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Abstract. We propose an adaptive accelerated smoothing technique for a nonsmooth convex op-
timization problem where the smoothing update rule is coupled with the momentum parameter.
We also extend the setting to the case where the objective function is the sum of two nonsmooth
functions. With regard to convergence rate, we provide the global (optimal) sublinear convergence
guarantees of O(1/k), which is known to be provably optimal for the studied class of functions, along
with a local linear rate if the nonsmooth term fulfills a so-call locally strong convexity condition. We
validate the performance of our algorithm on several problem classes, including regression with the
ℓ1-norm (the Lasso problem), sparse semidefinite programming (the MaxCut problem), Nuclear norm
minimization with application in model free fault diagnosis, and ℓ1-regularized model predictive con-
trol to showcase the benefits of the coupling. An interesting observation is that although our global
convergence result guarantees O(1/k) convergence, we consistently observe a practical transient con-
vergence rate of O(1/k2), followed by asymptotic linear convergence as anticipated by the theoretical
result. This two-phase behavior can also be explained in view of the proposed smoothing rule.

Keywords: Adaptive stepsize, Nonsmooth optimization, first-order methods, composite convex
optimization

1. Introduction

Objective functions with multiple nonsmooth terms are widely used in optimization-based control,
system identification and machine learning. The broad applicability of these formulations across di-
verse domains calls for efficient algorithms capable of handling nonsmooth optimization problems.
For instance, the authors in [2, 37] consider model predictive control (MPC) with nonsmooth ℓ1

regularizers to obtain sparse control inputs. The authors in [35] use combinations of ℓ1 and Nuclear
norms to model fault detection in model-free dynamical systems. [18] employ ℓ2–ℓ1 and ℓ1–ℓ1 formu-
lations for image restoration; [12] utilize the TV–ℓ1 model for image denoising; [47] apply the ℓ1–ℓ1
formulation to dictionary learning; and [48] use Nuclear norms for low-rank matrix decomposition
in graph neural networks with an ℓ1 regularizer.

Motivating example. Consider the MPC formulation for a class of constrained linear systems
with uncertain state-delays [22]:

x(k + 1) = Ax(k) +Adx(k −Nd(xk)) +Bu(k),

Nd(k) ∈ [1, N̄d]; x(i) = xi, ∀i ∈ {−N̄d, . . . , 0},

∥ui∥ ≤ ūi, i ∈ {1, . . . ,m}, (1)
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where k is the discrete-time index, x ∈ Rn represents the system state, u ∈ Rm is the input vector,
ūi are the input constraints, Nd(k) is the uncertain time delay, possibly varying with time, N̄d is its
upper bound, and the matrices A, Ad, and B define the system dynamics.
Based on an artificial Lyapunov function, a stabilizing condition depending on the upper bound of
the uncertain state-delays, together with MPC, is presented in the form of a linear matrix inequality
as [22, Eq. (15)]:

min
u(k|k),...,u(k+N−1|k)

J(k) (2)

s.t. system dynamics and constraints (1),P − N̄dQd 0 (A+BK)⊤

0 Qd A⊤
d

A+BK Ad P−1

 ≻ 0,

[
Y K

K⊤ Pµ−1

]
⪰ 0, Yij ≤ ū2j , ∀i, j ∈ {1, . . . ,m},

where, J is a nonsmooth objective function that can include an ℓ1 regularizer, e.g.,
∑

i ∥∆ui∥1,
to enforce sparsity in input changes, allowing the controller to respond promptly to disturbances
and system variations [37, 2]. We emphasize that, the MPC problem in (2), is complex due to the
nonsmooth objective function and SDP constraints, and must be solved at every sampling time.

This motivates fast optimization algorithms for nonsmooth convex problem of the following class:

min
x∈Rn

F (x) = min
x∈Rn

f(x) + h(x), (3)

where the functions f and h are proper, closed, convex, possibly nonsmooth, but prox-friendly (to
be made precise later in the notation section, see (4)). A particular subclass of such problems is
composite minimization in which one of these functions is smooth [7, 34, 4]. While the composite
minimization problem has been extensively studied, the possibility of having multiple nonsmooth
terms remains relatively unexplored. This is primarily due to the fact that the summation of two
prox-friendly functions is not necessarily prox-friendly [40]. Let us emphasize that the most common
algorithms, such as subgradient [28], mirror descent [6], and bundle methods [42] often suffer from a
slow convergence rate of O

(
1/ε2

)
where ε is an apriori desired precision.

Following the seminal works by Nesterov [32, 33], one can exploit the structure of the nonsmooth
objective function to propose a smooth approximation and then deploy a first-order accelerated
method to find the optimizer of the smooth approximation [30]. Remarkably, Nesterov’s algorithm
requires only O(1/ε) iterations to reach an ε optimal solution. Inspired by this approach, several
works have tried to improve and enhance the efficacy of smoothing algorithms in terms of complexity
or to customize it for specific applications at hand [29, 31, 12, 16]. In [8], comparisons are made
about the advantages and disadvantages of smoothing techniques and proximal-type methods. Based
on [33], the authors in [17] utilize a stochastic smoothing technique to improve the scalability of the
algorithm for semidefinite programming problems. The smoothing techniques in [50] improve the
convergence speed in comparison with conditional gradient algorithms. The authors in [36] study the
smoothing technique for minimizing the sum of three functions, where two of which are nonsmooth.
The paper [11] studies an adaptive smoothing algorithm with a convergence rate of O(1/ε log(1/ε)).
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Table 1. Comparison of algorithms for minimizing nonsmooth convex functions.

Algorithm Smoothing technique prox-friendly assumption Local linear convergence rate Global convergence rate

Subgradient descent [28] ✗ ✗ ✗ O(1/ε2)

Stochastic smoothing [17] ✗ ✗ ✗ O(1/ε2)

Chambolle-Poc [12] ✗ ✓ ✗ O(1/ε)

Nesterov’s smoothing [32, 33] ✓ ✓ ✗ O(1/ε)

Variable smoothing [11] ✓ ✓ ✗ O(log(1/ε)/ε)

Adaptive smoothing [46] ✓ ✓ ✗ O(1/ε)

Proposed adaptive smoothing
(Theorems 3.3–3.4) ✓ ✓ ✓ (under some assumptions) O(1/ε)

The closest existing work to our study is the adaptive smoothing technique in [46] that en-
joys O(1/ε) complexity, which matches the worst-case bound offered by Nesterov’s algorithm. Table 1
summarizes the convergence results of this study and compares them with those in the literature.
Following the footsteps of Nesterov’s smoothing technique, we propose a novel adaptive-smoothing
technique where the smoothing parameter decreases with each iteration but as a function of the
momentum, which retains the same global convergence rate while improving the asymptotic perfor-
mance.

Contributions: The contributions of our work are summarized as follows:

(i) Global optimal sublinear convergence: We introduce an algorithm with an adaptive smooth-
ing parameter coupled with the momentum term (Algorithm 1). When the smoothing rule is
modified to stay away from zero, we provide a global sublinear convergence rate of O (1/ε) that
matches the optimal worst-case complexity bound for optimizing this class of nonsmooth func-
tions (Theorem 3.3).

(ii) Locally linear convergence: When the nonsmooth term f(x) meets a so-called ∞-locally
strong convexity condition, we show that Algorithm 1 enjoys a local linear convergence rate (The-
orem 3.4). Combined with the global convergence result from the previous section, this implies
that an appropriate initial condition for Algorithm 1 ensures a transient optimal sublinear con-
vergence rate followed by an asymptotic linear convergence rate.

(iii) Multiple nonsmooth terms: The proposed algorithm allows for multiple nonsmooth terms.
Such settings can be computationally challenging as the “prox-friendly” property, a key feature
in nonsmooth optimization, is not necessarily additive. Important applications falling into this
category include model-free fault diagnosis, nonsmooth model predictive control, sparse regression
and sparse semidefinite programming, which are the examples investigated in our numerical
section to validate the performance of our proposed algorithm.

To validate the theoretical results of this study, we implement and compare the performance of
the proposed algorithm with different existing methods in the literature on various classes of prob-
lems including regression with the ℓ1-norm (the Lasso problem), sparse semidefinite programming
(the MaxCut problem), and Nuclear norm minimization. Regarding the above contributions, an
observation consistently confirmed by these numerical results deserves attention.

An unexpected observation: The smoothness parameter has a direct impact on the stepsize
in accelerated algorithms, i.e., the smoother the function, the larger the stepsize. A general rule of
thumb is that larger stepsizes lead to faster convergence, and with that in mind, we would expect to
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see a slower convergence rate for coupled smoothness parameters. It, however, turns out that this
is not the case and the proposed adaptive smoothness parameter has a faster convergence rate of
O(1/k2) for its transient and asymptotic convergence of O(e−k), as opposed to the existing rate of
O(1/k) [46]. This two-phase behavior with these rates is also evident in the proposed smoothing
rule (cf. Lemma 3.2).

Roadmap. The paper is organized as follows: Section 2 reviews Nesterov’s smoothing technique
for solving nonsmooth minimization. We propose our adaptive-smoothing algorithm in Section 3
and provide the technical proof of theorems in Section 4. Section 5 benchmarks our algorithm in
several applications.

Notation. Rn shows the real vector space, we denote the standard inner product by ⟨·, ·⟩ and
ℓp-norm by ∥ ·∥p (and by ∥ ·∥, we mean the Euclidean standard 2-norm). If f is differentiable, ∇f(x)

represents the gradient of f at x. The function f is called L-Lipschitz for some L > 0 if

|f(x)− f(y)| ≤ L∥x− y∥, ∀x, y ∈ Rn.

The function f is µ-smooth if its gradient is µ-Lipschitz, i.e., ∥∇f(x) − ∇f(y)∥ ≤ µ∥x − y∥. The
convex function f is called ρ-locally strongly convex at x∗, if there exists ε > 0 so that the func-
tion f(x)− ρ

2∥x∥
2 is convex over the ball Bε(x

∗). We call f ∞-locally strongly convex if f is ρ-locally
strongly convex for any ρ > 0. The Fenchel conjugate of f is defined as f∗(x) := sup

y
⟨x, y⟩ − f(y).

The prox operator for function h is defined as

proxh(x) := argmin
u

h(u) +
1

2
∥u− x∥2. (4)

A function is “prox-friendly” if the operator (4) is available (computationally or explicitly). We also
denote the gradient mapping of two convex functions f and h by

Gf
ζh(x) :=

1

ζ

(
x− proxζh

(
x− ζ∇f(x)

))
, (5)

where ζ is a positive scalar and has a stepsize interpretation. The gradient mapping is available if f
is differentiable and h is prox-friendly.

2. State of the Art on Nonsmooth Optimization

In this section, we review the current state of the art in smoothing nonsmooth functions and
discuss a possible challenge that may emerge in dealing with multiple smoothing terms.

2.1. Nesterov’s smoothing technique

Consider a possibly nonsmooth convex function f that we assume to be prox-friendly and Lf -
Lipschitz continuous. A key object in smoothing techniques is the Moreau envelope defined as

fµ(x) := min
y

f(y) +
1

2µ
∥y − x∥2. (6)

The Moreau envelope is a smooth lower approximation of a function at every point, i.e., fµ(x) ≤ f(x)

for all x ∈ Rn. By definition, the objective function of the Moreau envelop (6) and the prox
operator (4) are closely related, namely, the optimizer of (6) is proxµf (x). The following lemma
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indicates several known properties of the smooth approximation (6) that are central for algorithms
in this context. For brevity, we skip the proof and refer interested readers to [11] for further details.

Lemma 2.1 (Smoothness regularity). Let fµ be defined as in (6). Then, the following holds:

(i) Dual reformulation: fµ(x) = max
z

{
⟨x, z⟩ − f∗(z)− µ

2
∥z∥2

}
.

(ii) Uniform bound: fµ(x) ≤ f(x) ≤ fµ(x) +
µ

2
L2
f , where Lf is the Lipschitz constant of f .

(iii) Gradient evaluation: ∇fµ(x) =
1

µ

(
x− proxµf (x)

)
.

(iv) Smoothness: fµ(·) is
1

µ
-smooth, i.e., ∥∇fµ(x)−∇fµ(y)∥ ≤ 1

µ∥x− y∥.

Lemma 2.1 paves the way to a power smoothing technique as follows: The uniform bound (ii) allows
us to choose a minimum value for the smoothing parameter so that the smoothed function fµ remains
in a desired ε-vicinity of the original function f . Thanks to the smoothness result in (iv) and under the
assumption that f is prox-friendly, one can apply Nesterov’s accelerated algorithm using the gradient
evaluation (iii) and optimize fµ. The choice of Nesterov’s algorithm (Algorithm 0) is justified by the
fact that it is the fastest general convex optimization algorithm for smooth functions [30].

Algorithm 0 Nesterov’s accelerated method for 1/µ-smooth functions [30]
Input: given initial conditions y1 = x1, β0 > 0, and smoothing constant µ.
yk+1 = xk − ζ∇fµ(xk), with the stepsize ζ = µ

xk+1 = (1− γk)yk+1 + γkyk

βk+1 =
1
2

(
1 +

√
1 + 4β2

k

)
, γk =

1− βk
βk+1

This idea is first proposed in [32] in which the smoothness parameter is proposed to be the constant
µ = 2ε/L2

f where ε is an apriori desired precision. This yields an overall complexity of O(1/ε) in
terms of the precision parameter ε. More recently, [46] proposes an adaptive version of the smoothing
technique. Our proposed adaptive smoothing technique also follows a similar spirit as in [46], but
the key feature is to pair the update rule with the momentum parameter of the accelerated method.
Before proceeding with that, we also wish to briefly comment on our motivation for another feature
of our proposed algorithm that allows for two nonsmooth terms.

Several studies have been devoted to developing methods for computing the prox-operator (4) of a
sum of two (multiple) functions, see the recent work [40, 1, 14, 49] and the references therein. These
methods typically provide various assumptions under which we have

proxf+h = proxf ◦ proxh, (7)

where “◦” denotes the mapping composition. However, these conditions are still restrictive, and the
prox-operator of the sum of two prox-friendly functions may not have a closed-form solution and may
be in general computationally demanding (e.g., sparse regression and semi-definite programming).
Motivated by this, we develop our algorithm so that it allows for two (multiple) nonsmooth terms,
i.e., in (3) both functions f and h are possibly nonsmooth but prox-friendly.
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3. Proposed Algorithm and Convergence Analysis

This section presents the main algorithm of this paper and its global and local convergence results.

3.1. Algorithm

The proposed method is given in Algorithm 1. The algorithm follows Nesterov’s accelerated
method in Algorithm 0 with the difference in the choice of stepsize ζ, which is coupled with the
momentum parameter at two consecutive steps βk and βk+1 (Lemma 3.1). This connection is estab-
lished by looking at the increment of the function as described in one of the preliminary lemmas in
Section 4 (Lemma 4.2).

Algorithm 1 Adaptive accelerated smoothing method

Input: given initial conditions y1 = x1, β0 > 0, and the to-be-defined sequence
(
µk

)
k≥0

.

βk+1 =
1 +

√
1 + 4β2

k

2
, γk =

1− βk
βk+1

yk+1 = xk − ζkG
fµk+1

ζkh
(xk), ζk = µk+1

xk+1 = (1− γk)yk+1 + γkyk

Our first result quantifies the performance of Algorithm 1 after T iterations for a specific choice
of adaptive smoothing sequence

(
µk

)
k≥0

.

Lemma 3.1 (Optimality gap in adaptive smoothing). Consider the optimization problem in (3) and

Algorithm 1 with adaptive smoothing variable µk = max
{
µk−1

( 3β2
k

β2
k−1

− 1
)−1

, c
}
, for some c ≥ 0.

Then, after T iterations, we have

F (yT+1)− F ⋆ ≤
L2
fµT+1

2
+

E

2β2
TµT+1

, (8)

where the constant E is

E = ∥u1∥2 + ζ0β
2
0δ1 +

(
1− µ1

µ0

)3µ0

2
L2
fζ0β

2
0 ,

with δ1 = fµ1(y1) + h(y1)− F ⋆ and u1 = β1x1 − (β1 − 1)y1 − x⋆.

Lemma 3.1 serves as a basis for different types of convergence results (global and local) in this
study. We note that, the right-hand side of the bound (8) consists of two terms that are dependent
on the adaptive smoothing parameter µk and can be used to control the optimality gap. The proof
of Lemma 3.1 builds on two preparatory lemmas, which we relegate to Section 4 to improve the flow
of the paper. Before proceeding with the main results concerning the convergence of Algorithm 1,
we first provide a lemma that sheds light on the behavior of the smoothing parameter µk that we
use in the algorithm.

Lemma 3.2 (Smoothing parameter convergence). The sequence generated by the first part of µk in
Lemma 3.1, i.e., µk−1

(
3β2

k/β
2
k−1 − 1

)−1, exhibits a transient behavior at the order of O(1/k2) and
an asymptotic linear rate of O(e−k).
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The proof of Lemma 3.2 is rather straightforward and we defer it to Section 4. The convergence
behavior of µk helps the global and local convergence guarantees of Algorithm 1. In fact, our first
result is to show that Algorithm 1 enjoys a global optimal convergence rate of O(1/ε) when the
smoothing rule of µk is uniformly lower bounded away from zero.

Theorem 3.3 (Global sublinear convergence). Suppose the sequence of the smoothing parameters(
µk

)
k≥0

is defined as in Lemma 3.1 where c = ε/L2
f . Then, the outcome of Algorithm 1 after T

iterations satisfies F (yT )− F ∗ ≤ ε if T ≥ 2Lf

√
E/ε.

Proof of Theorem 3.3. The proof builds on the assertion of Lemma 3.1. From Lemma 3.2,
we know that the first phase of µk is decreasing with the rate of at least O(1/k2). Therefore, the
smoothing rule µk also converges to ε/L2

f with the similar rate of at least O(1/k2). It then suffices
to determine the minimum number of iterations T so that µT+1 reaches ε/L2

f . To this end, note that
since βk ≥ k/2 for all k, we have:

F (yT+1)− F ⋆ ≤ ε

2
+

2L2
fE

T 2ε
.

Hence, the ε precision is guaranteed if T greater than 2Lf

√
E/ε which concludes the desired assertion.

□

We note that the global sublinear rate provided in Theorem 3.3 is worst-case optimal for the
class of nonsmooth functions (3) [32, 33]. Another key message of this study is that under a certain
condition over the nonsmoothness, Algorithm 1 can achieve a linear, but local, convergence rate
when the smoothing parameter follows the sequences in Lemma 3.2 (c = 0 in Lemma 3.1). This
two-phase behavior is evident in the smoothing rule as elucidated in Lemma 3.2.

Let us remind that the stepsize in Algorithm 1 is dictated by the smoothing parameter (i.e.,
ζk = µk+1). It is surprising to have an exponentially fast diminishing stepsize in optimization
algorithms. However, the following result addresses this phenomenon and demonstrates that, under
a specific ∞-locally strong convexity condition, such a rate facilitates local linear convergence.

Theorem 3.4 (Local linear convergence). Consider the optimization problem in (3) where the hy-
potheses of Lemma 3.1 hold with c = 0. In addition, suppose the nonsmooth term f is ∞-locally
strongly convex at the solution x∗ of (3), i.e., for any ρ > 0 the function f(x)−ρ∥x∥2 is locally convex
in a neighborhood containing x∗. Then, for any initial condition µ0 > 0, the sequence (yk)k≥0 gen-
erated by Algorithm 1 converges locally linearly to x∗, i.e., there exist ε > 0 and α ∈ (0, 1) such that
for all x0 ∈ Bε(x

∗) there exists k0 where for all k ≥ k0, we have F (yk)−F ∗ ≤ α(k−k0)(F (yk0)−F ∗).

Before proceeding with the proof of this theorem, let us note that the key feature leading to local
linear convergence is the fact that when f is ∞-locally strongly convex, the condition number of
its Hessian ∂2fµ at its optimizer is uniformly bounded for all sufficiently small µ. This allows the
first-order accelerated algorithm to converge locally linearly and independently of the smoothness
parameter µk. It is also worth noting that the linear convergence rate is uniform for all the initial
conditions x0 ∈ Bε(x

∗). Let us formally explain this as follows.
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Proof of Theorem 3.4. Let us define Fµk
(x) := fµk

(x)+h(x). Note that using the basic property
of the Moreau envelope in Lemma 2.1(ii), we have the inequality

F (yk)− F (x∗) ≤ µk

2
L2
f + Fµk

(yk)− F ∗
µk

(9)

where F ∗
µk

= minx∈Rn Fµk
(x) = Fµk

(x∗µk
). Thanks to Lemma 3.2, we know that the term µk, and as

such the first term of the upper bound (9), converges to zero exponentially fast. Therefore, it suffices
to show that Fµk

(yk) − F ∗
µk

converges to zero linearly with a rate independently from µk. To this
end, we recall that the Moreau envelope is locally C2-differentiable [38]. From the recent work [19],
the maximum and minimum Hessian eigenvalues of fµk

at the optimal point x∗µk
can be bounded by

λmax

(
∂2

∂x2
fµk

(x∗µk
)

)
≤ µ−1

k ,

λmin

(
∂2

∂x2
fµk

(x∗µk
)

)
≥
(
ρ−1 + µk

)−1
.

where ρ is the strongly convex parameter of fµk
(i.e., fµk

(x)− ρ∥x∥2/2 is convex). This observation
yields the bound on the condition number κ := λmax/λmin of the Hessian as 1 ≤ κ ≤ 1 + (ρµk)

−1.
Recall that thanks to the ∞-locally strong convexity feature of f , we know that the parameter ρ

can be arbitrarily high as we are closer to the solution x∗. In other words, there exists a sufficiently
small ε > 0 where we can choose ρ large enough for all x ∈ Bε(x

∗). Since the (accelerated)-proximal
gradient descent methods converge linearly with the rate of (1 − 1/κ) [25], we can deduce that for
all sufficiently small enough µk, Algorithm 1 enjoys linear convergence in a neighborhood of the
solution x∗. □

Note that the ∞-local strong convexity of f is essential for having locally linear convergence in
Theorem 3.4. Namely, this property enables a linear decrease in the smoothing parameter while
the strong convexity parameter, characterized by ρ(x), grows sufficiently fast as we converge to
the minimizer. Interestingly, this property holds for many popular nonsmooth terms commonly
encountered in applications; see Section 5 for several such examples and also [9] (e.g., Theorem 3.1)
for a detailed analysis of the explicit computation of such parameters.

We close this section with two remarks concerning the class of ∞-locally strongly convex functions
and the initial value of the smoothing parameter in the proposed algorithm.

Remark 3.5 (∞-locally strong convexity vs. sharpness). We note that the concept of “∞-locally strong
convexity” is closely related to the “sharpness” property [39], but in a slightly weaker manner in the
sense that the former is typically used locally, whereas the latter is posed globally. More specifically, a
function f is ∞-locally strongly convex with parameter ρ∞-sc

ε (respectively, sharp with the parameter
ρsh) when the following holds:

∞-locally strong convexity :
ρ∞-sc
ε

2
∥x− x∗∥2 ≤ f(x)− f(x∗) ∀x ∈ Bε(x

∗), where ρ∞-sc
ε −→

ε↓0
∞,

Sharpness :
ρsh

2
∥x− x∗∥ ≤ f(x)− f(x∗) ∀x.

Remark 3.6 (Avoid switching rule in Algorithm 1). In view of Theorem 3.4, local linear convergence
is achievable if we are sufficiently close to the global optimal point x∗. One can use Algorithm 1 with
the lower-bounded smoothing rule (Theorem 3.3) to converge to an arbitrarily close neighborhood
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of the optimal solution wherein linear convergence is guaranteed, and then continue with c = 0 in
Algorithm 1 to converge to the desired solution with the faster rate anticipated in Theorem 3.4. To
avoid this switching mechanism, a promising idea is to choose the initial value µ0 in a way that
ensures a sufficient decrease in the objective function in the first phase behavior of µk, and as such,
guarantees reaching the desired neighborhood Bε(x

∗) where the linear convergence is achievable. Note
that the optimal value of µ0 typically depends on the initial error ∥x∗ − x0∥, as we elaborate further
in the next section.

3.2. Further discussion, limitation, and future direction

In this part, we provide additional information and insights concerning the proposed smoothing
technique, its limitations, and possible future directions.

Further insights behind the adaptive smoothing rule: The main motivation of the adaptive
smoothness parameter is to exploit the possibility of having a larger smoothness parameter µk (and as
such, optimizing smoother approximate function fµ), which leads to larger stepsizes and potentially
faster convergence rate. However, any stepsize larger than ε/L2

f can increase the Lyapunov function of
Nesterov’s accelerated algorithm, which is the key driving force behind our algorithm. This violation
turns out to be dependent on the two subsequent algorithm momentum βk and βk+1 and the two
subsequent smoothness parameters µk and µk+1. This observation indeed leads to the smoothing
rule in Lemma 3.1. Furthermore, as explained in Lemma 3.2, the smoothing parameter µk has an
initial decreasing rate of O(1/k2), but asymptotically it converges to zero with an exponential rate.
This behavior can explain the locally linear convergence of Algorithm 1 discussed in Theorem 3.4.

Extension to the smoothing rule: It can be shown that the smoothing parameter µk in

Lemma 3.1 can be generalized to µk = max
{
bµk−1

(b(a− 1) + a

a− 1

β2
k

β2
k−1

− 1
)−1

, c
}

, where a > 1

and b > 0 are hyperparameters that control the behavior of the smoothing parameter µk. These
parameters can be selected to prevent Algorithm 1 from switching, thereby enabling locally linear
convergence, as discussed in Remark 3.6. The optimal tuning of these parameters remains unclear
to the authors and is a promising direction for future research.

Relation to prior works and the existing performance guarantees: We note that our
apriori theoretical results in Theorem 3.3 match the state of the art [32] for the particular choice
of algorithm parameters (a, b) = (1, 0), but do not improve the global performance. We wish also
to note that this is not a rare precedent in optimization algorithm literature that a new algorithm
numerically performs better than its formal apriori guarantees. For instance, the well-known FISTA
algorithm proposed by [7] has the same convergence bounds as in Nesterov’s method [32] when the
latter is restricted to the proximal setting.

Limitation and future direction: The primary limitation of the proposed method lies in the
selection of the initial condition µ0 (see Remark 3.6). When µ0 is too small and c = 0, there is a risk
that the algorithm fails to reach the region where linear convergence is attainable. This can result in
stagnation of iterations due to the diminishing but still summable rate of decrease in the sequence
of stepsizes ζk = µk+1. Conversely, if µ0 is excessively large, the algorithm precision is compromised,
as it takes longer to reach the linear convergence region. An optimal value for µ0 may depend on
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the initial error ∥x∗ − x0∥ and the local characteristics of the functions involved in (3) at x∗ [26].
Investigating and analyzing these features are promising avenues for future research.

Another future direction is concerned with the relation between the stepsize and smoothing pa-
rameters. In this work, the smoothing parameter dictates the stepsize. However, if we untangle this
dependency, an adaptive stepsize may support the acceleration of the algorithms while an adaptive
smoothing parameter enhances the precision. This adaptive stepsize-adaptive smoothing rule can be
a promising research direction.

4. Technical proofs

In this section, we provide the theoretical proof for Section 3 and additional material supporting
the technical as well as the numerical investigation of the paper.

4.1. Details of the Theoretical Analysis

Our proof for Lemma 3.1 relies on a Lyapunov argument. To this end, we first proceed with two
preliminary lemmas.

Lemma 4.1 (Gradient mapping). Let Gf
ζh(x) be the gradient mapping defined in (5) where ζ is a

positive scalar, f(x) is smooth, and h(x) is prox-friendly. Then, we have

h
(
x− ζGf

ζh(x)
)
≤ h(y)−

〈
Gf

ζh(x)−∇f(x), y −
(
x− ζGf

ζh(x)
)〉
, ∀x, y ∈ Rd.

Proof of Lemma 4.1. Defining u = proxζh(w), we can write

u = proxζh(w) ⇔ u = argmin
u

h(u) +
1

2ζ
||u− w||2 ⇔ 0 ∈ ∂h(u) +

1

ζ
(u− w) ⇔ w − u ∈ ζ∂h(u)

By defining u := x− ζGf
ζh(x) and w := x− ζ∇f(x), we have

x− ζGf
ζh(x)︸ ︷︷ ︸

u

= x− ζ
1

ζ
(x− proxζh(x− ζ∇f(x))) =

proxζh(x− ζ∇f(x)︸ ︷︷ ︸
w

) ⇒ Gf
ζh(x)−∇f(x) ∈ ∂h(x− ζGf

ζh(x)).

Using the convexity of h, we can write

h(x− ζGf
ζh(x)) ≤ h(y)− ⟨Gf

ζh(x)−∇f(x), y − (x− ζGf
ζh(x))⟩.

□

Lemma 4.1 is an inherent property of the gradient mapping and essentially represents a convex
inequality that is particularly helpful to control the increment of the original function F in (3).

Lemma 4.2 (Increment bound). Suppose function f is prox-friendly and fµ is the smooth approxi-

mation (6). Considering the update yk+1 = xk − ζkG
fµk+1

ζkh
(xk), for any z ∈ Rd we have

fµk+1
(yk+1)− f(z) + h(yk+1)− h(z) ≤ − 1

2ζk
∥yk+1 − xk∥2 −

1

ζk

〈
yk+1 − xk, xk − z

〉
(10)
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Proof of Lemma 4.2. By using the uniform boundedness of fµ and the definition of convexity, we
have

fµk+1
(yk+1)− f(z) + h(yk+1)− h(z)

(ii)

≤ fµk+1
(xk − ζkG

fµk+1

ζkh
(xk))− fµk+1

(z)

+ h(xk − ζkG
fµk+1

ζkh
(xk))− h(z) ≤ fµk+1

(xk − ζkG
fµk+1

ζkh
(xk))− fµk+1

(xk)

+ ⟨∇fµk+1
(xk), xk − z⟩ − ⟨G

fµk+1

ζkh
(xk)−∇fµk+1

(xk), z − (xk − ζkG
fµk+1

ζkh
(xk))⟩︸ ︷︷ ︸

Lemma 4.1

≤ ⟨∇fµk+1
(xk), xk − ζkG

fµk+1

ζkh
(xk)− xk⟩+

ζ2k
2µk+1

∥G
fµk+1

ζkh
(xk)∥2 + ⟨G

fµk+1

ζkh
(xk), yk+1 − z⟩

+ ⟨∇fµk+1
(xk), ζkG

fµk+1

ζkh
(xk)⟩ (11)

The last inequality is valid as a result of the smoothness property of the function fµk+1
(iv). By

adding and subtracting
1

ζk
⟨yk+1 − xk, xk⟩ in (11), we obtain

fµk+1
(yk+1)− f(z) + h(yk+1)− h(z) ≤ ⟨yk+1 − xk,

1

2µk+1
∥yk+1 − xk∥2 −

1

2µk+1
∥yk+1 − xk∥2⟩︸ ︷︷ ︸

=0

− 1

2ζk
∥yk+1 − xk∥2 −

1

ζk
⟨yk+1 − xk, xk − z⟩.

□

Lemma 4.2 plays a key role in the proof of Lemma 3.1. The increment bound (10) allows for
the inclusion of a momentum term that emerges in acceleration. We are now in a position to prove
Lemma 3.1.

Proof of Lemma 3.1. Here, we present the proof for the general selection of the smoothing
parameter, as discussed in Section 3.2. In the first step, by applying (10) and Lemma 2.6 in [11] for
two cases of z = yk and z = x∗ to arrive at

fµk+1
(yk+1)− fµk

(yk)−
(µk − µk+1)

2
L2
f + h(yk+1)− h(yk)

(ii)
≤ fµk+1

(yk+1)− f(yk)

+ h(yk+1)− h(yk) ≤ − 1

2ζk
∥yk+1 − xk∥2 −

1

ζk
⟨yk+1 − xk, xk − yk⟩. (12a)

fµk+1
(yk+1)− f∗ + h(yk+1)− h∗ ≤ − 1

2ζk
∥yk+1 − xk∥2 −

1

ζk
⟨yk+1 − xk, xk − x∗⟩. (12b)

Let us define δk := fµk
(yk) + h(yk)− f∗ − h∗. Then, multiplying (12a) by (βk − 1) and adding the

two sides of the inequality to (12b) yields

βkδk+1 − (βk − 1)δk −
(µk − µk+1)

2
L2
f (βk − 1) ≤

− βk
2ζk

∥yk+1 − xk∥2 −
1

ζk
⟨yk+1 − xk, βkxk − (βk − 1)yk − x∗⟩.

Multiplying the above inequality by ζkβk and considering β2
k−1 := β2

k − βk and ζk ≤ ζk−1, we have

ζkβ
2
kδk+1 − ζk−1β

2
k−1δk −

(µk − µk+1)

2
L2
fζkβ

2
k−1 ≤ −1

2

(
∥βk(yk+1 − xk)∥2

+ 2βk⟨yk+1 − xk, βkxk − (βk − 1)yk − x∗⟩
)

(13)
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The right-hand side of (13) can be equivalently written as

∥βk(yk+1 − xk)∥2 + 2βk⟨yk+1 − xk, βkxk − (βk − 1)yk − x∗⟩ =

∥βkyk+1 − (βk − 1)yk − x∗∥2 − ∥βkxk − (βk − 1)yk − x∗∥2. (14)

By substituting (14) into (13) and by rearranging the inequality, we have

ζkβ
2
kδk+1 − ζk−1β

2
k−1δk −

(µk − µk+1)

2
L2
fζkβ

2
k−1 ≤ −1

2

(
∥βkyk+1 − (βk − 1)yk − x∗∥2

− ∥βkxk − (βk − 1)yk − x∗∥2
)

(15)

Using the update rule of xk+1 on the right-hand side of (15) reduces to

βkyk+1 − (βk − 1)yk − x∗ = βk+1xk+1 − (βk+1 − 1)yk+1 − x∗ (16)

which is equivalent to

xk+1 =
(−1 + βk + βk+1)

βk+1
yk+1 +

1− βk
βk+1

yk,

By combining (15) and (16) with uk = βkxk − (βk − 1)yk − x∗, we obtain

ζkβ
2
kδk+1 − ζk−1β

2
k−1δk −

(µk − µk+1)

2
L2
fζkβ

2
k−1 ≤

1

2

(
∥uk∥2 − ∥uk+1∥2

)
, (17)

By defining ωk := µk+1/µk, we can rewrite (17) as

ζkβ
2
kδk+1 − ζk−1β

2
k−1δk −

µk(1− ωk)

2
L2
fζkβ

2
k−1 ≤

1

2

(
∥uk∥2 − ∥uk+1∥2

)
, (18)

where 0 < ωk ≤ 1. Now, we consider two cases. First, we assume that µk strictly decreases in each
iteration. To enforce µk being strictly decreasing we impose the monotonicity condition µk < µk−1.
Then,

−a
µk−1

2
L2
fζk−1β

2
k−1 + (a− 1)

µk

2
L2
fζkβ

2
k−1 < −a

µk

2
L2
fζkβ

2
k−1 + (a− 1)

µk

2
L2
fζkβ

2
k−1 = −µk

2
L2
fζkβ

2
k−1

(19)

The inequality (19) inspire us to define µk as

µk =

(
b(a− 1) + a

a− 1

β2
k

β2
k−1

µk − bµk−1

)
⇒ µk =

bµk−1

b(a− 1) + a

a− 1

β2
k

β2
k−1

− 1

. (20)

Using the definition of µk and its decreasing rate (Lemma 3.2), it can be easily shown that 1−ωk ≤
1 − ωk−1. Then, by substituting µk in the left-hand side of (19) and using (18), we arrive at a
Lyapunov-like inequality

ζkβ
2
kδk+1 − ζk−1β

2
k−1δk − (1− ωk−1)(ab− b+ a)

µk−1

2
L2
fζk−1β

2
k−1

+ (1− ωk)(ab− b+ a)
µk

2
L2
fζkβ

2
k ≤ 1

2

(
∥uk∥2 − ∥uk+1∥2

)
(21)

By summing up the inequalities in (21) from k = 1 to k = T , one obtains

ζTβ
2
T δT+1 − ζ0β

2
0δ1 − (1− ω0)(ab− b+ a)

µ0

2
L2
fζ0β

2
0 ≤ 1

2
∥u1∥2 −

1

2
∥uT+1∥2 ≤

1

2
||u1||2, (22)

which implies

δT+1 ≤
E

2ζTβ2
T

, E = ∥u1∥2 + ζ0β
2
0δ1 + (1− ω0)(ab− b+ a)

µ0

2
L2
fζ0β

2
0 . (23)
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Second, we assume that the smoothing parameter µk strictly decreases by (20) until it reaches to
some a-priori value, and then we use the fixed µk afterward. By summing up the inequalities in (21)
from k = 1 to k = Kε (the iteration index that we fix µk), one obtains

ζKεβ
2
Kε

δKε+1 − ζ0β
2
0δ1 − (1− ω0)(ab− b+ a)

µ0

2
L2
fζ0β

2
0 ≤ 1

2
∥u1∥2 −

1

2
∥uKε+1∥2, (24)

Now, by fixing µk, we know that ωk = 1 for all k ≥ Kε +1 and then by summing up the inequalities
in (18) from k = Kε + 1 to k = T , one can obtain

ζTβ
2
T δT+1 − ζKεβ

2
Kε

δKε+1 ≤
1

2
∥uKε+1∥2 −

1

2
∥uT+1∥2, (25)

Summing (24) and (25) yields the same inequality as (23). Finally, by the definition of δT+1, (ii),
and (23), we then have

F (yT+1)− F ∗ ≤
L2
f

2
µT+1 +

E

2ζTβ2
T

. (26)

The result in Lemma 3.1 can be easily derived by considering a = 2 and b = 1. □

Proof of Lemma 3.2. We present the proof for the general selection of the smoothing parameter,
as discussed in Section 3.2. Defining αk :=

[(βk+1

βk

)2
+
(

a
b(a−1)

)(βk+1

βk

)2 − 1
b

]−1, the first part of the
smoothing parameter µk can be explicitly described as µk+1 =

∏
i≤k αi. To show µk ≤ C0

k2
for some

constant C0, it suffices to show αi ≤ e−2/i for all i ≥ k0 where k0 is a constant. This claim relies on
the fact that this inequality implies the following:

µk+1 =
∏
i≤k

αi ≤ C0e
∑

i≤k −2/i ≤ C0e−2 log(k) ≤ C0

k2
,

where C0 =
∏

i<k0
αi. To complete the proof, we show αi ≤ e−2/i for all sufficiently large i by the

following argument:
If k0 = 2

(
log(1 + 1

b(a−1))
)−1 ≤ i, then e2/i ≤ 1 + 1

b(a−1) , which consequently implies:

e2/i ≤
( βi
βi−1

)2
+

1

b(a− 1)

(
a
( βi
βi−1

)2 − a+ 1
)
= α−1

i .

In the last argument, we use the increasing property of βi ≥ βi−1 > 0 (i.e.,
( βi

βi−1

)2
> 1), which is a

property of the momentum update (line 2 in Algorithm 1). Finally, to show the linear convergence,
we show that αk stays uniformly away from 1 as k increases, ensuring a linear rate for large k. To
this end, note that by the definition, we have

αk :=
[(βk+1

βk

)2
+
( a

b(a− 1)

)(βk+1

βk

)2 − 1

b

]−1
=
[(βk+1

βk

)2(
1 +

a

b(a− 1)

)
− 1

b

]−1

≤
[(

1 +
a

b(a− 1)

)
− 1

b

]−1
=
[
1 +

1

b(a− 1)

]−1
=

b(a− 1)

b(a− 1) + 1
< 1,

where the second line inequality follows from the monotonicity of the momentum sequence βk+1 ≥ βk

and the fact that the coefficient 1 + a/b(a− 1) > 0 (the latter is also ensured by the feasible range
of a > 1 and b > 0). This concludes that αk is uniformly smaller than 1 by the positive margin of
(b(a− 1) + 1)−1.
For validation, Figure 1 depicts the sequence in the first part of smoothing parameter µk, as defined
in Lemma 3.2. As illustrated in the figure, the smoothing parameter initially enjoys a convergence
rate of O(1/k2) but in the second phase, adopts an asymptotically linearly convergence rate. □
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Figure 1. Convergence rate of µk.

5. Numerical experiments

We demonstrate the performance of Algorithm 1 (with c = 0) on four popular classes of problems
studied in the machine learning and control literature: (1) regression problems for both combination
of the ℓ1 and ℓ2 norms borrowed from [48, 45], (2) the MaxCut problem belonging to the class of
semidefinite programming from [41], (3) the Nuclear norm minimization problem and its application
in model-free fault diagnosis from [3, 35], and (4) ℓ1-regularized model predictive control from [2].
To evaluate our performance, we compare our proposed algorithm (Algorithm (1)) with the follow-
ing methods from the literature: (i) Sub-gradient descent (SGD) [28], the standard optimization
algorithm, (ii) Chambolle-Pock (CP) [12], the state-of-the-art method for sparse regression, or the
stochastic smoothing technique (stoch-smooth) [17], a relatively recent method for semidefintie pro-
gramming, (iii) Nesterov’s smoothing (Nes-smooth) [32], and (iv) Tran-Dinh (TD) [46], that is the
closest in spirit to our proposed method.

Note that in light of Remark 3.5, we use sharp convex functions in this study, and the simulations
include examples that satisfy the sharpness property. An example of an ∞-locally strongly convex
function is ∥ · ∥1. Using the definition of ∞-locally strongly convex functions and the sharpness
properties of ∥ · ∥1, there exists a neighborhood of x∗ where, for any ρ > 0, the function is ρ-
strongly convex [39, 26, 9]. Several important prox-friendly functions fall into the category as well,
including: ∥x∥∞ and the Nuclear norm of matrices (see the tables "Prox Calculus Rules" and "Prox
Computations" on pages 448 and 449 in [5]). Additional examples, formed as combinations of such
functions, are also discussed in the literature, for instance, [27] considers the total variation, ℓ∞-norm,
ℓ1 − ℓ2-norm, and the Nuclear norm. Indeed, the widespread applicability of these functions across
various domains motivated us to include several numerical examples in this section. We would also
like to highlight that the class of problems studied in this work encompasses several key applications
in image processing, image reconstruction, system identification, and control. Specifically, in [18],
the authors employ ℓ2−ℓ1 and ℓ1−ℓ1 optimization for image restoration. In [12], the TV-ℓ1 model is
used for image denoising, while in [47], the ℓ1 − ℓ1 problem is applied to dictionary learning. Lastly,
the ℓ1-Nuclear norm problem is employed in data-driven fault diagnosis control in [35].
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5.1. Regression problems

We consider the ℓi-ℓ1-regularized LASSO problem

F ∗ := min
x∈Rn

R(x) + η∥x∥1, (27)

where R(x) = ∥Bx − b∥i, i = {1, 2}, is a regularized function. the parameters B and b are given
and η ≥ 0 is a weighting coefficient. Functions f and h in (3) can be written as f(x) := R(x) and
h(x) := η∥x∥1, respectively. For the function f , we use the smoothing approximation (6).

The test data is generated as follows: Matrix B ∈ Rn×n is generated randomly using the standard
Gaussian distribution N (0, 1). For simulation, we consider two cases as in [46]. In the first case, we
use uncorrelated data, while in the second case (reported in the Appendix A), we generate B with
50% correlated columns as B(:, j + 1) = 0.5B(:, j) + randn(:). The observed measurement vector
b is generated as b := Bx♮ + N (0, 0.05), where x♮ is generated randomly using N (0, 1). For the
simulation, we set n = 100 and the coefficient parameter η is chosen as suggested in [46, 10]. All
algorithms are initialized at the same point chosen randomly. In Nes-smooth method the stepsize is
2 · 10−3/L2

f∥B∥2 for achieving desired error ε = 10−3 and the stepsizes in primal and dual updates
in CP are 1/∥B∥. In TD and the proposed method, the stepsize is ζ = µk/∥B∥2. The convergence
speed is significantly affected by the initial condition of µ in TD, and following the suggestion by
[46], we set µ0 = µ∗ = ∥B∥ · ∥x0 − x∗∥/

√
3L2

f for the TD algorithm.

• ℓ1-ℓ1-regularized LASSO. Here, i = 1 for R(x) in (27). Then, f can be written as f(x) :=

∥Bx − b∥1 = max
y

{
⟨B⊤y, x⟩ − ⟨b, y⟩ : ∥y∥∞ ≤ 1

}
. Hence, we can smooth f using the quadratic

prox-function to obtain fµ(x) := maxy

{
⟨B⊤y, x⟩ − ⟨b, y⟩ − µ

2
∥y∥2 : y ∈ B∞

}
. Using the analytical

solution, one can observe that ∇fµ(x) = projB∞

(
µ−1(Bx− b)

)
and L2

f = n.

• ℓ2-ℓ1-regularized LASSO. We consider i = 2 for R(x) in (27). Functions f can be writ-
ten as f(x) := ∥Bx − b∥2 = max

y

{
⟨B⊤y, x⟩ − ⟨b, y⟩ : ∥y∥2 ≤ 1

}
. Hence, we similarly have

fµ(x) := maxy

{
⟨B⊤y, x⟩ − ⟨b, y⟩ − µ

2
∥y∥2 : y ∈ B2

}
. In this case, we can show that ∇fµ(x) =

projB2

(
µ−1(Bx− b)

)
, and L2

f = 1.

Figures 2a and 2d report the results for (27) with i = 1, 2 where all algorithms are initialized at the
same point chosen randomly. As shown in Figures 2a and 2d, the proposed algorithm outperforms
other methods.

5.2. MaxCut (semidefinite programming)

An important application of the first-order smoothing technique is to solve semidefinite program-
ming. This class can essentially be reduced to minimizing the maximum eigenvalue of a matrix as
follows:

min
X∈Sn

λmax(X) (28)

It is worth noting that the primal form of all semidefinite programs with a fixed trace can be
rewritten as (28). As shown in [33], the smooth approximation of λmax(X) can be written as
fµ(X) = µ log (

∑n
i=1 exp(λi(X)/µ)), which is convex and twice differentiable with a gradient

∇fµ(X) =
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n∑

i=1

exp(λi(X)/µ)

)−1 n∑
i=1

exp(λi(X)/µ)qiq
⊤
i ,

where qi is the ith column of the unitary matrix Q in the eigen-decomposition QΣQT of X and λ1 ≥
... ≥ λn are the eigenvalues of X. In addition, fµ(X) fulfills the uniform boundedness inequality (ii)
with L2

f = 2 log n and the smoothness parameter 1/µ (cf. (iv) in Lemma 2.1). The numerical
performance of the smoothing technique is evaluated for the MaxCut relaxation which is written in
the primal form of the semidefinite program as follows:

max
X∈Sn

Tr(CX) s.t. diag(X) = 1, X ≽ 0 (29)

Matrix C is generated using the Wishart distribution with C = G⊤G/∥G∥22, where G is a standard
Gaussian matrix. Here, we consider a regularized dual form of (29) as suggested in [21]

min
y∈Rn

λmax(C + diag(y))− ⟨1, y⟩+ ηR(y), (30)

where η is a regularization parameter. Figure 2b and 2e show the simulation results for minimizing
problem (30) with n = 100, 2000 iterations, and two different choices of R(y). In the Nes-smooth
method, the stepsize is 10−3 for achieving a desired error ε = 10−3. The parameters required in the
stoch-smooth method are chosen according to [17]. The initial condition for µ in the TD method is
µ0 = µ∗ = ∥x0 − x∗∥/

√
6 log n. Additional simulations for different η are reported in the Appendix A.

5.3. Nuclear norm minimization (Model-free Fault Diagnosis)

The Nuclear norm regularization is an important problem emerging in several applications includ-
ing matrix completion [3, 23], compressed sensing [43], principal component analysis [20], system
identification and fault diagnosis [44]. In this work, we consider model-free fault diagnosis as in [35],
where the authors proposed a model-free, data-driven fault diagnosis approach that aims to identify
the system and diagnose faults simultaneously, thereby eliminating the need for an extensive identi-
fication phase prior to fault detection. The proposed method reformulates the problem as a convex
optimization problem involving the summation of nonsmooth terms. To enhance computational ef-
ficiency, proximal and splitting-type algorithms (similar to Nes-smooth, CP, and TD methods) are
employed for online implementation. The problem formulation is expressed as follows (see equation
(5) in [35]):

F ∗ := min
x,XL,XS

1

2
∥y −Hx∥2 + τ∥XL∥∗ + λ∥XS∥1. (31)

Here, we consider the same buck converter example in [35] with same parameters and solve the
problem using different methods. Here, XL ∈ Rm1×m2 and XS ∈ Rn1×n2 are linear maps of x that
select and rearrange its elements into a low-rank matrix and a sparse vector, respectively. H is a
Toeplitz matrix corresponding to the input, output, and fault signals, y denotes the output data,
and τ ≥ 0 and λ ≥ 0 are regularization parameters. The Nuclear norm of a matrix X, denoted
∥X∥∗, is the sum of its singular values, equivalently the ℓ1-norm of the singular values. Both
nonsmooth terms in (31) are prox-friendly. Therefore, functions f and h in (3) can be expressed as
f(x) = 1

2∥y −Hx∥2 + λ∥XS∥1 and h(x) = τ∥XL∥∗ and can be smoothed using (6).
Figures 2c depict the results of optimizing (31). All algorithms are initialized at the same randomly
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chosen point and run for 20,000 iterations. For the Nes-smooth method, the stepsize is set to
2 · 10−3/(∥H∥2 + λ) to achieve a precision level of ε = 10−3. In the primal and dual updates of
CP, the stepsizes are set to 1/(∥H∥2 + λ), while in TD and the proposed method, the stepsize is
determined based on µk/(∥H∥2 + λ).
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(a) ℓ1-ℓ1-regularized LASSO (27). (b) R(y) = ∥y∥22 and η = 0.05 (30). (c) Fault diagnosis (31).
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(d) ℓ2-ℓ1-regularized LASSO (27). (e) R(y) = ∥y∥1 and η = 1 (30). (f) ℓ1-Regularized MPC (32).

Figure 2. Numerical results for four problem classes. The first column shows re-
gression problems with uncorrelated data (Subsection 5.1); the second, the MaxCut
problem with different choices of R(y) (Subsection 5.2); and the third, model-free
fault diagnosis with Nuclear norm minimization (Subsection 5.3) and ℓ1-Regularized
MPC (Subsection 5.4).

5.4. ℓ1-regularized model predictive control

The authors in [2] consider the ℓ1-regularized MPC problem with horizon H to reduce actuator
activity in the quadruple tank system. They use a linearized state-space model and solve the following
MPC problem [24, Eq. (1)]:

min
x,u

J(x, u) :=

H−1∑
i=0

(
∥xi − xref,i∥2Q + λ∥∆ui∥1

)
+ ∥xH − xref,H∥2Q (32)

s.t. xi+1 = Axi + Bui, ∀i ∈ {0, . . . ,H − 1},

umin ≤ ui ≤ umax, ∀i ∈ {0, . . . ,H − 1},

∆ui = ui − ui−1, ∀i ∈ {0, . . . ,H − 1}.
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We use the same parameters as in [2] for the system dynamics and solve problem (32) using different
methods. The objective function can be represented by f = J(x, u) and h = i(χ) in (3), where
χ is the feasible set of problem (32), and i(χ) is its indicator function. Therefore, the nonsmooth
ℓ1 term in f , which is prox-friendly, can be smoothed. Figure 2f shows the results; as can be seen
and mentioned in Remark 3.6, the proposed method exhibits two convergence phases, including an
initial O(1/k2) phase followed by linear convergence. Note that CP method cannot be applied to
this problem because we have more than one nonsmooth terms in the objective function.

We provide additional numerical experiments using the real-world dataset LIBSVM [13], as well
as extensive simulations with increasing problem dimensions. These results are presented in the
Appendix. Furthermore, we note that the ADMM method is suitable for some of the aforementioned
problems, and additional simulations for comparison are provided in the Appendix as well. However,
ADMM may fail to converge, converge very slowly, or be difficult to implement when multiple
nonsmooth terms are present, particularly when they appear in a summation that cannot be easily
split [15].

Appendix A. Additional Numerical Results

This section presents additional numerical experiments showcasing the performance of the pro-
posed method in the case of regression problem (27) and MaxCut (30) and also the comparison with
the ADMM and Algorithm 1 with constant term c = ε/L2

f (Theorem 3.3, Alg. 1-2 in Figures).

• Figure 3 contains plots for (27) with i = 1, 2 and correlated data where all algorithms are
initialized at the same point chosen randomly.
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(a) ℓ1-ℓ1-regularized LASSO.
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(b) ℓ2-ℓ1-regularized LASSO.

Figure 3. Numerical results for regression problems in Subsection 5.1 (correlated
data).

• Figure 4 illustrates the simulation results for the minimizing problem (30) different choice of η.

• Compared with ADMM: it seems that (3) is suitable for ADMM algorithm. Then, in Figures
5 and 6 we have also implemented our proposed algorithm (both versions with c = 0 and c = ε/L2

f

in the smoothing rule) together with the current four existing approaches in the paper and ADMM
from Algorithm 2 in [5] on two real datasets from the regression data of “abalone” and “mg” from
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(b) R(y) = ∥y∥1 and η = 10.

Figure 4. Numerical results for MaxCut problem with different choice of R(y) in
Subsection 5.2.

Table 2. Applications of Selected Regression Datasets from LIBSVM.

Dataset Application / Context Reference
"mg" (Mackey-
Glass) (Fig. 5–
6)

Time-series regression problem modeling a gas furnace sys-
tem. The goal is to predict CO2 concentration based on
methane input and past outputs. Used in system identifi-
cation and control engineering.

LIBSVM dataset;
Box–Jenkins studies
[13]

"abalone" (Fig.
5–6)

Predict the age of abalone (a type of mollusk) from physical
measurements such as shell length, diameter, and weight.
Used in marine biology for studying growth and population
dynamics.

UCI Abalone dataset;
LIBSVM [13]

"cpusmall" Predict the relative performance of CPUs from their hard-
ware specifications (e.g., memory, clock speed). Used in
benchmarking and performance modeling in computer ar-
chitecture.

StatLib CPU performance
dataset; LIBSVM [13]

"triazines" Predict the biological activity of triazine chemical com-
pounds using molecular descriptors. Commonly used in
chemoinformatics and quantitative structure activity rela-
tionship (QSAR) modeling for drug discovery.

QSAR modeling studies;
Statlog; LIBSVM [13]

LIBSVM [13]. We run the ADMM with three different penalty parameters (ϱ = 0.1, 1, 10) and report
the best one.

• Figure 7 contains plots for the regression problem (27) with i = 1, 2 and correlated data (setting
similar to Figures 2a and 2d). All algorithms are initialized at the same randomly chosen point.
This includes comparisons of Algorithm 1 with constant term c = ε/L2

f (Theorem 3.3) and various
values of ε, as well as the case where the constant term c = 0.

• Real-world applications and dimentionality: Indeed, the applicability of the proposed method
is an important consideration. The widespread use of nonsmooth convex optimization across various
domains motivated us to include 16 diverse numerical examples in the paper. Relevant applications
in image processing, image reconstruction, system identification, and control, particularly those
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Figure 5. Numerical results for ℓ1-ℓ1 regression problem as in (27).
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Figure 6. Numerical results for ℓ1-ℓ2 regression problem as in (27).
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Figure 7. Numerical results for regression problems with different values of ε.

involving the summation of nonsmooth terms, are discussed with references in Numerical results
section. Additionally, in the Additional Numerical Results, we include simulations using real-world
datasets "mg" and "abalone" from the LIBSVM regression collection. To provide further comparison,
we perform 14 additional simulations by increasing the data dimensionality (5-20 times larger) under
similar settings across various problem types where we report the optimality gap |f(xk)−f(x∗)|

|f(x∗)| at 10
equally spaced points throughout iterations. We also included new real-world datasets, "cpusmall"
and "trianzime," from LIBSVM. Table 2 summarizes the application domain of each dataset.
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• ℓ1-ℓ1-regularized LASSO

n = 1000, m = 100

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 7.74 2.27·10−2 1.69·10−2 1.45·10−2 1.28·10−2 1.19·10−2 1.13·10−2 1.01·10−2 9.76·10−3 9.36·10−3

Nes-smooth 7.74 3.43 6.47·10−1 2.79·10−1 1.44·10−1 7.50·10−2 3.89·10−2 1.96·10−2 1.01·10−2 4.24·10−3

CP 7.74 3.84·10−4 1.39·10−4 1.27·10−4 4.85·10−5 5.46·10−5 7.41·10−5 2.55·10−5 4.44·10−5 1.58·10−5

TD-µ∗ 7.74 2.26·10−4 4.24·10−5 2.26·10−5 1.56·10−5 1.27·10−5 1.01·10−5 8.94·10−6 7.40·10−6 6.72·10−6

Alg. 1 7.74 7.37 ·10−5 1.55·10−5 5.04·10−6 2.35·10−6 1.49·10−6 1.01·10−6 6.94·10−7 5.10·10−7 3.53·10−7

n = 100, m = 1000

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 17.79 1.37·10−3 8.91·10−4 4.82·10−4 3.57·10−4 3.43·10−4 2.60·10−4 2.35·10−4 2.01·10−4 2.15·10−4

Nes-smooth 17.79 1.75 3.05·10−1 2.40·10−2 3.88·10−5 3.02·10−5 3.00·10−5 3.01·10−5 3.00·10−5 3.01·10−5

CP 17.79 1.56·10−3 1.69·10−3 1.07·10−3 8.38·10−4 6.70·10−4 6.77·10−4 5.31·10−4 4.49·10−4 3.78·10−4

TD-µ∗ 17.79 1.17·10−3 6.65·10−4 5.02·10−4 3.90·10−4 3.13·10−4 2.54·10−4 2.14·10−4 1.91·10−4 1.74·10−4

Alg. 1 17.79 5.90·10−4 1.61·10−4 7.64·10−5 4.26·10−5 2.73·10−5 1.89·10−5 1.39·10−5 1.07·10−5 8.52·10−6

n = 2000, m = 500

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 5.28 1.63·10−2 1.19·10−2 9.75·10−3 8.45·10−3 7.67·10−3 7.07·10−3 6.45·10−3 5.85·10−3 5.48·10−3

Nes-smooth 5.28 2.46 4.80·10−1 2.11·10−1 1.05·10−1 5.46·10−2 2.83·10−2 1.53·10−2 7.30·10−3 3.41·10−3

CP 5.28 1.22·10−4 4.21·10−5 2.43·10−5 1.31·10−5 8.99·10−6 7.86·10−6 4.77·10−6 3.40·10−6 2.92·10−6

TD-µ∗ 5.28 6.05·10−5 2.62·10−5 1.66·10−5 1.19·10−5 9.45·10−6 7.92·10−6 6.95·10−6 5.92·10−6 5.29·10−6

Alg. 1 5.28 2.30·10−5 4.83·10−6 2.35·10−6 1.39·10−6 1.02·10−6 7.62·10−7 5.83·10−7 4.72·10−7 3.93·10−7

n = 500, m = 2000

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 2.29 4.29·10−5 1.58·10−5 9.28·10−6 6.58·10−6 5.70·10−6 4.64·10−6 4.01·10−6 3.60·10−6 3.73·10−6

Nes-smooth 2.29 5.63·10−1 9.02·10−2 3.23·10−2 1.51·10−2 6.63·10−3 1.89·10−3 1.44·10−4 6.14·10−6 4.24·10−6

CP 2.29 4.77·10−4 2.50·10−4 1.87·10−4 1.49·10−4 1.17·10−4 9.05·10−5 7.90·10−5 6.35·10−5 6.03·10−5

TD-µ∗ 2.29 4.37·10−4 1.84·10−4 1.21·10−4 9.20·10−5 7.50·10−5 6.34·10−5 5.46·10−5 4.77·10−5 4.23·10−5

Alg. 1 2.29 8.54·10−5 2.06·10−5 8.55·10−6 4.58·10−6 2.77·10−6 1.82·10−6 1.27·10−6 9.21·10−7 6.86·10−7

cpusmall dataset n = 12, m = 8192

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 1.62·105 3.56·102 7.61·101 7.54·101 3.46·102 3.44·102 7.32·101 7.24·101 3.36·102 3.33·102

Nes-smooth 1.62·105 1.62·105 1.62·105 1.62·105 1.62·105 1.62·105 1.62·105 1.62·105 1.62·105 1.62·105

CP 1.62·105 1.64·103 7.07·102 3.43·102 4.45·102 7.03·102 4.57·102 2.86·102 6.77·102 6.48·102

TD-µ∗ 1.62·105 6.99·101 4.43·101 1.62·101 1.36·101 1.86·101 1.30·101 9.40·100 1.41·101 1.36·101

Alg. 1 1.62·105 1.43·100 1.14·100 9.00·10−1 7.27·10−1 5.97·10−1 4.98·10−1 4.20·10−1 3.60·10−1 3.13·10−1

trianzines dataset n = 60, m = 186
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Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 2.16·102 5.02·10−1 7.84·10−2 9.15·10−2 6.76·10−2 8.46·10−2 4.20·10−2 4.92·10−2 3.91·10−2 2.60·10−2

Nes-smooth 2.16·102 1.25·101 5.22·100 9.11·10−1 5.03·10−1 2.80·10−1 1.74·10−1 1.19·10−1 7.86·10−2 4.46·10−2

CP 2.16·102 1.03·10−1 4.34·10−2 2.97·10−2 2.61·10−2 1.55·10−2 1.54·10−2 1.44·10−2 8.14·10−3 9.77·10−3

TD-µ∗ 2.16·102 2.21·10−2 9.72·10−3 4.57·10−3 4.05·10−3 3.36·10−3 2.55·10−3 1.99·10−3 1.87·10−3 1.59·10−3

Alg. 1 2.16·102 1.71·10−2 4.48·10−3 1.72·10−3 8.98·10−4 6.66·10−4 4.08·10−4 3.58·10−4 2.63·10−4 1.86·10−4

• ℓ2-ℓ1-regularized LASSO

n = 1000, m = 100

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 7.57 5.75·10−2 4.42·10−2 3.89·10−2 3.58·10−2 3.38·10−2 3.24·10−2 3.12·10−2 3.03·10−2 2.94·10−2

Nes-smooth 7.57 7.20·100 6.19·100 4.76·100 3.32·100 2.39·100 1.66·100 1.15·100 8.18·10−1 6.66·10−1

CP 7.57 8.60·100 5.86·10−2 1.98·10−2 9.62·10−3 5.73·10−3 3.58·10−3 2.51·10−3 1.76·10−3 1.27·10−3

TD-µ∗ 7.57 2.76·10−3 1.37·10−3 9.06·10−4 6.74·10−4 5.36·10−4 4.45·10−4 3.82·10−4 3.34·10−4 2.97·10−4

Alg. 1 7.57 3.63·10−3 9.11·10−4 4.06·10−4 2.28·10−4 1.46·10−4 1.01·10−4 7.43·10−5 5.70·10−5 4.50·10−5

n = 100, m = 1000

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 1.91·102 1.61·10−2 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9

Nes-smooth 1.91·102 1.79·102 1.45·102 9.21·101 3.15·101 2.10·101 1.82·101 9.64·100 9.05·100 7.50·100

CP 1.91·102 2.39·103 1.06·100 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9

TD-µ∗ 1.91·102 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9

Alg. 1 1.91·102 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9 8.33·10−9

n = 2000, m = 500

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 4.04 2.92·10−2 2.30·10−2 2.01·10−2 1.86·10−2 1.76·10−2 1.67·10−2 1.61·10−2 1.56·10−2 1.52·10−2

Nes-smooth 4.04 3.96·100 3.72·100 3.33·100 2.84·100 2.30·100 1.79·100 1.35·100 1.04·100 8.24·10−1

CP 4.04 5.29·101 1.20·101 2.07·10−1 3.14·10−2 1.36·10−2 6.94·10−3 4.32·10−3 2.94·10−3 2.15·10−3

TD-µ∗ 4.04 1.07·10−3 5.23·10−4 3.46·10−4 2.57·10−4 2.05·10−4 1.70·10−4 1.46·10−4 1.27·10−4 1.13·10−4

Alg. 1 4.04 1.49·10−3 3.82·10−4 1.71·10−4 9.69·10−5 6.22·10−5 4.33·10−5 3.22·10−5 2.48·10−5 1.98·10−5

n = 500, m = 2000

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 2.43·102 3.47·10−1 9.03·10−3 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9

Nes-smooth 2.43·102 2.39·102 2.28·102 2.10·102 1.85·102 1.55·102 1.22·102 8.85·101 5.97·101 4.04·101

CP 2.43·102 4.64·103 2.80·103 1.33·103 3.53·102 8.71·10−4 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9

TD-µ∗ 2.43·102 8.29·10−8 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9

Alg. 1 2.43·102 9.25·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9 9.27·10−9
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cpusmall dataset n = 12, m = 8192

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 9.97·104 5.38·104 3.23·105 2.63·105 8.66·103 3.71·103 1.86·105 1.74·105 4.28·103 3.14·103

Nes-smooth 9.97·104 9.97·104 9.97·104 9.97·104 9.97·104 9.97·104 9.97·104 9.97·104 9.97·104 9.97·104

CP 9.97·104 4.97·103 2.01·103 2.66·102 9.82·102 7.48·102 2.57·102 7.99·101 1.65·102 1.13·102

TD-µ∗ 9.97·104 4.67·101 2.20·101 1.57·101 9.63·100 5.76·100 5.82·100 7.20·100 7.53·100 6.60·100

Alg. 1 9.97·104 1.61·10−1 1.31·10−1 7.50·10−2 5.57·10−2 5.03·10−2 4.84·10−2 4.76·10−2 4.72·10−2 4.70·10−2

trianzines dataset n = 60, m = 186

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 6.58·101 6.57·101 6.56·101 6.56·101 6.55·101 6.55·101 6.55·101 6.55·101 6.54·101 6.54·101

Nes-smooth 6.58·101 4.92·101 2.66·101 2.11·101 1.76·101 1.61·101 1.45·101 1.33·101 1.18·101 1.02·101

CP 6.58·101 1.71·101 5.04·10−1 2.77·10−1 1.79·10−1 1.16·10−1 6.81·10−2 4.12·10−2 2.07·10−2 2.85·10−3

TD-µ∗ 6.58·101 1.59·10−1 5.98·10−2 3.59·10−2 1.88·10−2 1.77·10−2 1.28·10−2 9.91·10−3 8.18·10−3 6.61·10−3

Alg. 1 6.58·101 5.21·10−2 3.92·10−4 2.98·10−5 2.61·10−5 1.86·10−5 9.84·10−6 6.39·10−6 5.92·10−6 5.76·10−6

• MaxCut problem

R(y) = ∥y∥1, η = 1, dimension of matrix = 300

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 2.50·102 2.30·102 2.28·102 2.27·102 2.26·102 2.25·102 2.25·102 2.24·102 2.24·102 2.24·102

stoch-smooth 2.50·102 2.46·102 2.34·102 2.15·102 1.90·102 1.61·102 1.30·102 9.73·101 6.77·101 4.23·101

Nes-smooth 2.50·102 1.16·100 9.45·10−1 7.01·10−1 4.65·10−1 2.23·10−1 3.66·10−2 2.55·10−3 3.80·10−4 5.92·10−5

TD-µ∗ 2.50·102 1.26·10−2 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9

Alg. 1 2.50·102 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9 2.16·10−9

R(y) = ∥y∥2, η = 0.05, dimension of matrix = 300

Algorithm point #1 point #2 point #3 point #4 point #5 point #6 point #7 point #8 point #9 point #10
SGD 1.01 2.44·10−1 2.12·10−1 1.96·10−1 1.85·10−1 1.77·10−1 1.70·10−1 1.65·10−1 1.61·10−1 1.57·10−1

stoch-smooth 1.01 1.01·100 1.01·100 1.00·100 9.92·10−1 9.79·10−1 9.65·10−1 9.47·10−1 9.28·10−1 9.06·10−1

Nes-smooth 1.01 2.35·10−1 9.90·10−3 7.45·10−4 3.01·10−3 1.15·10−3 5.71·10−6 3.45·10−4 3.67·10−4 4.55·10−5

TD-µ∗ 1.01 1.38·10−5 1.01·10−5 7.66·10−6 6.10·10−6 5.05·10−6 4.31·10−6 3.76·10−6 3.33·10−6 3.00·10−6

Alg. 1 1.01 1.30·10−7 3.13·10−8 1.35·10−8 7.36·10−9 4.55·10−9 3.04·10−9 2.14·10−9 1.57·10−9 1.18·10−9
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