,a) = 1 if and only if action a is greedy under parameter 6 in state s. Under this
identification, the population risk is

R(8) := Ps(hy(s,a-(s)) = 0) = Ps(ap-(s) & Ag(s)) = Ps (gzub(slae*(S)) > 0) ,

which is exactly the set-level mismatch probability studied in this paper. Since R(6*) = 0, the
induced classification problem is realizable.

Likewise, the empirical classification error is

~

RT(Q) = ;il{af é Ag(St)}/
t=1

and

Rr(0) =0 <= £%®(s,af)=0Vte|[T] <= 6eCr.
Hence, any learning rule Dy — §T(DT) satisfying é\T(DT) € Cr is sample-consistent for H,
in the sense that Ry(67) = 0. Consequently, whenever dyc := VCdim(#H) < oo, standard

realizable VC theory implies that, for any confidence level § € (0,1), any such sample-
consistent rule satisfies,

R(Br) = O -

with probability at least 1 — 6, for T > dyc (Shalev-Shwartz & Ben-David, 2014).

~ <dvc log(T/dvc) —|—log(1/(5)>

This provides a clean conceptual PAC-learning interpretation of noiseless inverse optimization.
At the same time, it also highlights the limitation of a purely VC-based viewpoint. Indeed, the
observed supervision is one-sided: each demonstration only certifies that the expert action
must remain in the argmax set Ag(s) under a candidate parameter 6, and therefore each
sample acts by eliminating inconsistent parameters from the parameter space, thereby forming
the consistency set Cr. As a result, the relevant complexity is not naturally expressed in terms
of arbitrary labelings of state-action pairs. In particular, the quantity dyc is determined by the
geometry of the induced hypothesis class H, rather than directly by the parameter dimension
d. Therefore, while the VC reduction is conceptually useful, it does not by itself explain the
dimension-dependent O(d/T) guarantee established in this paper. This observation motivates
the scenario-based view, where each demonstration is treated directly as a random feasibility
constraint in parameter space.

A.5 Revisiting Example 1 for incenter solution

Under the incenter formulation (12), the parameter 9%“17 = (1,0,0) is no longer feasible. Indeed,
for s = 0 and the competitor a’ = (1,1), we have a4:(0) = (1, —1) and 6(0,4") = (0,2,0), and
therefore

((1,0,0),5(0,4")) + 16(0,a")|| =2 >0,

violating the incenter constraint. A feasible incenter solution is, for instance, 91T“ = (2,-2,6),
which satisfies all incenter constraints and yields the greedy score

(OF, (s, a)) = 2a1 + (=2 + 65)ar.
As a result, the induced argmax sets are singletons:
A (0) = {(1,-1)},  Ag(1) = {(1,1)}.

Hence, the incenter estimator yields a unique action set.
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A.6 Numerical Experiment Setup

We consider a contextual linear decision model with K = |A| = 15 discrete actions and
d-dimensional features. The expert follows a greedy policy for a fixed but unknown parameter
0* ¢ R? satisfying Y4, 6 = 1. For each k € [K], we generate a fixed action vector a; ~
N (0, I;) once at the beginning of the experiment and normalize it, and set A = {ay, ..., ax}.
At each round, we draw a fresh random linear map s; € R7x4 (st)ij ~ Unif[-3,3], and
define the context features as (s, ax) = s, € RY. The learner observes {(s;,af)}L; for
T < Tmax = 300 and uses a greedy plug-in policy based on an estimate 7 to select ag (s).
Ties are broken by choosing the smallest-index action. Throughout, we set J(6) = ||8]|3 and
@ = {0 cR? | Y% 6; =1}. We compare three estimators 83, i, and L' derived from (6),
(12), and the parameter-free approach in Section 4, respectively. To directly test generalization,
we evaluate the current estimate 07 on Niest = 1000 fresh contexts and record the empirical

mismatch rate
1 N test

GEr = 5 — L n{aéT(s]-) " ae*(s]-)}.

We repeat the full Tmax-round experiment for 10 independent Monte-Carlo runs. For each
curve, we report the mean across runs together with a two-sided 90% normal confidence
band. The convex programs (6) and (12) are solved using CVXPY Diamond & Boyd (2016).
All experiments were run on a personal computer and required no specialized hardware.
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B Proofs

B.1 Proof of Lemma A.3
Recall that
(?) g(1-—e)T "=P[X<d—1], X ~Bin(T,e),

1
with mean y := E[X] = Te. For our choice of ¢ we have y = Te = 2(d +log(1/8)) >d —1,
hence 6 :=1— d—l € (0,1) and (1 —6)u = d — 1. By the Chernoff lower-tail bound,

2 _ 2
Now, if Te > 2(log(1/p) + d), then in particular Te > 2(log(1/B) +d — 1) and therefore

(Te—d+1)* _ (Te—(d—1)* %—(d—l) > log(1/p)-

2Te 2Te
Thus P[X < d —1] < exp(—log(1/B)) =B, i.e,
i ( ) (1-e)T7<p,

which means T > N(g, B) by definition of N(g, ).

B.2 Proof of Proposition A.6

Write 0 := 07 and 4 := 41, and work on the event (of probability at least 1 — ) on which
Theorem A.1 applies to (21), i.e.,

Ps (455 a0(5) <) = 1-e. (24)

Define
65(s) == 1(s,ay(s)) — ¢ (s, a-(s)), ((s) := £3"(s, ag:(s)).
By optimality of a4(s) under the fixed tie-breaking rule,

(s) = (B,04(s)) > 0.
Moreover, Assumption 1 gives ||6;(s)||2 < B, hence 0 < £(s) < B||]|».
Let E := {{(s) < 4}. By (24), Ps(E) > 1 — ¢, and therefore

Es[((s)’] = Es[¢(s)*1g] + Es[((s)*1k]
< P Ps(E) + (B[|0]|]2)* Ps(E°) < 4 +eB2[|8]]3. (25)

Let M := {ay(s) # ap-(s)}. If Ps(M) = 0, then (22) holds trivially. Otherwise,

Es[((s)?] > Bs[l(s)*1m] = Ps(M) Es[((s)* | M].
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Since £(s) = 0764(s),

Es[t(s)* | M] = 0T s [5()5(5)™ | M| 6 > AJB]3,

where the inequality uses Assumption 2 applied to 6 = §. Hence,
Es[((s)?] = Ps(M)A|0]3.
Combining this lower bound with (25) yields

€B2 /)\/2
IPS(M) S 7+ A 7
A A9l

which is (22).

B.3 Proof of Lemma A.7

To compute Ep[Xy], use the tail-integral formula:

IED[XN] = /01 ]PD(XN > 8) de.

By Theorem 2.3,
d—1 N ) )
Pp(Xy >€) < ) < .>£l(1 — )N,

i—0 \'1

Hence

Ep[Xn] < ‘:Z: <Z>]> /1 e(1—e)N ' de.

0

The integral is a Beta integral:

y DN =)
/Os(l—s)N ds—m.

Therefore

1

N\ /(N —i)! N! i'(N —1i)!
i
Summing over i = 0,...,d — 1, we obtain

d—1 1 d
Ep[Xn] < = ,
ol N]_i;oN-l-l N+1

which implies (23)

B.4 Proof of Proposition 2.1

Consider the chance-constrained program

min J(0) st Ps(6™(s,ae-(s)) <0) > 1—e.

0c®

20
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For a small ¢, any feasible solution of (26) is a generalizable result. Since a; = ap- (st), the
constraints in (6) are exactly the scenario constraints obtained by sampling s; ~ Ps and
enforcing (5" (s;, ag+(s;)) < 0 for all + € [T]. Therefore, we use the result from (Campi &
Garatti, 2008, Theorem 1). This theorem states that if T > N(g, §), then with probability at
least 1 — B over the draw of (s;)]_,, the unique optimizer 85" of the scenario program (6) is
feasible for the chance constraint problem (26), i.e.,

Ps (05 (s,ap+(s)) <0) > 1—e (27)

Hsub
GT

By definition, £5%(s,ag+(s)) > 0 for all (6,s). Therefore, the event {£5"®(s,aq-(s)) < 0} is
equivalent to {5 (s, ap-(s)) = 0}. Moreover, by (4), £5%°(s,ae-(s)) = 0 is equivalent to
ag-(s) € Ag(s). Applying this equivalence to (27) yields:

]PS (Elg*(s) S Aé%ub(s)) Z 1-— <y

which is equivalent to (7). It is also possible to make the choice of & explicit as a function
of T. In particular, for any T > 2(d +log(1/p)), the choice ¢ = 2(d + log(1/B)) satisfies
T > N(g, B). See Lemma A.3 for the proof.

B.5 Proof of Theorem 2.2

We work on the event (of probability at least 1 — 8 over the draw of D7) on which the set-level
guarantee Proposition 2.1 holds, i.e.,

IPS( 8 (5,001 (s)) = o) >1—¢ (28)
For brevity, write 8 := §5"® and define

Sy(s) :=6(s,a9(s)), £(s) := 65" (s, a0+ (s)).

Define the mismatch event M := {a;(s) # ap(s)}. By definition of Egub and the fixed
tie-breaking rule a,(s) € arg maX,e p (s) <é, P(s,a)), we have

U(s) = (8,64(s)) > 0. (29)
Moreover, (28) implies Ps((s) > 0) < ¢, and thus
Es[¢(s)?] = Es[¢(s)*1{¢(s) > 0}].
By Cauchy-Schwarz and Assumption 1,
U(s)* = (0,05(5))* < 19113 195 (s) 3 < B* 16113,

and therefore
Es[€(s)?] < Ps(£(s) > 0) B||6])3 < e B?[|6]]5. (30)

If Ps(M) = 0, then (10) holds trivially. Assume henceforth that Ps(M) > 0. By nonnegativity
of £(s)?,
Es[((s)?] > Es[l(s)*1u] = Ps(M) Es[((s)* | M].
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Using (29),

Es[((s)2 | M] = ]ES[(éT(sé(s))z ‘ M] —0"Es [5é(s)5é(s)T‘ M} g

By Assumption 2 we have Eg [6,(s)d5(s) " | M] = Al and hence
Es[l(s)?] > Ps(M)O"AL; § > Ps(M) A8]5. (31)
Combining (30) and (31) yields
Ps(M) A [18]13 < eB2(|8]3.

Since 0 ¢ ©, we have |8]|2 > 0 and may cancel 8|3 to obtain

2
Ps(M) < 2,

which is (10).
B.6 Proof of Theorem 2.3

Consider the chance-constrained problem

minJ(0) st Ps(€h(s,ap(s)) <0) >1—¢
feR?

whose associated scenario program is (12). For brevity, write § := 0} and £(s) := €I (s, ap(s)).
By (Campi & Garatti, 2008, Theorem 1), if T > N(¢, B), with probability at least 1 — B over the
draw of the training sample Dr,

Ps(l(s) <0) > 1—e. (32)
We now show that, for every s € S,
0(s) <0 = (|A9(s)\ =1 and ay(s) :ag*(s)). (33)
Fix any s with /(s) < 0. By the definition of ¢ in (11), for every a € A(s),
(0,0(s,2)) < —[1&(s,)]l. (34)

For a = ay«(s) we have d(s,a) = 0, hence (34) holds with equality. If a # ag-(s), then Assump-
tion 3 implies 6(s,a) # 0, so ||6(s,a)| > 0 and (34) is strict: (6,5(s,a)) < 0. Equivalently,

O, 9(s,0)) < (0,9(s,a0:(s))),  Va # ap(s).

Thus ag-(s) is the unique maximizer of a + (8,9 (s,a)), which proves (33). Combining (32)
and (33) yields, on the same event of probability at least 1 — 8 over Dr,

Ps(]Ay(s)| =1 and ay(s) = ag-(s)) > Ps(l(s) <0) >1—e.

This is the claimed guarantee.
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B.7 Proof of Proposition 2.4

Proposition B.1 (Regret upper bound (complete version)). Suppose Assumptions 1 and 3 hold.
Consider the stochastic online protocol based on the incenter estimator, where a; = Agin (st). Fix
B € (0,1) and let e € (0,1] satisfy t —1 > N(e, B). Then, with probability at least 1 — B over the
draw of D;_1,

Elr: | Di—1] < ||60*]|2 Be. (35)
In particular, for every t > d +1,
N d
Eln] <6728 7 (36)
Consequently, for every T > d +1,
. T
E[R7] =O<H0 \\zBd(l—l—logd)). (37)

Moreover, for every 6 € (0,1) and T > d + 1, with probability at least 1 — & over the online trajectory,

Ry = O<H9*||2B <d—|—log§> <1 +log Z;)) . (38)

Proof. By Assumption 1, we have 0 < r; < ||0*||2 B for all t. Moreover, r; = 0 whenever a; = a;.
Conditioning on D;_1, 91{ , is fixed, and s; ~ IPs independently of D;_y. Then,

E[r; | Dya] = E[re H{a; # ai'} | Di]

. . (39)
< 6% l2 BPs (agn () # a0-(s)) = 6] B X 1.

By Theorem 2.3, if t —1 > N(g, B), then X;_; < & with probability at least 1 — § over D;_;.
This proves (35).

Taking expectations in (39) yields
Efri] < [10*]]2 BEp[X;1].
Fort > d+1, Lemma A.7 gives

7

Ep[Xi—1] <

- =

and hence J
E[n] < 67[l2B 7

This proves (36).

For cumulative regret, split the sum at 4:

min{d, T} T
E[Rr]= Y E[rn]+ Y E[n.
t=1 t=d+1
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For t <d, E[r¢] < |6*]|2 B, and therefore

min{d,T}
Y, E[r] <d[o"]2B.
t=1

For t > d + 1, using (36),

T T 1 T
Y Eln] <|le*lBd ) ;< [6*]l2Bdlog .
t=d+1 t=d+1

Thus,
T
E[Rr] = 0O <H9*H2 Bd <1 + log d>> ,
which proves (37).

It remains to prove the high-probability cumulative regret bound. Define y; := E[r; | F;_1]
and the martingale

gl

Mt = (I’i — ‘Mi), MO =0.

i=1
Then
T
Rr =) s+ Mr. (40)
t=1
From (39), we have p; < ||0*||2 B X;_1.
Fix 6 € (0,1) and set

. 0

Bi=nr  to=min{T+1, [2(d+log )] +1}.

For any t € {to,..., T}, if this index set is nonempty, we have t —1 > 2(d + log(1/p)).
Applying Theorem 2.3 with sample size t — 1 and confidence f, together with Lemma A.3,
gives .

]P(Xt_l < 2””1;"’5(11/5)) >1-B, t=ty...,T.

A union bound gives an event E with IP(E) > 1 — /2 on which

d +log 2L
vie {ty,...,T}: Xt_lgzﬁ. (41)
For t < t; we use the trivial bound X;_; < 1. Therefore, on E,
T T
N 2T 1
Yom < 0B (to—1)+2(d+1og =) Y- =< |, (2)
= ) = t— 1

where the sum is interpreted as zero if tp = T 4 1.

Let Z; := My — My_1 = 1t — py. Then |Z;| < ||0*||2 B almost surely. Moreover,

E[Z} | Fioa) = Var(r; | Fio1) < E[rf | Fioq] < (|6*]12 B)* X1
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Thus, on E, the predictable quadratic variation satisfies

T

) ) ) 2T\ & 1
V=Y E[Z} | Fiu1] < (/|6*]]2B) (to—1)+2(d+log*) ). Tl (43)
= 5/ t—1

Set
2T\ & 1
Hr = (t0—1)+2 d—l—log— _—
(1+108%0) ¥ 1

Applying Lemma A.8 with confidence 6/2, b = ||6*||2B, and v = (||0*||2B)?Hr, gives

2 2 2
]P(MT > ||9*H2B\/2HTlog5 + §H9*||2B10g5 and Vr < (HG*HzB)ZHT) <

Since, by (43), the event E implies V1 < (||0*||2B)?>Hr, we have

]P(Eﬁ {MT > [16°[12By/2Hr log - + §H9*||2810g2}> <

N| ™

s

Since also IP(E®) < §/2, a union bound gives that, with probability at least 1 — J, the event E
holds and

2 2 2
Mr < ||6*|2B ZHTlogE + gHG*HzBlog 5

On this event, combining (40), (42), and (43) gives
Rr < [6*2B | (to — 1) +2(d + log 5 ) y L
TS 2 0~ —
0/ t—-1

) 2T\ & 1 2
t=to

2. 2

(44)
Finally, since

th—1=0(d+1 L and ii<1+l L

0T %85 S T
we obtain

N T T
Rr =0\ ||6*||2B d—Hogg 1+logE ,

which proves (38). O
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B.8 Proof of Remark 3.2

Because the tie-breaking rule chooses ago (s) € A (s), we always have

a0 () # agn(s) } = 1{a0:(s) & Aggu(s) }.
So we have
Ps(ag:(s) # agan(s)) > Ps(ap:(s) € Agun(s)),
which gives us

Pp (IPS (ag+(s) # Qg (s)) > 8) > Pp (PS (ap-(s) ¢ Agsu (s)) > 8)

Then we use Theorem 3.1, which concludes the result.

B.9 Proof of Proposition 3.3

Consider the IO instance constructed in Theorem 3.1. In this construction, 6* = (1,0) and
ag+(s) = 0 for every s € S. Moreover,

Fyp<(s,a) = —2|a| +a,

SO
Fg* (S,O) — Fg*(S,l) = 1, Fg* (S,O) — Fg*(S, —1) =3.

Fix around t > d + 1 and condition on D;_;. Then 9?3? is fixed. Write 0 := éfﬂ"{ = (1,0_;) and
For a fresh state s, let x = sTé,l. From the construction in Theorem 3.1, the learned score is

Fs(s,a) = —2|a| +a + ax.

Hence the unique greedy action under 6 is 1 when x > 1, is —1 when x < —3, and is 0 when
—3 < x < 1. The boundary events {x = 1} and {x = —3} have Ps-measure zero, since P is
absolutely continuous on the sphere. Therefore, IPs-almost surely, the action-level mismatch
event {a;(s) # ag-(s)} implies a4(s) € {1, —1}. On this event, the regret is either 1 or 3, and
hence is at least 1. Consequently,

re(s) > 1{aé?5'i (s) # Elg*(S)} Ps-a.s.

Since s; ~ Ps independently of D;_j, it follows that
E[r; | Di—1] > Ps (aéfg? (s) # ag- (5)) = Xt-1- (45)

Now apply Remark 3.2 with sample size t — 1. For the constructed IO instance, and for every

JjedJd,
Pp, ,(Xi—1 >¢) > 2 (t_1> g(1—e)f 1

Combining this with (45) gives



Taking the infimum over | € J and then the supremum over (6*,Ps) proves the first claim.

We now lower bound the expected instantaneous regret. By (45),
E[r:] > Ep, , [X¢-1].
Using the tail-integral formula and the action-level lower bound above,
1 d=1 /4 _q 1, ,
Ep, ,[Xi1] = /0 Pp, (X1 > €)de > ;0 ( l, ) /0 ¢(1—¢) 17 de.
The integral is a Beta integral:

/1 Si(l _S)t—l—ide — i!(t_ 1 _i)!
0 t! '

E—-1\i(t—1-d)! 1
i £l o

Summing over i =0, ...,d — 1, we obtain

Therefore,

d
]EDt 1[Xf—1] > ?
Hence, for every t > d +1,
d
E[Tf] Z —.
t
Finally, since regret is nonnegative,
T T T 1
E[R7] = ZIE[rt] > Elr] > d Z T
t=1 t=d+1 t=d+1
Moreover,
L T+1 dx T+1
I T
g t d+1 X +
Therefore,
T+1
E[Ry] > d1 .
[Rr] = dlog 5=

Since the constructed IO instance satisfies the above lower bounds for every | € J, taking the
infimum over | € J and then the supremum over (6*,Ps) gives the claimed result.
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